IRE 


Transactions 
on ANTENNAS and PROPAGATION 


Volume AP-8 MAY. 1960 Number 3 


Published Bimonthly 


In This Issue : 


Propagation at 36,000 MC in the Los Angeles Basin 


Two Statistical Models for Radar Terrain Return 
Radar Terrain Return Measured at Near-Vertical Incidence | 


A New Mathematical Approach for Linear Array Analysis 


Log Periodic Dipole Arrays 
Beam Pointing Errors of Long Line Shires 
Mutual Impedance Effects in Large Beam Scanning Arrays : 
Mutual Coupling Effects in Large Antenna Arrays—Slot Arrays 
Spiral Antennas 
- Ground Constant Measurements 
The Archimedean Two-Wire Spiral Antenna 
Coupled Leaky Waveguides I: Two Parallel Slits in a Plane 


Experimental Study of a Diffraction Reflector 


PUBLISHED BY THE 


ofessional Group on Antennas and Propagation 


Administrative Committee 


Arthur Dorne, Chairman 


E. C. Jordan, Vice-Chairman K. S. Kelleher, Secretary 
S. A. Bowhill R. C. Hansen W. H. Radford 
R. N. Bracewell S. M. ae : Miia 
i R. K. Moore . M. 
: aoe O. G. Villard, Jr. 
Ex-Officio Members 3 
J. I. Bohnert R. L. Mattingly Desig 2s 
H. G. Booker PEL Smith 


Honorary Member 
LG, Van “Atta 


Chapter Chairmen 


-Los Alamos Dayton San Diego 
een ee C. G. Conrad H. Dickstein 
Akron Denver-Boulder San_Francisco 
J. R. Shoemaker W. C. Coombs at ae 
Boston Los Angeles 
J. Ruze L. A. Kurtz - ae ae ‘ 
Chicago Orange Belt a a ; 
H. L. Woodbury W. S. Ward mile 
Columbus Philadelphia 
H. B. Querido J. T. Beardwood 


S. A. Bowhill, Editor 
H. V. Cottony, Associate Editor (Antennas) A. T. Waterman, jr., Associate Editor ( Propagation ) 


K. M. Siegel, Associate Editor (Electromagnetic Theory) 
D. C. Ports, Advertising Editor 


IRE TRANSACTIONS® PGAP IS A PUBLICATION DEVOTED TO 
EXPERIMENTAL AND THEORETICAL PAPERS ON RADIO ANTENNAS, 
ON GUIDED OR UNGUIDED PROPAGATION OF RADIO WAVES, AND 
ON ALLIED FIELDS OF RADIO. PHYSICS SUCH AS RADIO" ASTRONOMs 


MANUSCRIPTS should be submitted to Sidney A. Bowhill, Editor, 222 Electrical Engineering, Penn- 
sylvania State University, University Park, Pa. Manuscripts should be original typewritten copy, double 
spaced, plus one carbon copy and two sets of copies of illustrations. Original illustrations will be called 
for if the paper is accepted. References should appear as footnotes and include author’s name, title, 
journal, volume, initial and final page numbers, and date. Each paper must have a summary of not more 
than 200 words. News items concerning PGAP members and group activities should be sent to the News 
Editor, R. C. Hansen, Space Technology Laboratories, P.O. Box 95001, Los Angeles 45, Calif. 


ORIGINAL ILLUSTRATIONS should be submitted as follows: All line drawings (graphs, charts, 
block diagrams, cutaways, etc.) should be inked uniformly and ready for reproduction. If commercially 
printed grids are used in graph drawings, author should be sure printer’s ink is of a color that will 
reproduce. All halftone iliustrations (photographs, wash, airbrush, or pencil renderings, etc.) should be 
clean and ready to reproduce. Photographs should be glossy prints. Call-outs or labels should be marked 


on a registered tissue overlay, not on the illustration itself. No illustration should be larger than 8 x 10 
inches. 


Copies can be purchased from THE INSTITUTE OF RADIO ENGINEERS, 1 East 79 St., 
New York 21, N.Y. PRICE PER COPY: members of the Professional Group on Antennas and 
Propagation, $2.80; members of the IRE $3.45; nonmembers, $6.90. ANNUAL SUBSCRIPTION 
PRICE: PGAP members, included in PGAP fee of $4.00; IRE members, $8.50; Colleges and public 
libraries, $10.00; nonmembers, $17.00. IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION. Copyright 
© 1960, by The Institute of Radio Engineers, Inc. Printed in U.S.A. Published by George Banta Co., 
Inc., Curtis Plaza, Menasha, Wisconsin. 


Second-class postage paid at MENASHA, WISCONSIN, and additional mailing offices under the act 


of August 24, 1912. Acceptance for mailing 
at a special rate of postage is provided for in the act of February 28, 1925, embodied in Paragraph 4, Section 412, P. L. & R., authorized October 26, 
1927. 


_ PGAP TRANSACTIONS 
ANTENNAS REVIEWERS 


Bateman, R. 
Bolljahn, J.T. 
~Brueckmann, H. 

Bullington, K. ~ 
Carter, P.S. 
Cohn, S. 

Crawford, A.B. 
Deschamps, G.A. 
Duhamel, R.H. 
Frederick, V.L. 
Goodrich, R. . 
Hansen, R.C. 
Hayden, E.C. 
Hefley, G. 
Hiatt, R.E., . - 
Honey, R.C. 7 
Johler, J.R. 
Johnk, C.T. 
Jones, E.M.T. 
Jordan, E.C. 
Kay, A.F. 
Lawrence, R.S. 
Little, C.G. 
Lo, Y.T. 
Marston, A.E. 
_Mattingly, R.L. 
Morgon, S.P. 
Morita, T. 
Mortimore, T.N. 
: Norton, K.A. 
° ‘Rogers, T.F. 
Rumsey, V.H. 
Ruze, J. 
Schiffmacher, E.R. 
Silberstein, R. 
Sinclair, G. 
Swenson, G.W. 
Tanner, R.L. 
Twersky, V. 
Wait, J.R. 
Woodyard, O.C. 
Yen, J.L. 


PGAP TRANSACTIONS 
_PROPAGATION REVIEWERS 


Allen, E.W. 
Ament, W.S. 
Austin, P.M. 
Berkner, L.V. 
Berning, W.S. 
de Bettencourt, J.T. 
Booker, H.G. 
Brennan, D.G. 
Brown, S.C. 
Bullington, K. 
Carroll, T.J. 
Chisholm, J.H. 
Findlay, J.W. 
Gautier, T.N. 
Gibbons, J.J. 
Goldstein, L. 
Haddock, F.T. 
Helliwell, R.A. 
Katzin, M. 
Kline, M. 
Kraus, J.D. 
Lowenthal, M. ~ 
Manning, L.A. 
Mentzer, J.R. 
—, Norton, KA. 
Pfister, W. 
Pierce, J.A. 
Rice, S.O 
Rumsey, V.S. 
Schmerling, E.R. 
7- Seddon, J.C. 

_ Siegel, K.M. 
Slutz, R.J. 
Smyth, J.B. 

Straiton, A.W. 
Wait, J.S. 
Waynick, A.H. 
Wheelon, A.D. 


IRE Transactions 
on 
Antennas and Propagation 


Volume AP-8 MAY, 1960 


TABLE OF CONTENTS 


Editorial Comment eee Sr CSL. So A OREN ME AS) ree 


CONTRIBUTIONS 


Propagation at 30,000MMiC in’ the Ios Angeles) Basine:..4-4..50--6..25..00).) ene eee 
2 hi, notice ainaee he nus. POG al, fe W. L. Flock, R. C. Mackey, and W. D. Hershberger 


‘Two Statistical Models for Radar Terrain Return.............. L. M. Spetner and I. Katz 


Rog RenoOGicDipOlerArraye «aut... Mets. ct Or ey Cane ee al ace D, E. Isbell 
Beam Pointing. Prrors of Long, Line Sources. 9. 2...) ste: ea eee M. Leichter 
Mutual Impedance Effects in Large Beam Scanning Arrays.............. en Sa CUmier wiite 


Mutual Coupling Effects in Large Antenna Arrays: Part I—Slot Arrays................. 
+ ptiisas Sao Nige it ear gcAe 7 pe RMR eesti ts ogre, Sm ost ae S. Edelberg and A. A. Oliner 


Oi ATC DNAS ew whet nM Ok oi rn eet cent, Sa Paice ete (ater me W. L. Curtis 


Ground Constant Measurements Using a Section of Balanced Two-Wire Transmission Line 
E. J. Kirkscether 


The Archimedean Two-Wire Spiral Antenna..........005. 00.050 ee es eeeees J. A. Kaiser 
Coupled Leaky Waveguides I: Two Parallel Slits in a Plane.................. S. Nishida 
Experimental study ot a doiftraction Reflectoie.. ..o2.u sh. +. seme J. A, Provencher 
COMMUNICATIONS 
A Note on the Relation Between the “Exact” and “Simplified” Theories for EM Wave Propa- 
PaO AMlONIZed. Cxasesay i 5, jaye te his uss (he began s De = eee se nye J. M. Anderson 
A Note on “Effects of Relatively Strong Fields on the Propagation of EM Waves Through 
a Hypersonically Produced Plasima”................-.. J. M. Fiskin and W. B. Sisco 
A Reciprocity Theorem for Nonperiodic Fields. ..............-. 60. s eee ees G. Goubau 
Checking Desigttat Stepped Luneberg Lens: ..... 1.66... - 60g e eee renee H. F. Mathis 
A Note Concerning the Precise Measurements of Dipole Antenna Impedance. . 5, Krevsky 
Fresnel Region Field Distributions of Circular Aperture Antennas......... Ming-Kuei Hu 
On the Beam Deviation Factor of a arabone Redector.. .... iis avlskca eer do vnes Velen con 


Announcement of National Bureau of Standards Bibliography on Radio Propagation...... 


(Rowatiel iene odin cs  @S ob a cle ee coe et ttc > ooo are ei Sven eNS RN Crs ann tar aca cies 


Number 3 


235 
242 


246 
255 
260 
268 
276 


286 
298 


307 
312 
323 
331 


234 


Editorial Comment 


question which editors must continually answer 

regarding material submitted to them. How- 
ever, it is also a question which every research worker 
asks himself, at one time or another. Only when the 
question is answered in the affirmative does the result 
find its way to an editor’s desk. Publication of an article 
in a journal carries with it a high measure of professional 
prestige; yet many workers are only imperfectly aware 
of what constitutes publishable material. This is espe- 
cially the case if they happen to be working in an en- 
vironment where publication in a professional journal 
is not a normal method for disseminating results. In this 
editorial, some of the motives for publication are dis- 
cussed, in the hope that one or two new authors may 
be prompted to venture into publication. 

Whether or not a researcher immediately thinks 
about publishing a completed piece of work depends on 
his research situation. In modern jargon, one may 
classify research as “publication-oriented” or as “result- 
oriented.” Nearly all classifications of this kind are mis- 
leading; for instance, this arbitrary division is not the 
same as that between pure and applied research. “Pub- 
lication-oriented” research is undertaken after a study 
of all prior publications in that particular field, and has 
publication of the results as the avowed end-product of 
the program. “Result-oriented” research, on the other 
hand, is undertaken primarily for some commercial or 
military end, and publication of the results is a by- 
product which is not essential to the main purpose of the 
work at hand. There are, of course, various intermediate 
stages between these two classifications; however, they 
will be retained, because the problems confronting the 
aspiring author differ in the two cases. 

In publication-oriented research, the worker selects, 
or has selected for him, a field which is believed to be 
on the “frontier of knowledge” as delineated by the 
work published in the field as of that time. Finding 
where this frontier is, in the complicated n-dimensional 
space represented by knowledge, is not an easy matter. 
Having completed a piece of publication-oriented re- 
search, the worker is frequently unsure in his own mind 
whether his final results lie inside the frontier, and 
therefore add nothing new; whether they lie outside, 
and merit immediate publication; or whether, more 
subtly, the results are new but so specialized that no 
one else would be interested in them. We ourselves have 
experienced this dilemma in a particularly acute form. 
Some work which we had left unpublished, thinking it 
to be of little interest, was found to be closely related 
to a later publication by another individual (who, be it 
said, made full acknowledgment to the previous re- 
sults). In discussion of this matter, he expressed a view 


oe PUBLISH or not to publish... ”: this is a 
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which we believe to be the correct one: “Well, we waited 
and waited and you never put your work into print, so 
we went ahead and published our own version. It’s 
always safer to publish everything.” “Everything?” we 
asked. “Well, everything of interest, which is related to 
someone else’s current work, or to something already 
published.” Of course, there is occasionally the stunning 
new discovery which cries out for publication, however 
unrelated it may be to previously published material. 
Under some circumstances, for example, at some uni- 
versities, publication in a professional journal is raised 
to the level of a fetish. A recent study! has uncovered 
the interesting fact that university professors are fre- 
quently hired on the strength of the number of publi- 
cations which stand in their name, although their pro- 
fessional activity may lie entirely in the field of teaching. 


~ It also cites instances of a highly competent educational 


staff being discharged through failure to publish regu- 
larly. There is, however, no doubt that carrying out and 
publishing scientific work is an index of intellectual 
activity; here perhaps the universities have the rights 
of the matter. 

The researcher in a result-oriented field is in a dif- 
ficult situation, particularly if he is inexperienced in the 
writing of technical papers. He has probably written 
several reports, circulated inside his organization, in 
which he has described the results of his work and how 
he obtained them. He feels he would like to publish his 
results in the form of a paper, and knows that some dif- 
ferent type of approach is called for, but perhaps does 
not know exactly what that approach should be. Under 
these circumstances, his best plan is to contact some per- 
son who is outstanding in the particular field and has 
many publications already issued under his name, and 
ask his frank opinion. It is almost unknown for an ap- 
proach of this kind to be rebuffed. Alternatively, he 
may wish to put his results in the form of a paper, 
modeling his approach on other published papers, and 
then submit the paper for publication to a journal. Part 
of the function of the reviewing procedure of any reputa- 
ble journal is the constructive criticism of papers sub- 
mitted. These are then returned to the author with the 
reviewers’ comments, and the author is asked to revise 
his paper and resubmit it. 

This process of writing, criticism, and rewriting is the 
most satisfactory procedure we know for a new author 
to “break the publication barrier.” It certainly takes 
time and effort, but having one’s results appear in 
printed form is, in the end, the greatest reward that re- 
search has to offer. 


‘ T, Caplow and R. J. McGee, “The Academic Market Place,” 
Basic Books, 1959, 
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Propagation at 36,000 MC in the Los Angeles Basin* 


_W. L. FLOCK, R. C. MACKEY}, anp W. D. HERSHBERGERt 


Summary—Fading characteristics at 36 kmc over a line-of-sight 
path in the Los Angeles basin have been shown to be closely corre- 
lated with meteorological conditions, particularly with the relatively 

‘persistent, low-level temperature inversion of the area. No positive 
evidence of the influence of atmospheric pollutants has been found, 
but it has been shown that suitably located microwave paths can 
be of value for locating and monitoring temperature inversions when 
they are accompanied by sufficient variation in water-vapor content. 
The relation of diurnal variations in propagation characteristics to 
diurnal variations in the temperature inversion and in atmospheric 
turbulence indicate that the refraction mechanism is the predom- 
inant one in causing the observed large fading amplitudes. The view 
is further strengthened by the relatively noncritical relation of fading 
to the proximity of the inversion layer. 


INTRODUCTION 


ICROWAVE propagation studies, at a fre- 
M quency of approximately 36,000 mc, have been 

carried out in the Los Angeles Basin. The basin 
is characterized by the presence of the relatively per- 
sistent, low-level temperature inversion of the eastern 
edge of the Pacific anticyclone, and this inversion is re- 
sponsible for the trapping of atmospheric pollutants. 
The index of refraction profile associated with the tem- 
perature inversion strongly influences microwave propa- 
gation. An 11.4-mile path from the City Hall to the 
University of California, Los Angeles campus, was set 


* Manuscript received by the PGAP, June 25, 1959; revised man- 
uscript received January 14, 1960. This work was supported in part 
by the State of California, through an Air Pollution Grant to the 
Dept. of Engrg. ; : : 

+ Dept. of Eng., University of California, Los Angeles. 


and used for obtaining experimental data. Operation 
was carried out during certain periods in 1956, 1957, and 
1958. 

The purpose of the investigation was to study the in- 
fluences of meteorological factors and atmospheric 
pollutants on propagation and, conversely, to see if 
propagation studies could provide information about 
meteorological conditions and associated atmospheric 
pollution. Attention was primarily concentrated on the 
role of the inversion layer. 


THE TRANSMISSION SYSTEM 


The transmitter for the propagation studies was in- 
stalled on the twenty-fourth floor of the Los Angeles 
City Hall, and the receiver was located on the roof of 
the Physics-Biology building of the University of Cali- 
fornia, Los Angeles. QK 292 klystrons were used for 
both the transmitter and the local oscillator of the re- 
ceiver. The transmitting and receiving antennas were 
identical horns with apertures of 12 inches by 12 inches 
and with dielectric lenses. The measured antenna gains 
were 39 db. The transmitted power was in the order of 
10 milliwatts. 

The elevation of the transmitting antenna was 590 
feet, and that of the receiving antenna was 500 feet. 
The path was a good optical path and provided ade- 
quate clearance of all obstructions, even after the con- 
struction of a large building near the transmitting site 
during the course of the study. The path is indicated by 
a dashed line in the upper left portion of Fig. 1. 


X) 
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Fig. 1—Map of Los Angeles Basin showing transmitter 
and receiver sites. 


The transmitter klystron of the system was operated 
at a constant frequency, while the local oscillator of the 
receiver was swept in frequency at a rate of 60 cps by a 
saw-tooth voltage waveform. This mode of operation 
provided a pulse whenever the difference between the 
incoming signal frequency and the local oscillator fre- 
quency was in the pass-band of the IF amplifier. A dc 
voltage proportional to the amplitude of the pulses was 
then obtained, and the dc voltage was applied to a re- 
corder. A block diagram of the receiver is shown in Fig. 
2. Additional details of the system are described else- 
where.! 


THE TEMPERATURE INVERSION OF THE 
Los ANGELES BAsIN?? 


The temperature inversion of the California coast is 
a subsidence inversion associated with the eastern edge 
of the Pacific anticyclone. Beneath the inversion there 
is a layer of moist marine air, while above the inversion 
there is a deep layer of much drier, warmer air. The 
mean depth of the marine layer is about 1500 feet along 
the southern California coastline, but there is consider- 
able variation from near zero to three or four thousand 
feet. The inversion extends westward to the region of 
Hawaii, but becomes weaker and higher to the west. In 
the vicinity of Hawaii the average height is approxi- 
mately 6000 feet. The temperature inversion along the 
California coast tends to be the lowest and most persist- 


1W. L. Flock, R. C. Mackey, and W. D. Hershberger, “Propaga- 
tion at 36,000 Megacycles in the Los Angeles Basin,” Dept. of Engrg., 
Univ. of Calif., Los Angeles, Rept. 58-14; February, 1958. 

2 M. Neiburger and J. Edinger, “Meteorology of the Los Angeles 
Basin,” Air Pollution Foundation, Los Angeles, Calif., Rept. No. 1; 
April, 1954. 

8 J. G. Edinger, “The Meteorology of Los Angeles’ Polluted 
Layer,” Dept. of Meteorology, Univ. of Calif., Los Angeles, Final 
Pee for Los Angeles County Air Pollution Control Dist.; January, 
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Fig. 2—8.6-mm microwave receiver. 


ent in the late summer and autumn, but can be present 
at any time of the year, except when destroyed by 
cyclonic storms. 

At times winds from the interior sweep the marine 
layer to sea and replace it with warm, dry, desert air. A 
temperature inversion may also result under these con- 
ditions. Strong winds from the interior provide adequate 
ventilation for the Los Angeles basin, but bad air pollu- 
tion conditions may occur under conditions of weak in- 
terior winds. In any case there is a relatively small varia- 
tion in index of refraction in the vertical profile, as con- 
trasted to the situation when the marine layer is present. 


PROPAGATION CHARACTERISTICS 
Relation to Temperature Inversion 


Fading ranges on the City Hall-UCLA path were 
generally small (as low as 0.5 db and less) when no tem- 
perature inversion was present or when the elevation of 
the temperature inversion was greater than approxi- 
mately 900 feet. (The elevation of the transmitting an- 
tenna was 590 feet, that of the receiving antenna was 
500 feet, and the length of the path was 11.4 miles.) 
When the temperature inversion started at the surface 
or at elevations less than 900 feet, large fading ranges 
were frequently observed. (The system was capable of 
measuring fading ranges <30 db, and fading ranges as 
great as 30 db were noted.) 

At times, especially during days of bad smog attacks, 
fading was severe throughout the day. More commonly 
a diurnal variation was prominent. In such a case the 
fading range was usually rather large throughout the 
night and small during the middle of the day. Maximum 
fading ranges frequently occurred in the early morning 
or late afternoon hours. 

The elevation of the inversion was given approxi- 
mately by radiosonde data supplied by the U. S. Weath- 
er Bureau from Clover Field, Santa Monica. This field 
is located approximately four miles south of the UCLA 
terminal of the path. The height and profile of the tem- 
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perature inversion varies with distance and time, but 
the Santa Monica soundings are representative of con- 
ditions along the path to the degree that rather good 
correlation with propagation was observed. Further- 
more, information provided by the Department of 
Meteorology, University of California, Los Angeles, 
shows that near the coast the elevation of the inversion 
is normally less than or equal to the elevation at inland 
stations. Thus the Santa Monica soundings place a 
lower bound on the inversion height at inland points. 
An additional means of estimating the height of the 
inversion is sometimes available. It is provided by the 
afternoon sea breeze which frequently clears pollutants 
from beneath the inversion layer near the coast. This 
may result in the appearance of a sharp line on the 
horizon, looking inland, between clear air above and 
polluted air beneath the inversion. The sharp line rep- 
resents the base of the temperature inversion. On an 
afternoon when fading over a 30-db range was observed 
(4 p.m., November 16, 1956), the sharp line appeared to 
_be extremely close to the top of City Hall where the 
transmitter was located. On other occasions when the 
‘inversion base appeared to be higher above the City 
Hall, smaller, but still moderately large, fading ranges 
(e.g., 2 to 4 db) were observed. 

Further study of the meteorological data reveals a 
diurnal variation which corresponds well with the diur- 
nal variation in propagation conditions. In general the 
inversion weakens and tilts upward in the inland direc- 

tion during the middle of the day. Edinger* reports that 
in July 1957 determinations, the average height of the 
inversion near City Hall was approximately 100 feet 
above that at UCLA at 9 a.m., whereas at 11 a.m. and 
12 Noon the corresponding average figure was near 550 
feet. By 4 p.m. the differential had dropped to 150 feet. 
It is, of course, the index of refraction profile asso- 
ciated with the temperature inversion which actually 
influences propagation. Normally the air under the in- 
version is relatively moist, and that above it is dry. A 
drop of up to 70 N units in index of refraction may be 
encountered in upward passage through the inversion. 
(The value of an N unit is 10-*.) The index of refraction 
‘profile may be computed from radiosonde data, al- 
though it is to be expected that radiosonde data will not 
‘correctly indicate the sharpness of the drop. Microwave 
refractometer data can be expected to be much more 
satisfactory in this respect. The Naval Missile Air Test 
“Center at Point Mugu, California, has carried out a 
‘program of microwave refractometer measurements,’ 
and conditions in the Los Angeles area should be some- 
what similar. 
- During the day the drop in index of refraction asso- 
‘ciated with the inversion layer frequently decreases to 
‘one-half and less of the value during the night. This 


47. R. Carr, et al., Tropospheric Propagation Study Reports for 
hos, 1986. cad 1957, U.S. Peay! Air Missile Test Ctr., Point 
Mugu, Calif. 
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factor helps to explain the tendency towards small fad- 
ing ranges in the middle of the day. In fact since the 
tendency towards “steady” operation during the middle 
of the day is also characteristic of propagation on various 
commercial microwave paths in the area the weakening 
of the inversion would appear to be generally as impor- 
tant or more important than the elevation changes. 

On occasion, particularly in the autumn when winds 
come from inland directions, the fading range was small 
at all times of the day even when a temperature inver- 
sion was present. This condition is explained by the 
small variation in index of refraction on such occasions 
of low humidity. 

Table I gives some representative data showing fading 
range as related to inversion conditions. Samples of 
chart records appear in Figs. 3 through 10 (next page). 


TABLE I 


SELECTED DaTA ILLUSTRATING City-HaLLt-UCLA 
MICROWAVE LINK OPERATION FALL 1956 


Fading Inv. 
Me Dee Hour | Range—db | Height* 
1 9-13 7 P.M. 3 459 
2 9-14 1 A.M. 6.6 Surt 
3 9-14 7 AM. 13 Surf 
4 9-14 1 P.M. 3 381 
5 9-14 7 P.M. 4 Surf 
6 9-15 7 P.M. 6.6 Surf 
a 9-17 7 P.M. 15 Surf 
8 9-20 7 AM. 0.6 1378 
9 9-26 7 AM. 5.6 Surf 
10 9-27 7 AM. 15 Surf 
11 9-28 7 AM. 15 Surf 
12 10-1 7 AM. 0.5 2329 
13 10-2 7 AM. 1 4856 
14 10-4 7 AM. 0.3 None 
1S 10-5 7 AM. 0.4 None 
16 10-8 7 AM. 1 1903 
17 10-9 7 AM. 12 Surf 
18 10-10 7 AM. 10 Surf 
19 10-11 7 AM. 0.4 4003 
20 10-15 7 AM 3 660 
21 10-18 7AM 0.5 2329 
22 10-19 7 AM 0.2 2231 
23 10-22 7AM 3 886 
24 10-23 7 AM 0.5 None 
25 10-24 7AM 0.6 5348 
26 10-25 7 AM 2 Surf 
27 10-26 7 AM 7 Surf 
28 11-13 7 AM 0.2 2297 
29 11-14 7 AM 0.5 Surf 
30 11-15 7 AM 172 564 
31 11-16 7 AM 0.5 Surf 
32 11-19 7 AM On Surf 
33 11-20 7 AM 0.5 Surf 
34 11-27 7 AM 0.5 Surf 


* Inversion height at Clover Field, Santa Monica, as given by 
radiosonde data. 


Notes: 


1) The index of refraction profile is highly variable and unsuitable 
for description in a table. However an idea of order of magni- 
tude can be gained by noting that for entries 1-5 the variation 
through the inversion layer was 53 to 70 N units. On the 
other hand entry 33 was for a day when the relative humidity 
was 16 per cent and the variation in N units was approxi- 
mately 10. , 

The above data are from chart records. The signal was also 
monitored by an oscilloscope, and the 30 db fading range re- 
ported for November 16, 1956, for example, was from an oscil- 
loscope observation. The time constant of the recorder was a 
limiting factor in the chart records, so the above figures are 
in some cases, particularly for large fading ranges, minimum 
figures. 
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Fig. 3—Portion of 24-hour record showing large amplitudes of fading, 
September 14, 1956. (One horizontal division represents 15 min- 
utes.) 
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ly-l fading range, 4:00 
Fig. 4—Portion of 24-hour record showing transition from relatively ee ra et se moreratlylare phen ee 18 
large fading amplitude to steady signal operation, April 4, 1956. Sacarides 6 


(One horizontal division represents 15 minutes, small fading 
range commences at approximately 8:30 A.M.) 
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Fig. 8—Signal scintillation during cyclonic storm, no precipitation 
along path, April 3, 1958. (One horizontal division represents 
1 second, fading range approximately 0.5 db.) 


Fig. 5—Portion of 24-hour record showing small fading range, April 
8, 1956. (One horizontal division represents 15 minutes.) 
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Fig. ae pattern, eee 13, 1957. (One horizontal division 
represents 1 second, fading range approximately 3.6 db.) 


Fig. 6—One-hour record, 7:00 A.M., October 10, 1956, showing large ee eae! L ' atte ; 
fading range with periods in order of five minutes, (One hori- Fig. 10—Fading pattern, April 15, 1958. (One horizontal division 


zontal division represents 15 minutes.) represents 1 second, fading range approximately 7 db.) 
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Records were originally taken for 24-hour intervals 
with a 2.5-second time constant in the receiver detecting 
circuit and with an Esterline-Angus recorder operating 
at a speed of 3 inches per hour. To obtain more detail 
the recorder was operated at a rated speed of 3 inches 
per minute with a receiver time constant of 0.1 second. 
With this operation, response was limited by the recorder 
characteristics, so later records were taken with a Brush 
recorder and the 0.1 second time-constant circuit in the 
receiver. It is the latter type of short-duration record 
whose spectrum was determined. 


Noninversion Conditions 


During the cyclonic storms of winter and during 
strong winds, small fading ranges were observed, except 
for attenuation due to precipitation. The expected high 

attenuation during rainfall was noted. Cyclonic storms 
destroy the inversion condition and provide clean air 
_ for Los Angeles. In general, however, the inversion con- 
dition is only temporarily destroyed and may return 
with the passage of the storm. 

On occasion a signal scintillation with a fairly regular 
period in the order of 2 seconds was observed during 
periods of cyclonic storms. Such a condition is shown in 
Fig. 8. 


Relation to Atmospheric Pollutants 


It has been conjectured that the presence of atmos- 
pheric pollutants might have a noticeable influence on 
propagation. In particular, it has been suspected that 
some absorption of energy might be detectable. Such 
absorption, however, would be difficult to measure 
under the fading conditions normally associated with a 
strong concentration of pollutants. No positive evidence 
of the influence of atmospheric pollutants has been ob- 
- tained. 

It has been shown, however, that appropriately lo- 
cated microwave links could be of value in locating and 
monitoring inversion conditions, when the inversion is 
~ accompanied by sufficient variation in moisture content. 


_ Spectra of Fading 


Visual examination of records indicates prominent 
" periods in the range from 5 minutes to the order of sec- 
-onds in various records. Spectra of two representative 
portions of a typical record showing higher-frequency 
variations were computed by the staff of the Radio 
Propagation Engineering Division, National Bureau of 
Standards, Boulder, Colorado, and are shown in Fig. 11. 
The spectra show significant energy content ina higher- 
frequency range than in 8.6 mm spectra reported by the 
University of Texas for Texas and Colorado locations.’ 


5C. W. Tolbert, et al., “Propagation Studies at 8.6-Millimeter 

Wavelength on 3.5-, 7-, and 12-Mile Paths,” Elec. Engrg. Res. Lab., 

University of Texas, Austin, Rept. No. 69, June 26, 1953; also Prop- 

_ agation of 8.6-Millimeter Radio Waves Over a 50 Mile Path,” No. 70, 

October 30, 1953; also “Amplitude and Phase Difference Fluctua- 

tions of 8.6 Mm and 3.2 Cm Radio Waves on Line-of-Sight Path, 
Rept. No. 78, March 16, 1956. 
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Fig. 11—Spectrum of fading, April 10, 1958. (Computed by staff of 
Radio Propagation Engineering Division, National Bureau of 
Standards, Boulder, Colorado.) 


Spectra for overwater propagation in the Gulf of Mexico 
also determined at the University of Texas,* were more 
nearly comparable with those obtained from the Los 
Angeles data. It is also of interest to note that the fading 
ranges observed in the California operations were gen- 
erally greater, for the same distance, than in the Texas 
and Colorado studies. On the other hand, fading ranges 
were more nearly comparable for overwater propagation 
in the Gulf of Mexico and for propagation in the pres- 
ence of the inversion layer of the Los Angeles basin. 


MICROWAVE REFRACTOMETER DATA 


In June, 1958, microwave refractometer data were 
taken at the receiving terminal of the City Hall-UCLA 
link using a refractometer loaned by Dr. C. M. Crain. 
The typical 24 hour record showed very small fluctua- 
tions in index of refraction during the night, with 1-6 N 
fluctuations during the daytime. The average index of 
refraction increased considerably during the night with 
respect to daytime values. Only limited propagation 
tests were carried out during this period, but signal 
fading was observed to be small during the daytime 
hours. The diurnal variation in turbulence, indicated 
by the refractometer, appears to generally bear an 
inverse relationship to the diurnal variation in fading. 
Examples of refractometer records are shown in Fig. 12, 
next page. 


PROPAGATION MECHANISMS 


The large amplitudes of fading observed on the City 
Hall-UCLA link can be explained on the basis of multi- 
path operation involving the refraction mechanism. 
This mechanism fits in well with diurnal variations in 
meteorological conditions and with the relatively non- 
critical relationship of fading to inversion height. 

Scattering due to atmospheric turbulence may be re- 
sponsible for some of the observed fading, particularly 
in the presence of cyclonic storms. In scattering theory, 


6 A, W. Straiton, et al., “Propagation of Millimeter Radio Waves 
in Low-Level Overwater Ducts,” Elec. Engrg. Res. Lab., Univ. of 
Texas, Austin, Rept. No. 74; October 15, 1954. 
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however, scattered energy is largely concentrated in a 
cone having a half angle, 0, of \/27/) radians where /y is 
a characteristic length. Values from 20 to 500 feet have 
been reported for J). When \ equals 8.6 mm, @ is seen to 
be an extremely small angle. To see the significance of 
‘this small value for 6, consider a simplified picture of the 
atmosphere in which a marine Jayer, with a uniformly 
high moisture content and with a normal lapse rate, lies 
below an inversion layer. Further, consider that the 
boundary between the marine and inversion layers is 
sharply defined. Atmospheric systems of this type of the 
California coast are characterized by a high degree of 
stability, but, particularly during the daytime when 
there is heating due to solar radiation, there is some 
mixing between the moist air of the marine layer and 
the drier air above. The mixing can be expected to be 
the greatest at the boundary between the marine layer 
and the inversion layer (that is, at the base of the inver- 
sion layer), and conditions for scattering due to at- 
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Fig. 12—Samples of index of refraction records. (a) Approximately 
8:20 P.M. to 10:20 p.m., June 4, 1958. (b) Approximately 11:45 
A.M. to 1:45 p.m., June 5, 1958. 
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mospheric turbulence can be expected to be much more 
favorable in the close vicinity of the boundary than 
elsewhere in space. Therefore, remembering the small 
value of 6 it would appear that a line-of-sight path 
would have to lie very close to the boundary for the 
scattering mechanism to be responsible for fading 
ranges much greater than those for paths far removed 
from the boundary. With a given fixed path, a highly 
critical relationship between fading and inversion height 
is thus implied. 

In the case of the refraction mechanism, however, the 
relationship between fading and inversion height is not 
as critical as indicated in the preceding paragraph. The 
situation can be analyzed by reference to Fig. 13 and 


(1). 


(1) 


~~ ! dy e 
=) =| Va? — 2[n0 = n(y) | 


This expression gives the horizontal projection, x, of a 
ray path, as a function of height, y, for an initial angle, 
ao, with respect to the horizontal.’ The integration can 
be accomplished if 7 is assumed to have a constant value 
ny below the temperature inversion layer AA, and to 
decrease linearly within the inversion layer. The as- 
sumed variation of is shown by Fig. 14 and (2). 


_7’D. E. Kerr, “Propagation of Short Radio Waves,” McGraw- 
Hill Book Co., Inc., New York, N. Y., p. 48; 1951. 
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Fig. 13—Simplified picture of ray path in presence of 
temperature inversion. 
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nN = No, 0<y< Wo 


An 
eet ey 27 0); y<y<n 


n= Nn, Vite oe E00 


An =  — 1, t= 1 — Yo. (2) 


The solution of (1) for vo<y <4, is 


Yo t An 
SR faut eel ea eam ast — 2" Gy = 9) | (3) 
Qo An t 


If a?<2 [m)—n(y) J, it can be seen that expressions (1) 


and (3) are complex. Reflection will occur for this condi- 
tion. The critical condition for reflection is ao?=2An 


: [mo—n(y) ], or, in (3), 


2An 
ay? = me Gu=eya). 


For this critical condition (3) becomes 


Yo t 
tines os i mamaria lL 
ao An 


(4) 


where xm is half the path length for the critical ray. If 
Anis taken as 70 WN units and the thickness ¢ is estimated 


as 100 feet, a is calculated to be 0.0118 radian or 0.68°. 


If x, is then set at 30,000 feet, or half the path length, 
yo is found to be equal to 154 feet. This is the maximum 
height that the base of the 70 WN inversion layer can be 
above the path to cause the critical ray to reach the re- 
ceiving terminal, in the simplified picture considered. If 
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the thickness of the layer were taken as zero, yo would be 
equal to approximately 350 feet, which agrees with the 
experimental data. A finite thickness must be assumed 
for the inversion layer, however, so the figure of 350 feet 
must be doubted. It is still true, however, that the 
mechanism appears to be less sensitive to the height of 
the layer than the scattering mechanism. 

The combination of a signal which has traveled a 
curved path, such as shown in Fig. 13, and a signal 
which has taken a direct path from transmitter to re- 
ceiver would give a total signal of variable amplitude, 
since the relative phase of the two component signals 
would vary in a random fashion. The actual situation, 
of course, may be more complicated than that depicted, 
and energy may reach the receiver via several paths. 
Such phenomena have been described previously in the 
literature,*® though not for a frequency of 36,000 mc. 

Additional detailed studies are desirable, to more 
thoroughly define the roles of the various factors pos- 
sibly influencing propagation. These include reflection, 
scattering, and absorption. Although propagation be- 
yond the horizon is considerably different in many re- 
spects from line-of-sight propagation, it can be expected 
that line-of-sight experiments can be of assistance in 
understanding the mechanisms involved in both cases. 
Suitable experiments under a variety of meteorological 
conditions, including those of the California coast, 
should be valuable. 


8 A. B. Crawford and W. C. Jakes, “Selective fading of micro- 
waves,” Bell Sys. Tech. J., vol. 31, pp. 68-90, January, 1952; also 
O. E. DeLange, “Propagation studies at microwave frequencies by 
means of very short pulses,” pp. 91-103. 
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Two Statistical Models for Radar Terrain Return* 
L. M. SPETNER} anp I. KATZt 


Summary—A statistical approach to radar backscattering from 
terrain is taken in this paper. The normalized radar cross section, oo, 
has been computed for two different terrain models. The value of oo 
is obtained for both models as a function of grazing angle, 6, and 
radiation wavelength, \. The first model is a distribution of isolated 
independent scatterers such as corner reflectors. For such surfaces 
a wavelength dependence for o» is obtained, and, depending upon 
the density of scatterers and their average size, the theoretical results 
indicate that the local dependence of op on ) can be as d*, X“ or 
»-2, For such surfaces, oo is independent of 0. 

Where reflection occurs from specularly reflecting facets on the 
surface and where the distribution of surface slopes is Gaussian, the 
9 dependence turns out to be of the form 


ek cot? 8/2897 


where so is the standard deviation of the surface-slope distribution. 
The precise form of o) depends upon the space spectrum of the 
slopes. Two cases are worked out, one where such a spectrum is flat 
out to some cutoff, and the other where the space spectrum has a 
single peak at a particular wave number. In either case, for small 
enough ), op varies as \~. As the wavelength becomes large compared 
to the facet size, the facet no longer behaves as a specular reflector 
and instead becomes more like an isotropic scatterer. 

For any particular wavelength one may expect that the radar 
return be the result of the addition of two types of backscattering. 
The large facets will behave as specular-type reflectors, while the 
smaller facets will act as the isotropic scatterers discussed in the 
first model. 


INTRODUCTION 


N this paper we shall attempt to formulate a theory 
if to explain radar return from land and sea surfaces. 

We shall set up models of such surfaces and from 
these models compute the normalized radar cross sec- 
tion as a function of radiation wavelength and of radar 
depression angle. Other investigators have treated radar 
return from sea surfaces, usually with emphasis on very 
small depression angles. The work of Goldstein repre- 
sents the pioneering effort in this field and consisted 
both of experimental investigations and theoretical 
treatment.'? A later treatment of sea clutter, by 
Katzin,*® applies both to small and to large depression 
angles. In the present paper we shall investigate the 
normalized radar cross section for both land and sea 
surfaces over the entire angular range with no particular 
emphasis on the extremely small angles. 


* Manuscript received by the PGAP, July 15, 1959; revised 
manuscript received, January 9, 1960. This work was supported by 
the Navy Bureau of Ordnance under Contract NOrd 7386. 

} Applied Physics Lab., The Johns Hopkins University, Silver 
Spring, Md. 

H. Goldstein, “Frequency dependence of the properties of 
echo,” Phys. Rev., vol. 70, pp. 938-946; December 1046: - 

2 D. E. Kerr, “Propagation of Short Radio Waves,” McGraw-Hill 
Book Co., Inc., New York, N. Y., pp. 481-527; 1951. 

3M. Katzin, “Mechanisms of radar sea clutter,” Proc. IRE 
vol. 45, pp. 44-54; January, 1957. 


RANDOM-SCATTERER MODEL 


We shall assume that the radar return from the earth’s 
surface is composed of the summation of returns from a 
large number of incoherent independent scatterers. One 
might think of such a surface as a random.array of 
corner-type reflectors distributed upon a nonreflecting 
surface. It is conceivable that this model may cor- 
respond to a barren rocky surface or perhaps to a city or 
other built-up cultural areas. The normalized radar cross 
section from such an array of scatterers, as from any 
surface, is the scattering cross section per unit surface 
area. If the scatterers are independent and incoherent 
then the normalized radar cross section is the product 
of the density of scatterers per unit area, ps, and the 
average radar cross section of a single scatterer 01; 1.€., 


Ce ps0. (1) 


Let us now examine (1) to obtain the functional de-— 
pendence of o) upon the radar depression angle, 8, and 
the radiation wavelength, X. It is useful at this point 
to make a distinction between what we shall call effec- 
tive scatterers and real or physical scatterers. At suffi- 
ciently short wavelengths, the effective scatterers are 
to be identified with the real scatterers; while at the 
longer wavelengths an effective scatterer is equivalent 
to several nearly coherent real scatterers. For suffi- 
ciently short wavelengths the average density of effec- 
tive scatterers on the surface is independent of wave- 
length. As the wavelength gets longer, neighboring 
scatterers become more coherent with each other and 
hence must be grouped as a single scatterer. Thus for 
long enough wavelength ps is proportional to \~®. Let 
po represent the number of real scatterers per unit area 


of the surface. Then the density of effective scatterers 
is given by | 


eu Po, 
ie . cae 


dX < (Ci/po)” 


A> (Ci/po)'?. ie 
Here C, is a dimensionless constant of the order of unity. 
At this point in the theory it would be unrealistic to at- 
tempt to specify the value of C; more precisely. 

From the definition of ps it is easily seen that pg is 
independent of 6. Whether or not a scatterer exists is 
independent of the radar depression angle. The scat- 
terer’s reradiation pattern may be a function of 0, but 
its existence should be independent of 6. Hence we will 
oe (2) to represent both the \ and the @ dependence 
Ol Pps. 
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Let us now examine the wavelength dependence of 
the average scatterer cross section, o1. For wavelengths 
which are small compared to the dimensions of the scat- 
terer we may think of its scattering action somewhat as 


- follows. The scatterer snatches from the beam an 


amount of power proportional to its geometrical area. 


. Some of this power is dissipated. The rest of it is scat- 


tered. The only part of the scattered power in which we 
are interested here is that scattered back to the radar. 
We can now write 


4r Ag 


v2 


Taian ) d small, (3) 


Sp 


where As is the effective area of the scatterer, p is its 
power reflection coeffrcient which essentially describes 
how much of the power is not absorbed, and the remain- 
ing term in (3) represents the gain of the scatterer as if 
it were an antenna reradiating back in the direction of 


_ the radar. We have written the gain just as one would 


write it for an ordinary radar dish and have used the 
same effective area Ag as was used for the determina- 
tion of the amount of power intercepted by the scatterer. 
For wavelengths which are very large compared to the 
scatterer dimensions, however, one would expect a Ray- 
leigh-type scattering, and, in particular, the scattering 
cross section would be given by 

(4) 


G1 = Cov? /r4, d large, 


where v is the volume of the scatterer. The constant Cy)in 


_ (4) is expected to be large compared to unity; for ex- 


ample, for the scattering cross section of a small dielec- 
tric sphere with large index of refraction one gets an ex- 
pression for oi, as in (4), with a C: of approximately 


- 1100. 


Eqs. (3) and (4) taken together give the \ dependence 


of oo. For the isotropic-type scatterers discussed in this 


model, all the parameters appearing in the expressions 


_ for oo are independent of @. Let us arbitrarily denote by 
Xo the wavelength that marks the transition from the 


applicability of (3) to the applicability of (4). Thus 
these two equations can be rewritten as 


OS Se 
Sb es Ce , (5) 
Cov?/M, AN > Xo. 


Now let us combine (2) and (5) to obtain the final ex- 


pression for 0». Table I gives the four possible expres- 
sions for gp in various wavelength regions. Fig. 1 shows 
in graphic form the wavelength dependence of oo. Note 
that in Fig. 1 the magnitude of the breakpoint Ao can 
be either greater or smaller than that of the breakpoint 
(Ci/po)2 and the final curve will still have the same 
general shape, 
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Fig. 1—Wavelength dependence of normalized radar cross 
section (random scatterer model). 


SPECULAR Pornt MopDEL 


Let us now consider another model for a terrain sur- 
face. Here we shall assume that the surface is reflecting, 
is of irregular shape but continuous, and has continuous 
derivatives. We shall also say that the contribution to 
the radar return comes predominantly from two sources: 
the energy which is reflected from large facets of the sur- 
face which are oriented perpendicular to the line of 
sight, and the energy which is scattered isotropically by 
the small scatterers. Here again we refer to the expres- 
sion for oo given by (1). In our present case (1) must be 
modified to take account of the fact that we are dealing 
with two separate kinds of scatterers. Thus we write 


(6) 


where pgg and psgz are, respectively, the scatterer den- 
sities for small and large scatterers, and ois and oi, are, 
respectively, the radar cross sections of small and large 
scatterers. The first term on the right-hand side of (6) is 
the same expression we obtained in the previous section 
for the case of random scatterers, but here it is only 
valid for large X. 

Let us now concern ourselves with the second term on 
the right-hand side of (6). The average number of facet- 
type scatterers per unit area, pgz, is the average density 
of points on the surface which are oriented normal to 
the line of sight. We shall call these points specular 


oo = pssois + pPsxioin 


Q44 


points. In order to compute sz let us write the proba- 
bility density of the surface slopes as 


q(x; Zy) deed Zy (7) 
where gz represents the height of the surface above some 
datum plane and where 

Z, = O2/dx and 2, = 02/dy. 
In order for a point (x, y) to be a specular point, the 
slopes zg, and Z, at the point must be such that the sur- 
face is normal to the line of sight. We shall represent 
this condition by 

Zz = a(%, 9), 

2y = B(x, 9). 

Now let us replace the z, and z, in (7) by a(x, y) and 
B(x, y). Next replace dz,dz, by 

02,/ 0% Aad 
02,/dx d2,/dy 


Then the probability density of the slopes becomes 


gla(x, y), B(x, y)| | Zexyy — Soy" | dxdy, (8) 
where 


Sen = O-z/ON, Zs, = -O's/Oxdy and 2,, = 072/04". 


Eq. (8) is, however, just the probability that in the 
area, dzdy, there is a point where the surface is normal 
to the line of sight (7.e., there is a specular point) on the 
condition that the second derivatives are given by the 
particular values Zz2, Zzy, and z,,. If it is assumed that 
these second derivatives of z are statistically inde- 
pendent of the first derivatives, then an average may be 
taken over the second derivatives to obtain the prob- 
ability per unit area that a specular point exists. Thus, 
Pst becomes 


Pst = (| ZaxByy — Say? |) qa, B). (9) 


One can write @ and # as functions of the depression 
angle as 


a = 2, = cot 0 
B =z = 0. 
Eq. (9) can then be written as 
Zay?| )g(cot 8, 0). 


Pst = (| 2en2yy — 


If z, and z, are jointly Gaussian with zero means and 
with equal variances, s?, and if they are statistically in- 
dependent, 7.e., if 


1 
q(2e, Zy) = , exp [-(z ae Epes, 


1s” 
then psx becomes 


* (| Szae2yy — Bey | ) 


Pai = exp (—cot? 0/25"); 
2ms? 
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or 
pst = psx(90°) exp (—cot? 6/257). 


We must now determine psx (90°) and o1z as func- ~ 
tions of \. In order to do this we must make some as- 
sumptions about the slope spectrum of the surface. Let 
us consider first the case of a flat-slope spectrum as — 
shown in Fig. 2. Here the ordinate is in units of (slope)?/ 
wave number and the abscissa is in units of wave num- 
ber. We shall define the cutoff of this spectrum as the 
point y =\,—! as shown in Fig. 2. We must note that psx 
(90°) and oi, depend not only upon the nature of the 
surface, but also on the wavelength of the radiation. 


(SLOPE)*/WAVE NO. 


Ol" 
WAVE NUMBER 


Fig. 2—Flat slope spectrum (one dimensional representation). 


Let us define so’ as the variance of the slope measured 
on the surface; then s? must be the effective slope vari- 
ance which depends upon the wavelength. The two 
quantities s and so may in certain cases be quite dif- 
ferent; in particular they will differ when the dimen- 
sions of the surface structure are much finer than the 
wavelength. The effective slope variance must be ob- 
tained by first smoothing the surface with a smoothing | 
length of approximately \ and then measuring the vari- 
ance of the slope of the smoothed surface. Thus it is seen 
that as the wavelength increases, more facet-type scat- 
terers are lost, but more random-type scatterers are 
gained. One can see that the effective mean squared 
slope for the slope spectrum shown in Fig. 2 is given by 


te 

VS 

So’A2/X, 
The density of horizontal facets, psx (90°), is, for 

small wavelengths, proportional to hs. For wave- 

lengths longer than 2, the density of horizontal scat- 

terers is proportional to \~*. Thus we can say 

C3/d2? 

C3/X2, 


EKG 


10 
ae Ge 


AX < re 
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where it is expected that the dimensionless number Cis 
of the order of unity. Here we must note that the cutoff 
wave number )2~ defines the fineness of the structure 
of the surface, and, hence, \2 must be related to the size 
of the scatterer. 

Let us now examine the radar cross section of a single 
facet-type scatterer. This can be handled ina way similar 
to that in the first model. For facet-type reflections, only 
those facets which are oriented perpendicular to the line 
of sight are important in backscattering. In this case, 
the radar cross section would be expected to have the 
same form as that for a flat plate, which is also the same 
as (3). We write 


4r A gp 
x2 


Chie 


where the symbols have the same meaning as in (3). As 


; _ the scatterer becomes small compared to a wavelength, 


the higher-order multipole terms which contribute to 
its radiation become progressively less significant and 
in the limit, when } is very large compared to the size 
of the scatterer, only the dipole term is of importance 
and the cross section becomes that normally associated 
with Rayleigh-type scattering. This type of scatterer 
has a cross section given by 
Cup 


CS = avG (13) 
Thus we see that for the cross section of a single facet, 
(12) is applicable for small \ and (13) is applicable for 
large \. The transition region between the applicability 
of (12) and (13) corresponds to a value of \ which is re- 
lated to the size of the scatterer; but this is the role 
played by 2 in (10) and (11). Here too, we shall use the 
same \2 to mark the transitions from (12) to (13). Now 
we can combine (12) and (13) to obtain 


oe sp/’, 
oC = 
; C1p/M, 


A < doe 
\ > ro. 


(14) 


We are now prepared to write the final expression for 
the normalized radar cross section of an irregular reflect- 
ing surface having a Gaussian slope distribution and a 
flat slope spectrum which is sharply cut off at »=A2". 


oo = ; (G; is 
CC eect” 8)X/ 289°” = =5 > Ar. 
ee . 


The term C;/\° is the contribution from the small scat- 
terers. In the case where C;> C3C:, the exponential term 
has a minor effect for \>)o. If, however, Cs< CsCi, then 
over some region of A\>dz, the exponential term pre- 
dominates. For sufficiently large \, however, oo again 
goes as C;/\*. Note that in both cases of (15) the 0 de- 
pendence is situated in the cot? 6 term in the exponential. 
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see 12) 
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Fig. 3 shows in graphical form the wavelength de- 
pendence of o for a Gaussian surface having a flat slope 
spectrum which is sharply cut off at a wave number of 
ho. In Fig. 3 we have assumed, for illustrative pur- 
poses, that C3< C3C;. 
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Fig. 3—Wavelength dependence of normalized radar cross 
section (specular point model). 


As a second example of a facet-type surface we ex- 
amine the case where the slope spectrum has a single 
sharp peak at a wave number equal to A;7!. In this case, 
for wavelengths greater than )g, the entire surface is ef- 
fectively flat and horizontal. Hence, the average density 
of horizontal scatterers, for our purposes, is 0.4 Thus we 
write the average density of horizontal scatterers as 


(Co/d2?, v\ < de 
t 0, d = de, 


where we have assumed that for wavelengths shorter 
than dz, Psz (90°) is proportional to \y?; the propor- 
tionality constant C¢ is of the order of unity. The effec- 
tive slope variance s? is equal to the actual slope vari- 
ance so for wavelengths smaller than \:. For wave- 
lengths larger than \2, however, the surface is effec- 
tively flat as pointed out above. Hence, the effective 
slope variance is 0. Thus we may write the effective 
slope variance as 


ps1(90°) = 


XN < de 
A> reo. 
We find that for the facet-type surface which has a slope 


spectrum consisting of only one narrow peak the nor- 
malized radar cross section is given by 


trAsCe aunt, yo 
i) = do? ay 
Cs/n8 NOS eX: 


4 Taking the density of horizontal scatterers to be 0 for a flat sur- 
face gives the correct result for all depression angles other than 90°. 
For the case of exactly 90°, however, one must drop the assumption 
of facet reflections and assume instead reflection from a plain mirror; 
4.€., the concept of o» is no longer applicable, 
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It is important to note that for this case there may be a 
sharp drop in op at \=)2 as it makes the transition from 
one region to the other. The sharpness of this drop de- 
pends upon the magnitude of C; and also upon the de- 
tailed shape of the spectral peak, which we have, for 
simplicity, taken here to be an impulse-type function. 
For any particular shape of spectral peak one could 
compute in detail the actual transition of the expres- 
sion for a» from one region of wavelength to the other. 

The \-dependence of ¢ will be much like that shown 
in Fig. 3 except that the Ae portion will not 
appear. 

Note that here too the dependence of o) on depression 
angle is contained in the cot? @ term in the exponential. 
Fig. 4 illustrates this 6 dependence of a. 

It should be remarked that the customary sin @ il- 
lumination term does not appear in our expressions for 
oo. The reason for this is that the areas used in the cal- 
culations of the expressions for a» represent either the 
areas of facets which are oriented normal to the line of 
sight or areas containing isolated isotropic scatterers, 
and it is only from these that radar power is assumed to 
be returned. 

Note that the curves in Fig. 4 have as a parameter So, 
the RMS slope of the surface. It is clear that the rate 
at which the a» curve falls with decreasing 6 depends 
markedly on the value of so. These parameters, as well 
as other parameters which come into our expressions 
and which are functions of the surfaces, must be deter- 
mined by measurement, 
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Fig. 4—Depression-angle dependence of radar terrain return 
(specular point model). 


CONCLUSION 


In a study of radar terrain return we have presented 
two models of a reflecting surface: the first consists of 
isolated scatterers distributed over a nonreflecting sur- 
face and the second is an irregular but continuous 
reflecting surface. In the latter case we treated two 
examples of the two dimensional slope spectrum. 

No attempt is made here to draw a strict correspond- 
ence between these models and actual terrain surfaces. 
The next logical step is to examine existing experi- 
mental data in the light of these models to determine 
accuracy of the predictions of the A- and 6-dependence, 


Radar Terrain Return Measured at Near-Vertical Incidence* 


A. R. EDISONY, R. K. MOORE, anp B. D. WARNER 


Summary—An experimental program to investigate the reradia- 
tion properties of terrain at near-vertical incidence was carried out. 
Data were obtained at 415 and 3800 mc, using narrow-pulse type 


radar at altitudes of 2000 to 12,000 feet over many different target | 


areas. 

At frequencies over 400 mc most terrain acts as a scatterer of 
energy even at near-vertical incidence with a backscattering ‘‘radi- 
ation pattern’’ that drops off rapidly as the angle of incidence is in- 
creased. An exception occurs for heavily wooded areas which appear 
as nearly isotropic scatterers. 

At 415 mc, the radar cross section per unit area at vertical inci- 
dence ranges between values of 0.7 for woods to approximately 4 


* Manuscript received by the PGAP, February 1, 1960. The ex- 
perimental program was carried out by the Sandia Corporation. The 
work reported here was carried out at the University of New Mexico 
Engineering Experiment Station, sponsored by the Naval Ordnance 
Test Station, China Lake, California, under Contract N123 (60530) 
18138A and was described in Tech. Rept. EE 24. 

} Electrical Engrg. Dept., University of New Mexico, Albu- 
querque, N. M. 


for city targets, while at 3800 mc, the variation ranges between 
values of 0.8 for woods to about 18 for some city targets. If the ground 
were a lossless isotropic scatterer, the radar cross section per unit 
area would be 2 at vertical incidence. 

For a wide beam antenna, the fading range between the level 
exceeded by 95 per cent of the return pulses and the level exceeded 
by only 5 per cent of the return pulses is generally between 12 and 
17 db, except for a few very smooth areas which give considerable 
specular (nonfading) type of return and have a smaller fading range. 


INTRODUCTION 


N experimental program was undertaken to investi- 
gate the reradiation of electromagnetic energy 
from terrain at near-vertical incidence, This 

program set out to determine the effects on the signal 


'R. K. Moore and C. S. Williams, Jr., “Radar terrain return at 


ee incidence,” Proc. IRE, vol. 45, pp. 228-238; February, 
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returned to the radar of altitude, terrain, and such pa- 
rameters of the radar as frequency, antenna pattern, 
pulse shape and repetition rates. A C-47 aircraft was 
equipped with 415- and 3800-me radar gear, appropriate 
calibration equipment? and cameras, and was flown to 
obtain measurements of radar return from many dif- 
ferent “target” areas in the United States. 

The results indicate that even at vertical incidence 
most terrain reradiates toward the radar a large scat- 
tered (incoherent) signal and a relatively small specular 
or coherent component at the frequencies considered. 
The average radar cross section per unit area oy, some- 
times called the scattering coefficient, is a function of 
the angle of incidence for any particular type of terrain. 
The scattering coefficient was found to decrease fairly 
rapidly as the angle of incidence was increased (vertical 
is zero) over smooth areas, fields covered with green 
vegetation, and over water; heavily wooded areas ap- 
peared to be nearly isotropic scatterers. To some ex- 
tent, the scattering coefficient is also a function of the 
azimuthal angle, but no attempt was made to determine 
such dependence. Fresnel (specular) reflection pre- 
dominates over a limited number of targets, such as 
smooth water or some desert areas. Typical curves show- 
ing the scattering cross section as a function of the angle 
of incidence are shown. 

A lossless terrain with the properties of an isotropic 
scatterer would have a radar cross section per unit area 
of 2 for backscatter at vertical incidence. At 415 mc, the 
values of the scattering coefficient at vertical incidence 
varied from 0.7 for dense woods to 4 for certain city 
targets, while at 3800 mc, the variation was from 0.8 for 
woods to 18 for some city targets. For slightly rough 
water, the values of the scattering cross section per unit 
area reached 50 at 415 mc and 200 at 3800 me for near 
vertical incidence. 

The range of fading (defined here as the range be- 
tween the level below which only 5 per cent of the return 
power is found and the level below which 95 per cent is 
found) varied from about 3 db, for some smooth water 
surfaces exhibiting principally specular return, to about 
19 db for certain nonhomogeneous target areas. At 3800 
mc, the average range of fading for all targets was about 
16 db, and at 415 mc, about 15 db. The theoretical range 
of fading for a randomly scattering ground for which the 
signal amplitudes are Rayleigh distributed is 17.5 db. 
The range of fading did not appear to be a useful meas- 
ure of the ratio of power returned by specular reflection 
to power returned by scattering, except in a gross sense, 
that is, to separate out those few targets that act almost 
completely as specular reflectors. 

A “path attenuation” factor has been defined as the 
‘attenuation in db experienced by the pulse from the 
time it leaves the transmitting antenna until it returns 


2. J, Janza and R. E. West, “Accurate radar attenuation meas- 
Sete Oates by inflight calibration,” IRE Trans. ON INSTRU- 
MENTATION, vol. PGI-4, pp. 23-31; October, 1955. 
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to the receiving antenna. The “path attenuation” is af- 
fected by such factors as the altitude, type of terrain, 
shape of pulse and antenna pattern and, therefore, is not 
directly applicable to other situations where one or 
more of these parameters may be different. The “path 
attenuations” for several typical target areas are 
included. 


THEORETICAL MODEL 


A model has been used in which the vector nature of 
the waves is neglected and the return is resolved into a 
coherent and an incoherent component.’ This model will 
give useful information where linear polarization is in- 
volved since the linearly-polarized electromagnetic 
wave can be completely described in terms of one com- 
ponent of a vector and is therefore essentially scalar in 
nature. Depolarization by the ground has the same 
effect on the receiving antenna as absorption, and the 
effects are lumped together. 

The approach has been to assume that the terrain is 
made up of individual scatterers varying in height about 
a mean ground level, and that each individual scatterer 
does not greatly differ in size from the others. The actual 
return from an individual scattering facet is then di- 
vided into a coherent component whose phase is the 
same as that for return from the mean ground plane 
at that point and whose amplitude is the average value 
of all components with such phases and is divided also 
into another component whose phase and amplitude are 
determined by the vertical displacement of the facet 
from the mean ground plane. The first is described as 
the “specular component” and the second as the “scatter 
component.” The heights of the facets are assumed to 
be distributed in accordance with a “normal distribu- 
tion” about the mean ground plane.* 

An approximate form for the scattering coefficient, 
whose angular variatien might be termed an antenna 
pattern for the ground, has been derived® and can be 
expressed as 


@) 6a? csc 0 { a7 ? sah (1) 
= SS — —— tan 
e 4 ere 


2 o 


where 


Oo is scattering coefficient, 

ais horizontal correlation distance for vertical dis- 
placements, 

o is standard deviation of vertical displacements, 

6 is angle of incidence. 


3R. K. Moore, “Resolution of Vertical Incidence Radar Return 
into Random and Specular Components,” University of New Mexico, 
Albuquerque, Engrg. Exp. Stat. Tech. Rept. EE-6; July, 1957. 

: Davies, “The reflection of electromagnetic waves from a 
rough surface,” J. [EE (London), pt. 4, vol. 101, pp. 209-215; Au- 
gust, 1954. 

5 J. A. Cooper, “Comparison of Observed and Calculated Near- 
Vertical Radar Ground Return Intensities and Fading Spectra,” 
M.S. thesis, University of New Mexico, Albuquerque, also Engrg. 
Exp. Stat. Tech. Rept. EE-10; May, 1958. 
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The rough ground has been described by two arbi- 
trary parameters o and a. The second-order probability 
distribution of heights above the mean ground plane is 
so chosen that the corresponding autocorrelation of 
ground heights as a function of their separation is er /@", 
where r is the distance between points to be correlated.’ 

The field at the antenna has been divided into a non- 
fading and a fading component for a rough perfectly 
conducting ground. The mean value of the nonfading 
(specular) component is reduced from that for a smooth 
ground by a factor which is expressed as 


= exp {-2 || : (2) 


where g is the standard deviation of heights of the scat- 
tering sources about the mean ground plane as before 
and \ is the wavelength. The factor x serves to reduce 
the nonfading component of the field by an amount de- 
termined by the frequency and the roughness of the 
ground because of the loss of energy from the unidirec- 
tional specular return into scattering. 
The power returned by specular reflection is then 
2K2?P 2 2 
Wapes cr sea el (3) 
(4m)?(2h)? 
where 


Py is transmitted power, 
G is antenna gain, 
h is altitude, 
K is Fresnel reflection coefficient. 


The Fresnel reflection coefficient takes into account ab- 
sorption in and transmission into the ground. Since the 
nonfading, or specular, power return is reduced by a 
factor x” for the case of lossless terrain, the fading or 
scattered component must be modified from what it 
would be for a perfect scatterer by (1—x?). The scat- 
tered power can now be written as! 


P7G*)?ao 
(4c) *r4 


Prose = (1 = 2°98 f dA (4) 
where 8 accounts for absorption and depolarization in 
an imperfect ground and 7 is the slant range to an area 
element dA. 

Probability density functions for signal amplitudes 
from several possible types of terrain have been investi- 
gated. These include a purely scattering ground for 
which the Rayleigh distribution is appropriate’ and 
grounds for which one, two, or three facets contribute 
enough signal in comparison to the background to 
modify the distribution. Density curves for the scatter- 
ing ground plus a single strong source are shown in Fig. 
1, where p(P) is probability of finding return power 
between P and P+dP. 


®S. O. Rice, “Mathematical analysis of random noise,” Bell Sys. 
ee vol. 23, pp. 282-332, July, 1944; vol. 24, pp. 46-156, Janu- 
ary, ; 
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While a study of the probability density functions ap- 
pears to be a promising means of classifying terrains, it 
has not proved to be practical. No consistent relation- 
ship has been found in the experimental data. 

The fading of signals from the ground is the same sta- 
tistically as fluctuation of the amplitude of a single sine 
wave in noise, where the sine wave corresponds to the 
specular return and the noise corresponds to the scat- 
tered return. The range of fading will increase as the 
ratio of the power in the sine wave to the power in the 
noise is reduced. Since the scattered power varies with 
the illuminated area and the specular power does not, 
the fading distributions are functions of the size of the 
illuminated area and consequently of antenna beam- 
width and pulse duration. (See Fig. 2.) 


PROBABILITY DENSITY 


POWER 


Fig. 1—Probability densities of the power return. a’ is defined as 
the ratio of the power from the strong source to the power from 
the random scattering ground. 
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Fig. 2—Theoretical fading range for a signal composed of return from 
a random scattering ground which includes a single strong scat- 
terer. 


DESIGN OF THE EXPERIMENT 


The experiment, regarding the nature of the power 
returned to a radar, was intended to provide information 
for the radio altimeter designer. Of particular impor- 
tance are information on the variation of scattering co- 
efficient with angle, data on fading ranges and rates, and 
measurements of the reflection coefficient. A pulse type 
radar was selected for ease of instrumentation, although 
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the results may be adapted to frequency-modulated and 
other systems. 

A broad-beam antenna was selected to simulate con- 
ditions for a radio altimeter, to insure a power return 
from a large collection of independent scatterers, and to 
permit measurements of scattering from a wide range 
of angles on each pass over a target. A narrow trans- 
mitted pulse was used so that the illuminated area was 
effectively limited by the pulse width. This meant that 
the illuminated area began as a small circle when the 

leading edge of the pulse first touched the ground and 
then developed into an expanding annulus bounded by 
the leading and trailing edges of the pulse, finally to dis- 
appear (effectively) at the “edge” of the antenna 
pattern. 

Each point on the “A-scope trace” of the return pulse 
corresponds to power returned from a certain annular 
area on the ground. Independent calculations of the 
scattering coefficient for various angles of incidence can 
thus be made from a single pulse, providing the return 
for a particular range of angles is from an area that does 
not overlap the area contributing to the signal for 
another range of angles. The altitude, pulse duration, 
and antenna beamwidth will limit the number of inde- 
pendent zones for a particular case. When a horizontal 
flight path is used, the returns from ahead of the air- 
craft show a positive doppler shift while those from be- 
hind show a negative shift. This means that the return 
signal will be distributed over a band of frequencies near 
the carrier frequency. 

The ground can be thought of as a population of oscil- 
lators with amplitudes determined by the strength of 
the incident transmitted pulse, with random phase, and 
with frequencies shifted from the carrier by an amount 
equal to the doppler shift for each particular scatterer. 
This frequency shift creates a random modulation func- 
tion which is sampled each time a received pulse is re- 
corded. This process may also be thought of as sampling 
a fixed space pattern due to randomly phased ground 
oscillators at the carrier frequency. 

' There is a problem in obtaining adequate statistical 
samples of such wave patterns.’ It is desirable to mini- 
mize the length of the flight path in order to keep toa 
minimum the number of new scatterers introduced into 
the target area during the run. This is necessary to keep 
the process as close to stationary as possible. On the 
other hand, a short flight path means that a small num- 
ber of independent samples is obtained. This paradox is 
particularly evident at low altitudes and low frequencies 

The necessity of obtaining absolute values for the 
transmitted and received pulses complicated the meas- 
urement problem. The fact that the equipment was as- 
sembled.and used in an aircraft meant that the environ- 
ment was not ideal for making precise measurements at 


7R, A. Hessemer, Jr., “The Sampling Problem in Low Fre- 
quency Radar Terrain Return,” Sandia Corp., Albuquerque, 
N. M., Tech. Memo. 193-55-54; September, 1955. 
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high frequencies. An inflight calibration procedure was’ 
adopted to determine the system characteristics just 
before and just after a data run was made. This re- 
sulted in usable data being obtained even though the 
system characteristics drifted somewhat during the 
flight. In addition, over-all system checks were made at 
times by flying over smooth water, from which the re- 
turn may be calculated accurately from theory. 

The 3800-mc unit had a measured antenna pattern 
which was almost circularly symmetric about its axis 
and was described to a good approximation through the 
region of interest by 


G(0) = 14.14 cos? 26 (5) 


where G is the power gain and @ is the angle measured 
from the axis, which was oriented normal to the earth 
during the experiment. The 415-mc antenna pattern 
was assumed to be circularly symmetric and was de- 
scribed by 


G(@) = 3.80 cos 26 (6) 


over the region 0 <@<20° and by the constant 2.81 over 
the region 20°<#<25°. 


DaTA REDUCTION PROCEDURE 


The amplitude of the signal returned by the ground 
was recorded pulse by pulse, on 35-mm film. The start 
of the sweep was delayed until shortly before the first 
return, and the sweep duration was just sufficient to 
display all significant returns from angles within about 
45° of the vertical. Each individual pulse was thus avail- 
able for analysis although, for many runs, only deflec- 
tions of pulses that were far enough apart to be statis- 
tically independent were measured on the film. 

Calculations based on the distribution curves were 
then used to obtain fading ranges, probability density 
curves, and median and mean values of the power re- 
turns. Because of the relatively wide range of fading, 
and the independence of fading in different parts of the 
return pulse, adjacent pulses do not look much like a 
mean pulse or like each other. (See Fig. 3, next page). 

A theoretical analysis of the power return from a 
large homogeneous area leads to a surface integral which 
contains the scattering coefficient.! Since a narrow-pulse 
radar was used, the illuminated annulus on the ground 
corresponds to a rather narrow range of angles, except 
at low altitudes and except immediately adjacent to the 
vertical. This made it possible to assume that the scat- 
tering coefficient remained constant over the range of 
integration; thus it was removed from under the integral 
sign. By using the median® returned pulse and the trans- 
mitted pulse it was possible to calculate a representative 
value of the scattering coefficient. In cases where the 
scattering coefficient varied rapidly with angle, a first 
estimate so obtained was modified by putting the angu- 
lar variation into the integral. 


8 The median rather than the mean value of the returned pulse 
was selected for ease of computation in the data reduction process. 
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P;(t) 
, = 7 
B’o0(t) or? i Pr(d — DG) 5 (7) 
6417 J ¢, (i " “) 
2 
where 


P,=median value of received power, 
Pr=transmitted power, 

G=antenna gain, 

h=altitude, 

c=velocity of light, 

\= wavelength, 

d=radar delay time from start of transmitted pulse, 

t=time measured from start of received pulse 

6=angle of incidence, 
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o)=radar.cross section per unit area, 

B’=(1—«?)B where B is a scatter power dispersion 
factor and x? is a measure of the ratio of specular 


power to total power return and f and & are 
time limits on the pulse. 


The angle of incidence 6 is related to the time ¢ by 


h 
(8) 


cos 6 = 
ct 
h+— 
2 


The scattering cross sections are shown in Figs. 4-10. 
The experimental points were determined from (7); a 
theoretical scattering curve described by (1), was then 
fitted to the values computed from the measured signal. 


'’ SCOPE TRACE 


Fig, 3—Sample film strip for woods showing the rapidity of fading 
Pulse repetition rate, 400 pps; air speed, 120 mph; freq., 415 mc. 
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Fig. 4—Median scattering curves for woods at Pine Island, Minn. 
a?/o?, B’ and x*K? are parameters used in attempting to fit the 
experimental data to a theoretical model. 
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Fig. 5—Median scattering curves for snow covered 
farmland near Wahpeton, N. D. 
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Fig. 6—Median scattering curves for farmland near Cameron, Mo. Fig. 7—Median scattering curves for industrial area 
in Minneapolis, Minn. 
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Fig. 8—Median scattering curves for residential area Fig. 9—Median scattering curves for an area of apartment 
in Minneapolis, Minn. buildings in Kansas City, Mo. 
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Fig. 10—Median scattering curves for a desert area 
near Salton Sea, Calif. 
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This was done in the region away from the leading edge 
of pulse so that no power returned by specular reflection 
would be present. Extrapolating the theoretical curve 
into the region where specular power was possible, an 
estimate was made of the amount of specular power in 
the return pulse. This estimated specular power is at 
best an approximation and depends on the validity of 
extrapolating the theoretical scattering coefficient to 
very small angles of incidence. A better method of per- 
forming this separation has not been developed at this 
time. A new experiment specifically designed to allow 
separation of specular and scatter components will be 
necessary to confirm the values for reflection coefficients. 


TARGETS EXHIBITING SPECULAR RETURN 


Although most of the targets investigated gave very 
little specular return, there were a few exceptions. 
Specular return is indicated by two characteristics: 1) 
the return pulse has the same width as the transmitted 
pulse and 2) the range of fading is very small. 

The specular reflection coefficient for power has been 
written as (xK)? where x? is the proportionality constant 
between specular and scattered power and K is the 
Fresnel reflection coefficient. In the cases considered in 
the following table, x was assumed to be unity. 


64r°h*P,, 


x?K? = ——____. - (9) 
\?G?(0) Pr 
TABLE 1 
Fading 
Target Range db K ee 
Elephant Butte Reservoir (calm) Ded 0.79 0.80 
Bonneville Salt Flats (wet) — 0.95 0.92 
Frozen Lake 3.9 0.42 0.30 
Irrigated Farmland (wet) 7.6 0.69 0.73 
Yucca Lake Bed (moist) 2.6 0.74 Onis 
Sandy Flats (dry) 5.8 0.42 0.33 


* Theoretical value. 


PatH ATTENUATION 


The prediction of the power return from a target for 
a particular type of radar requires knowledge of the re- 
radiating characteristics of the ground as well as infor- 
mation on the geometry involved and the mode of 
operation of the radar. These many factors have been 
lumped together and described as a path attenuation 
experienced by the pulse in traveling from the antenna 
to the earth and back again to the antenna. This 
quantity is defined as 


P 7G? 


A = 10 log (10) 


R 


where Pr is the peak value of the transmitted pulse, Pe 
is the peak value of the received pulse, and G is a repre- 
sentative value of the antenna power gain over the re- 
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gion which returns the peak value of Pr. 

Experimental values of the path attenuation for 
various targets are shown in Figs. 11-16. The upper and 
lower extremities on the bar graphs correspond to at- 
tenuations exceeded by 5 and 95 per cent, respectively, 
of the pulses considered. The median value of the path 
attenuation is indicated by a circle on each graph. The 
path attenuations at 3800 mc have been normalized to 
415 mc by removing the effects of frequency on the 
effective antenna area’ and are shaded on the graphs. 

The computed path attenuation makes it-possible to 
predict the radar return from a variety of targets for ra- 
dars having similar pulse characteristics and operating 
on similar flight paths. In computing the values of path 
attenuation for this report, the pulse width was normal- 
ized to 0.2 usec. It is important to note that the attenua- 
tion figures cannot be applied directly to radars with 
different operating characteristics. Within relatively 
narrow limits, the values obtained may be applied to 
radars having different transmitter pulse durations by 
assuming that Pr is directly proportional to pulse 
length. This assumption is better for rough targets like 
woods than for smooth ones like water or desert. 


CONCLUSIONS 


Since terrain generally appears to a radar as a rough 
surface at frequencies over 400 mc, the back scattering 
of energy predominates over the specular or coherent — 
form of power return. Moreover, the rough ground 
shows a definite “antenna pattern” for back scattering. 
The radar cross section per unit area for terrain de- 
creases as the angle of incidence becomes larger. A very 
rough target such as a heavily wooded area appears to 
be nearly an isotropic scatterer, while a smoother 
target such as farmland or grassland will have an 
“antenna pattern” that peaks up sharply at near-— 
vertical incidence. When the angle of incidence reaches 
25° from the vertical, the return signal from most farm- 
land and city areas is down about 20 db from the value 
at normal incidence. For goods the decrease is less than _ 
20 db at 25° and for water it is generally greater than — 
20 db at 25° from the vertical position. 

Specular or coherent return (when it is present) comes 
from the direction of normal incidence, and the width 
of that portion of the return pulse associated with it is 
the same as the width of the transmitted pulse. This is - 
not the case for scattered or incoherent return. Return 
signals caused by the scattering process are extended 
over a period of time determined by the beamwidth of - 
the antenna, the back scattering antenna pattern of the ; 
ground and the pulse width. If a broad-beam antenna 


* The path attenuation normalized to 415 mc is defined by 


PrG; 
10 log (* 


where subscripts 7 and m refer to 3800 and 415 mc, respectively. 
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Bed, very moist; 2) Sandy Flats near Yucca Lake; 3) Desert 


Fig. 14—Path attenuations for several desert areas. 1) Yucca Lake 
near Salton Sea. 
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Fig. 15—Path attenuations for fresh water targets. 1) Elephant 
Butte Reservoir, water very smooth. 2) Lake Bemidji, water 
rough. 


is used, a narrow transmitted pulse will be returned to 
the receiver as a much wider pulse. 

The range of fading experienced by the return signal 
depends upon the type of terrain illuminated and upon 
the antenna pattern. When using a broad-beam antenna 
at altitudes of 2000 feet or more, a very smooth surface 
will return a signal which fades only a few db while the 
majority of targets return signals which fade 12 to 16 db. 
The range of fading could be expected to diminish if a 
narrow-beam antenna were used. The actual range of 
fading experienced for a particular target has proven to 
be an unsatisfactory means of classifying the target ex- 
cept into the very broad categories of a smooth or a 
rough terrain. 
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Fig. 16—Path attenuations for salt water targets. 
1) Salton Sea, Calif. 2) Pacific Ocean. 


For a very particular case, the path attenuation is a 
rough means of describing the action of the ground in 


reradiating energy. This factor is useful in predicting 


the radar return to a system similar to that used in the 
experiment when operated over a similar target at the 
same altitude. The path attenuation figure cannot, how- 
ever, be easily extended for use with other types of 
radar, although some altitude extrapolation is permissi- 
ble when the general character of the variation of a 
with angle is known. In this experiment the path attenu- 
ation is from 15 to 20 db higher at 12,000-foot than at 
2000-foot altitude. Over the range of altitudes consid- 
ered, the return signal variation is between “inverse 
square” and “inverse cube” with altitude. 


1960 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 255 


A New Mathematical Approach for Linear Array Analysis* 


D. K. CHENG} anp M. T. MAt 


Summary—It is well known that linear antenna arrays are repre- 
sentable mathematically by polynomials. However, even for the 
simplest case of a uniform array, properties of its radiation pattern 
are conventionally analyzed by examining the transcendental form 
of the array factor and some of its important characteristics have 
been determined only approximately. For a more general array, a 
closed form of the associated polynomial is usually not obtained 

_ and the analysis becomes quite difficult. This paper proposes a new 
approach for linear array analysis. Basically, the current distri- 

' bution in the discrete elements of a linear array is considered as 
the sampled values of a continuous function. Known relations in Z “--——--—+—-1+——————-—— ers aS 5s 
transforms developed for sampled-data systems can then be used to 
express the array polynomial in a closed form. Mathematical tech- 
niques for determining important properties of the array pattern are 

_ developed. Typical examples illustrating the applications of this new 
approach are given. 


To Distan7r Point 


Fig. 1—A linear array of n equally spaced elements. 


INTRODUCTION where | 
—— ey am 17 2 
CHELKUNOFF'! has shown that linear antenna mie (2) 
arrays are representable mathematically by poly- with 
nomials and that important characteristics of the 
yy = Bdcosd+a. (3) 


radiation pattern of any linear array can be analyzed in 
terms of the properties of its associated polynomial. 
However, except for uniform and binomial arrays, a 
closed form of the polynomial is not obtained, and in- 
vestigation of array characteristics by examining the 


pany ens in the polynomial for a multielement array ‘excitations in the elements and can in general be com- 
is quite tedious and frequently unfruitful. Even for the plex. For most practical arrays, a progressive phase 


simplest case of a uniform array the usual approach has shift a exists along the array and the a-coefficients are 
been to consider the transcendental form of the array real 


factor. Because of the difficulty in solving transcenden- When all the @’s are equal, a uniform array results. In 
tal equations, important characteristics such as the loca-  ...y, 4 case, d,=«» for all #’s, the polynomial in (1) can 
tion and the level of sidelobes and the beamwidth have 
been determined only approximately. At the present 
_time there exists no general technique which can be used ee 1-2 (4) 
_to analyze the radiation characteristics of a linear array (2) = a% ‘eas —). 
with nonuniform amplitude distribution. 
_ Consider the linear array of m equally spaced, identi- The usual approach in analyzing a uniform array is to 
cal, elements in Fig. 1. The polynomial associated with rearrange (4) as follows: 


In (3), 8=27/) is the phase constant and a is the pro- 
gressive phase lead of the excitation in an element com- 
pared to that in its neighbor on the left. The coefficients, 
Go, Gi, Gz, *-**, Gn1, in the polynomial represent the 


be easily summed up: 


such an array can be written as sheen 
| —(n— Eg) = 2535 an 
E(z) = ao + aye + aez? + + + f+ ays) @) gy? ge 
: aa ; 
g 2 —k or, in terms of w 
| = > a (1) , 
k=0 


sin ny /2 ). (5) 


E@\= a roca 
W) : sin y/2 


* Manuscript received by the PGAP, October 1, 1959. A part of 
the work reported in this paper was done under Contract No. A 
30(602)-1640 sponsored by Rome Air Development Center, Griffiss 
Air Force Base, Rome, N. Y. Presented at the 15th Natl. Electronics 
-Conf., Chicago, IIl., October 14, 1959. 


2 Note that the notation for z in (2) is different from the usual defi- 
nition which does not include the negative sign in the exponent. This 


t E lec E ner I ye it Vi 1h e Y han e of notation is ne ssary Nn OF 0 wi h eco en- 
. g g. Pp on Syracuse Uni ersity, Sy acus ’ N. . c bod t ce 1 der to conf rm t th conven 
S A Schelkun ff A mathematical theotr y of linear art ay ’ Th, ctl to be introd uced later 
. . 10) ’ Ss tional form of the tr ansfor m of a fun on 


‘Bell Sys. Tech. J., vol. 22, pp. 80-107; January, 1943. in (9). 
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The expression in (5) is obtained by noting the relation 
in (2). Although this approach is straightforward, it 
does not make full use of the algebraic character of the 
array function. An exact analysis of transcendental ex- 
pressions such as that in (5) is a difficult job unless we 
wish to plot the whole function graphically. 

For a nonuniform array, the a coefficients in (1) will 
not be all equal and the simple forms for E(z) in (4) and 
E’() in (5) do not apply. We are then faced with the 
formidable task of having to analyze a polynomial of n 
terms. The polynomial could be put in terms of sine and 
cosine functions, but this would only make the resultant 
expression even harder to handle. 

In the following sections a new approach for the es 
ysis of linear arrays is described. The discrete linear 
array will be treated as a sampled-data system. Known 
relations in Z transforms developed for sampled-data 
systems enable us to express the array polynomial in a 
closed form, even for nonuniform arrays. Analysis of the 
important characteristics of the radiation pattern can 
then be done conveniently. Several useful formulas con- 
cerning this technique will also be developed. 


DISCRETE ARRAY AS A SAMPLED-DATA SYSTEM 


Supose that the envelope of the amplitude distribu- 
tion of the excitations in a linear array can be described 
by a continuous function f(«) within the range 0<x 
<(n—1)d. Then the a coefficients in (1) can be written 
as 


a = f(0) 

a, = f(d) 

a, = f(2d) 

an = fl(n — 1)d] (6) 


and the array polynomial becomes 


E(z) = f(0) + fz + f(2d)x? + 
cy Gmc faa? 
= ¥ faye : (7) 
We may also rewrite (7) as 
E(2) = DA kd)z-* — D sleds (8) 


Now, the first term on the right side of (8) is exactly 
what is called the Z transform of the function f(x), or 
of the sampled function f*(x), the sampling period be- 
ing d. 


I 


Dd f(kd)e* 


ZIf(a)| = z[f*(«)] 
F(2): (9) 


3D. K. Cheng, “Analysis of Linear Systems,” 


Dis Addison-Wesley 
Publishing Co., Reading, Mass., ch. 10; 1959, 
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The second term on the right side of (8) can also be ex- 
pressed in terms of the Z transform of a function: 


Ys flkd)e* 


k=n 


f(nd)z-" + f(nd + d)g-@t) + - 
z-"[f(nd) + find + d)jzt+--- | 


= g°Z|f(nd + x)] = 2*G(z). (10) 
Substituting (9) and (10) in (8), we have 
E(z) = F(z) — 2"°G(). 3 "—~ (11) 


Eq. (11) is an important relation because both F(z) 
and G(z) can be expressed in closed forms for well- 
behaved envelope function f(x). A general relation ex- 
ists between G(z) and F(z), but it is seldomly needed. 
For most practical arrays the amplitudes of the excita- 
tions in the two end elements are equal and it suffices to 
recognize that if 


fl(m — thd + x] = + f(x) (12) 


then 
G(z) 


l| 


Z| f(nd + x) 


ss f(nd + kd)z-* 


I 
Ms 


fl — Dd + (RF 1)d]z* 


8 


iy 


fl + 1)dlz* 


ae — f(0)] (13) 


where (0) is the excitation in the first element and the 
shifting relation® 


. 


ZIf(@ + 4)] = 2[F@) — f)] (14) 
has been used. Substituting (13) in (11), we obtain 
E(z) = [1 F 2-@-)] F(z) + f(0)z-@- (15) 


where the + signs follow those in (12). 

It is important to note that, since the Z transforms of 
many useful nonuniform envelope functions f(x) exist in 
closed form, /(z) in (15) is expressible as a closed func- 
tion of zg, instead of as a polynomial of terms. Note 
further that increasing the number of elements, 7, in an 
array does not increase the complexity of the expression 
for H(z). The application of (15) can best be illustrated 
by examples. 


Example 1: Uniform Array of n Elements 


The amplitude of the excitation can be assumed to be 
unity with no loss of generality. In this case, 


Stay ares (16) 
vila iaeat ee ee (17) 
Fa(e) = 2[U@)] = ——. (18) 


— got 


— 1960 


Substituting (16)—(18) in (15) and using the upper signs, 
we obtain 


1 — g-@1) aiean 


1 
Egks) = : te ge) == 


tf — 37 a4 


which checks with the result in (4) for ay =1. 


Example 2: Linear Array of n Elements with Sinusoidal 
Amplitude Distribution 


In this case, the amplitude distribution in the ele- 
ments of the array is shown in Fig. 2. The array poly- 
nomial obtained by summing the contributions due to 
all elements in the array would be 


Ex(z) = sin (0) + (sin Bd)z-! + (sin 26d)z-? 


+ --+--4+ [sin (n — 1)pd]z0°™. (20) 


eee fa sin Bx 
= 


Fig. 2—Linear array with sine amplitude distribution. 


We are confronted with difficulty here because it is not 
obvious that the polynomial in (20) can be summed up 


in a neat form, without which further analysis cannot 


proceed in general terms. For a general amplitude dis- 
tribution function f(x), it would also appear that in- 
creasing the total number of elements, 1, in an array 
would increase the complexity of the expression for E(z) 
since E(z) would be a polynomial of ” terms. 

Let us now use the new approach. For the distribution 


i in Fig. 2, we have 


fa(x) = sin Bx. (21) 
In this particular case, (n—1)Bd=7, 
fel(n — 1)d + x] = — fa(x) (22) 
and 
in Bd 
F3(z) = Z|sin Bx] = 2 (23) 


2— 2zcosBd + 1 
Substituting (21)—(23) in (15) and using the lower signs, 
we obtain 
[1 + 2@-) ]z sin Bd 
g2 — 22 cosa + 1 


E,(2) = (24) 


which is indeed a neat expression and is the closed form 
for the polynomial in (20). Eq. (24) can be used as the 


starting point for further investigation on the properties 
of the array pattern. 
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ARRAY FACTOR IN TERMS OF Z TRANSFORMS 


Although array functions obtained by using (15) are 
quite general, antenna engineers are interested primarily 
in the magnitude | E(z) I It is not a simple matter to 
derive | E(z) | from a general E(z) since g itself is a com- 
plex quantity. Of course, one could always write z as 
(cos Y—j sin y) and take the square root of the sum of 
the squares of the real and imaginary parts of E(z), but 
this would result in helplessly complicated expressions. 
In this section we will show a simple way of deriving 
| E(z)|? from E(z). | E(z)|? describes the power pattern 
of the array and is sometimes called the array factor. 
Characteristics of | E(z)|? completely specify those of 
| E(z)|. 

| E(z)| 2 can be derived from E(z) by noting that 


Meme EN (25) 
Hence, 
| E@) |? = E@ES) 
= ( = ais) b az). (26) 


Using (15), we have the general formula 
| E@)|? = [2 F 26-) F -o- F@) FE) 
— fO){ [1 F 2e-]F@) 
$ lb Re) eS tae 


Here again the + signs follow those in (12). Let us now 
find the array factors for the two arrays for which the 
array functions have been found in the examples in the 
last section. 


Uniform Array of n Elements 


1—2z” 
Ea(z2) aaa (19) 
1—<¢71 
1— n 
Ea(z) = af. (28) 
leer, 
Therefore, 
2 (at =e") 
; rn —1) = 7 (9) 
| Ea(z) |? Ea(2) Ea(z ) geet 7) (29) 
Substituting e~’¥ for z, we obtain 
2 — (eind + inv) y sin ny /2 |? 
| Ea (y) | Ca 2 — (ec + ei?) NG sin y/2 
or 
sin np /2 | 
' ay | sear (30) 


which agrees with the known result. 
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Linear Array for n Elements with Sinusoidal Amplitude 
Distribution 


[1 + 2 @-)]z sin Bd 
? 


Es (24) 
Ea) 22 — 2z cos Bd + 1 
[1 + g@-)]z-! sin Bd 
raat — ) Sil 
ale) zg? — 2z-!cos Bd +1 ee 
| Ex(z) |? 
[2 + 2@-) 4 g-@-)] sin? Bd (32) 


i (2+ 22+ 2%) — 4(2 + 1) cos Bd + 4 cos? Bd 
Two points about both (29) and (32) are worthy of note: 


First, the number of terms in | E(z) | 2 for a given f(x)- 


does not increase or decrease wtih the number of ele- 
ments, 7, in the array. As a matter of fact, the denomi- 
nator of | E(z) | 2 is, asa rule, independent of m. Second, 
the terms z* and zg~* always appear in pairs. In other 
words, | E(z)|? is symmetrical with respect to the 2° 
(constant) term. The second observation suggests a new 
symbol, say y, for (+271). Other pairs (2'+2-*) can 
also be expressed in terms of y. This materially simplifies 
subsequent manipulations of the array factor. Thus, 


z+z1=2cosy=y, (33) 
Pte2%=(¢+e)2-2=y-2, (34) 
28+ 23 = (g4+ 271)? — 3(¢ 4+ 2) = y3 — 3y, (35) 
aé+24 = (+271)! — 4(2?+ 2) — 6 
= y! — 4y? + 2, (36) 
2+ 2-5 = (g + g!)5 — 5(23 + 2-8) — 10(¢ + 2) 
SW 09) (37) 


For a uniform array of 6 elements, we can reduce (29) 
to the following simple form: 


Pay) = (y + 2)(y? — 1)? 


The location of nulls, maxima, and half-power points 
can all be found conveniently from (38). 

Nulls: It is obvious that the nulls of the radiation 
pattern occur at the following points: 


(38) 


y=—2, or py = 180°, 
y= +1; or Y= + 60°, 
y= — 1), or » = + 120°. 


Maxima: To find the maximum points of Pa(y), we 
set [remembering from (33) that y is a function of y| 


dP dy dP 
a(y) dy x A(y) eee 
dy dy dy 


We note that Y=0 (y=2) and =m (y= —2) always 
satisfy (39). ~=0 always corresponds to the principal 
maximum, but ~=a may or may not have physical 
meaning depending upon the values of 8d and a since the 
value of W is restricted to the range a+@d. For the 
present example, = 7(y = —2) is a null point. 


(39) 
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Principal maximum: y=2, Pa(2) =36. 
Minor maxima: 


dP4(y) a 
dy 


(y? — 1)(Sy? + 8y — 1) = 0. 


The first factor gives y= +1 which are null points. The 
second factor yields 
y = 0.116(y = + 86.6°), 
P4(0.116) = 2.06(—12.4 db), : 
y = — 1.716(y = + 149.2°), 
P4(—1.716) = 1.074(—15.3 db). 


Beamwidth: Setting Pa(y) in (38) equal to one-half of 
the value [P4(2) =36] at the principal maximum, we 
have 


(yi Zia ae 
or 
YE 3 oy EN SAN eae 
= (y — 1.784) (y* + 3.78y3 + 4.75y? + 4.48y + 8.98) = 0. 


The only positive real root is y=1.784, which corre- 
sponds to y = +27°. Since y must be real (—2 <y<+2) 
and since the value of y at half-power points must lie 
near to that (y=2) at the principal maximum, the single 
positive real root is not difficult to determine even 
though the equation is of a high degree. To find the 3-db 
beamwidth we must first convert the values of wy at the 
two half-power points to corresponding values of ¢ by 
(3). The beamwidth is then the angle of ¢ subtended 
between these two points. 

For an array of 6 elements with a sine amplitude dis- 
tribution, the important characteristics of the array 
factor are also easy to determine. We have, from (32), 


P3(y) = sin? (=) (y + 2) (> + 2 cos = _ 1). 


Nulls: 
vy = 180° 
Sse bao 


y= —2, or 
y = — 0.618 or 
Maxima: 


Principal maximum: y=2, P3(2) =9.47. 
Minor maxima: 


im (S)(ot zene 
= sin? | — —_—— 
- F y ee ) 


(39+ 2 cos — + 3) Sous 


Null points are given by y=1—2 cos (1/5). Hence, only 
the last factor yields minor maxima: 


y = — 1.54(~ = + 140.3°), 
P»(—1.54) = 0.135(—18.5 db). 
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Beamwidth: At half-power points we have 
; a ™ - 
sin? =) (y + 2) € + 2 cos ik 1) = 4,74 


which can be rearranged as follows: 
(y — 1.390)(y? + 4.63y + 9.29) = 0. 


The only positive real root is y=1.390, which cor- 
responds to y= +46°. 


A THEOREM FOR CoMPposITE EXCITATION FUNCTIONS 


When the amplitude distribution in an array can be 
decomposed into two or more component functions, the 
resultant array factor can be expressed in terms of the 
component array functions. The problem is somewhat 
more involved than simple superposition because array 
factor is the square of the magnitude of array function. 
The following theorem applies: If the envelope of the 
amplitude distribution of the excitations in a linear ar- 
ray is a linear combination of two component functions 
such that 


f(x) = Cafa(x) + Cafa(x), 
then the array factor can be expressed as 

| E(z) |? = [CaEa(2) + CeEx(2)|[CaEa(z-) + CeEs(z)] 

= Ca? | Ea(z) |? + Cz? | Ep(z) |2 

+ CaCplEa(2)En(2) + Ea(z) En(z)| 

where E4(z) and E,(z) are the component array func- 

tions. Note that cross terms exist in (41). The extension 

of the above statement to cases where there are more 
than two component functions is obvious. 

- With the aid of (41) we can determine the pattern 


characteristics of an array which has an amplitude dis- 
tribution shown in Fig. 3. We write 


fo(m) = fa(x) + fa(x) 
= U(x) + sin Bx. 


0<x<(n—1)d (40) 


(41) 


(42) 


Substituting E4(z) and E,(z) for the component arrays 
with uniform and sine amplitude distributions in (41) 
and using relations (33) through (37), we obtain the 
resultant array factor 


Poly) = (y + 2) E ape 
+ ( = 2 cos — 1) sin =]. (43) 


Analysis of Pc(y) in (43) proceeds in the normal man- 
ner. 


Nulls: 
y = —_— oi or y = 180°, 
y = 0.556, or w= + 73.8°, 
y= — 1.144, or p= + 124.9°. 
Maxima: 


Principal maximum: y=2, P¢(2) =82.1. 
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Fig. 3—Linear array with sine-over-a-pedestal 
amplitude distribution. 


Minor maxima: 
dPo(y) | 7 T 
= = *—14/ + 2e08- — 1) si =| 
: 4 a 5 aes 
(Sy? + 9.76y + 1.714) = 0. 


The first factor gives null points, and the second factor 
yields minor maxima: 


y = — 0.195(~ = + 95.6°), 
Pc —0.195) = 0.918(—19.5 db). 

y= — 1.757(~ = + 151.59), 
Po(—1.757) = 0.484(—22.3 db). 


Beamwidth: At half-power points we have 


2 
(y+ 2)|9*- 14 (y+ 2c08= 1) sin =| = 41.1 


which can be rearranged as follows: 
(y — 1.72)(y4 + 4.9098 + 9.8392 + 14.3y + 23.3) = 0. 


The only positive real root is y=1.72 which corresponds 
to y= +30.7°. 


CONCLUSION 


In this paper we have shown that the amplitude dis- 
tribution of the currents in the discrete elements of a 
linear array can be considered as the sampled values of 
a continuous function and that known relations in Z 
transforms developed for sampled-data systems can be 
used to express the array polynomial in a closed form. 
Analysis of the important properties of the radiation 
pattern of an array can proceed conveniently from a 
closed, algebraic, expression of the array factor, instead 
of from a polynomial of many, many terms. Simplified 
techniques for determining the location of the nulls, the 
principal maximum, the location and the level of side- 
lobes, and the half-power beamwidth have been de- 
veloped. A method for deriving the array factor of an 
array with a composite amplitude distribution in terms 
of component array functions is also discussed. It is be- 
lieved that the proposed approach offers decided ad- 
vantages over the conventional approach. 
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Log Periodic Dipole Arrays* 


D. E. ISBELLt 


Summary—A new class of coplanar dipole arrays is introduced. 
The antennas described provide unidirectional radiation patterns of 
constant beamwidth and nearly constant input impedances over any 
desired bandwidth. The broad-band properties are achieved by 
making use of the principles of log periodic antenna design. Models 
are discussed which are capable of providing 8- to 9-db directive 
gain with an associated input standing wave ratio of 1:2:1 ona 
75-ohm feeder, and this performance is independent of frequency. 
The free-space properties of several of these arrays have been meas- 


ured and the results are presented. The antenna configuration is © 


simple, permitting practical methods of fabrication, and the design 
should prove useful in many applications. It makes possible, for 
example, the construction of ‘‘all-wave” rotatable beams of very low 
cross section for use in the hf to uhf spectrum. 


I. INTRODUCTION 
| OG periodic antenna design has been the subject of 


several papers over the past few years. The con- 

cept was first introduced in connection with a 
plane slot radiator having bidirectional linearly-polar- 
ized radiation patterns of constant beamwidth and es- 
sentially constant input impedance over better than 
ten to one bandwidths.! Since that time many extensions 
of the original structure have been introduced providing 
a large choice of electrical characteristics, all of which 
are virtually independent of frequency.” Log periodic 
antenna designs are available, for example, which pro- 
vide omnidirectional, bidirectional, or unidirectional 
radiation patterns and either linear or circular polariza- 
tion. The basic unidirectional elements all have mod- 
erate directive gains, and it has been shown that high 
gains are possible through application of array tech- 
niques‘ or by using the antennas as primary sources for 
large reflectors.>® 


* Manuscript received by the PGAP, July 2, 1959; revised manu- 
script, received January 6, 1960. This work was performed at the 
University of Illinois under contract with the United States Air 
Force, Wright Air Dev. Ctr., Wright Patterson Air Force Base, 
Ohio. It has been published by the University of Illinois as Antenna 
Lab. Tech. Rept. No. 39, June 10, 1959. 

{ Electro-Dynamics Staff, Transport Div., Boeing Airplane Co., 
Seattle, Wash. 

*R. H. DuHamel and D. E. Isbell, “Broadband logarithmically 
periodic antenna structures,” 1957 IRE NatTionaAL CONVENTION 
ReEcorD, pt. 1, pp. 119-1280. Also, University of Illinois Antenna 
Laboratory Tech. Rept. No. 19, Contract AF 33(616)-3220, Wright 
Air Dev. Ctr.; May, 1957. 

7D. E. Isbell, “Non-planar logarithmically periodic antenna 
structures,” Abstracts of the Seventh Annual Symposium on the USAF 
Antenna Research and Development Program, October, 1957. Also, 
University of Illinois Antenna Lab. Tech. Rept. No. 30, Contract 
AF 33(616)-3220, Wright Air Dev. Ctr.; February, 1958. 

®R. H. DuHamel and F. R. Ore, “Logarithmically periodic an- 
tenna designs,” 1958 IRE NationaL CONVENTION REcorpD, pt. 1, 
pp. 139-151. 

4 R. H. DuHamel and D. G. Berry, “Logarithmically periodic an- 
tenna arrays,” 1958 IRE WESCON Convention ReEcorp, pt. 1, 
pp. 161-174. 

5 D. E. Isbell, “A log-periodic reflector feed,” Proc. IRE, vol. 47, 
pp. 1152-1153; June, 1959. 

6 R. H. DuHamel and F. R. Ore, “Log periodic feeds for lens and 
reflectors,” 1959 IRE National CONVENTION RECORD, vol. 7, pt. 1, 
pp. 128-137. 


The antennas discussed in the following paragraphs 
provide electrical characteristics which are similar to 
those of some of the antennas described in the above 
referenced papers, but they represent a departure in 
form. The log periodic designs which have been intro- 
duced to date have all been variations of a basic type 
involving combinations of a single composite element 
which is shaped to provide the log periodic character- 
istics. The antennas introduced here demonstrate that 
the log periodic principles can be applied to the design 
of arrays of conventional elements with frequency inde- 
pendent performance resulting. An important conse- 
quence of this, as will be seen, is that these antennas per- 
mit at least a qualitative analysis of their operation in 
terms of familiar ideas, and they further tend to in- 
crease insight with respect to the operation of the orig- 
inal log periodic antennas. 


II. SomE GENERAL CONSIDERATIONS 


Although it has not, as yet, been possible to obtain 
precise physical understanding of the operation of the 
successful frequency independent antennas, it is possible 
to put forth certain qualitative arguments in that direc- 
tion. The following is an attempt to induce these argu- 
ments into the design of a wide-band array using con- 
ventional elements. 

If frequency independent performance is sought from 
a structure composed of resonant elements it is clear 
that the resonances must be staggered in order that as 
frequency is varied the function of the resonant element 
is transferred smoothly from one element to the next. In 
the case of an antenna array composed of similar dis- 
crete elements this means that the physical dimensions 
of the elements must be scaled from one to the next in 
such a way that the desired frequency range is covered 
with elements of overlapping response characteristics. 
Since the characteristics of antenna elements are deter- 
mined in part by their surroundings, it is necessary also 
to scale the environment. 

Considering now a coplanar array of side-by-side di- 
poles in accordance with the above ideas, an arrange- 
ment of the type shown in Fig. 1 is obtained. The 
lengths of the dipoles are related by a constant scale 
factor as defined in the figure. That is, given the length 
L of the element of order 0 in the array, the length of the 
elements of order » will be given by r"Z where u takes 
on all integral values, positive or negative. Since it is 
also necessary to scale the environment, the spacings 
As between elements must be related in the same man- 
ner. If carried to the limit the array converges to the 
point 0 on the left as »>— © and becomes infinite in 
extent on the right as n>. If the elements of Fig. 1 
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Fig. 1—Side-by-side coplanar array. 


are fed in series by means of a common feeder from a 
generator located at point 0, the infinite structure will 
possess the property of logarithmic periodicity. That is, 
whatever the fields produced by an excitation frequency 
f they will be reproduced (apart from a change of scale) 
at all other frequencies given by rf. The variation in 
the fields between these frequencies will depend upon 
the degree of overlap in the individual element re- 
sponses. 

To be useful as a practical broad-band radiator it 
must be possible to truncate the array so that at all fre- 
quencies above some lower limit the truncated antenna 
performs like the infinite structure. This imposes a re- 
quirement for rapid attenuation of the incident wave 
along the feeder so that only negligible energy is re- 
flected from the truncated end. If this situation occurs 
it follows that the array characteristic will be periodic 
in periods of bandwidth 1/7:1. If, furthermore, the 
variation in performance is negligible over a period then 
the antenna may be broad banded to any desired de- 
gree by simply adding elements according to the gen- 
eral scheme. 

Consideration must now be given to the method of 
feeding the array. Two methods of introducing the com- 
mon feeder are shown in Fig. 2. In both cases the dipole 
elements are attached to the feeder so that their respec- 
tive terminal impedances appear in parallel across the 
line at the logarithmically varying intervals As. In Fig. 
2(a) the currents in the elements have the same relation- 
ship as the terminal phases so that, considering the ele- 
ments closely spaced, the phase progression of the cur- 
rents in the array is to the right. In Fig. 2(b), however, 
the elements are connected so that a phase constant of 
a radians is added to the terminal phase of each element. 
This is accomplished mechanically by twisting the 
feeder 180° between each element. 
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Fig. 2—Two methods of excitation. 


A choice between these methods of feeding can be 
made on the basis of the following reasoning. If the ar- 
ray is to have the property of unlimited bandwidth with 
constant electrical characteristics, then it is clear that 
at any given frequency only a portion of the dipole ele- 
ments can be excited. These elements must be'such that 
the length of the excited portion of the array will be 
approximately constant in terms of the normalized dis- 
tance x/ measured from the array vertex. The elements 
which are not excited by the feeder should make no con- 
tribution to the performance so that coupling with the 
radiated field would be undesirable. It appears then that 
the radiation pattern of the array should have a null in 
the direction of the incident energy on the line. It has 
been pointed out that the array of Fig. 2(a), is fed so 
that the element phase progresses to the right, and since 
this type of excitation is a condition for endfire in that 
direction this would seem to be an unsatisfactory 
method. Qualitative consideration of the array of Fig. 
2(b), however, provides a more promising picture. In 
this case the short closely spaced elements are seen to 
be almost in phase opposition and hence radiate very 
little energy. Further out along the array where the 
spacing is larger and the elements are longer, the ele- 
ments will radiate and the mechanical phase reversal ef- 
fects a reversal in the direction of phase progression so 
that the radiation pattern is endfire in the direction of 
the input terminals. With this method of feeding, the 
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elements which radiate the most energy will be those 
near resonant lengths and their combined radiation pat- 
tern is toward the array apex as desired. As the fre- 
quency is increased the radiating elements appear closer 
to the apex of the array by an amount proportional to 
the change in wavelength so that the normalized array 
length remains approximately constant as the frequency 
is*varied. 

An experimental program was carried out to deter- 
mine the electrical properties of arrays of the type shown 
in Fig. 2(b), and it was found that this antenna, for cer- 
tain parameter values, has essentially frequency inde- 
pendent performance over any desired bandwidth. 


II]. ExPERIMENTAL RESULTS 
A. Model Description 


The parameters describing the experimental arrays 
are shown in Fig. 3. The structure is defined in terms 
of the geometric ratio 7, the angle a, and the character- 
istic impedance of the feeder. The feeder impedance has 
not been found to be critical, and for most of this inves- 
tigation 105 ohm, rigid, open wire line was used. The 
method of obtaining the 180° phase reversal between 
elements is shown in the sketch of Fig. 4. The array is 
fed by means of a coaxial cable brought to the input 
terminals through one of the balanced line conductors. 
No balun is required for this method of feeding. 


B. Effect of Truncation 


One of the first things to be determined experimen- 
tally is the effect of truncation of the array. It is neces- 
sary that the electrical properties of the truncated struc- 
ture converge to characteristic values as the frequency 
is increased. As previously mentioned, it should be the 
case that above some low-frequency limit, determined 
by the maximum physical dimension of the array, the 
properties are identical to those of the infinite structure. 

If the antenna array is thought of as a linear-passive 
four-terminal network with input terminals at the apex 
and output terminals at the truncated end then it may 
be considered as shown in Fig. 5. It is required that for 
the truncated antenna, the transmitted power P,, 
through the network, be only a negligible part of the net 
power input, P;—P,. In other words, the transmission 
coefficient Siz of the network, must be small. It is essen- 
tial that the antenna configuration convert, efficiently, 
the power incident on the feeder to radiated power Pr. 


The radiating efficiency is defined as 
Pr 
n = —— 
i Te 


In terms of the scattering coefficients this becomes 


1— [Sul?— | Syl? 
US 
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Fig. 4—Connection of elements to balanced feeder, 
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Fig, 5—The array as a two-port network. 
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Note that the efficiency so defined does not take into 
account the conductor losses in the elements, and is 
therefore the true radiating efficiency only in the lossles 
case. 
A simple method of determining the scattering param- 
eters of a two-port network was introduced by Des- 


champs.’ With this method, the image of the unit circle 


in the output plane is determined experimentally and 
plotted in the input reflection coefficient plane. This is 
accomplished by a simple series of slotted line measure- 
ments of the input reflection coefficient as a function of 
pure reactive terminations at the output terminals. De- 


_ termination of the unit image circle and its iconocenter 


F 


is sufficient for determination of the scattering matrix 
elements. 

The experimental apparatus for making this measure- 
ment is shown in Fig. 6. The individual antenna ele- 
ments were made from thin copper strips formed at one 
end so that they snap in place on the conductors of the 
open wire line. This procedure was found to be both 


simple and satisfactory although care was necessary in 


making the elements to ensure that they stood perpen- 
dicular to the feeder. The pure reactive termination was 
obtained with a sliding short on the balanced line be- 
yond the antenna elements. 


Fig. 6—Measurement apparatus. 


The radiating efficiency was measured for several of 
the arrays as a function of size. This was accomplished 
by starting with a few small elements near the apex in 
place and then measuring the scattering coefficients of 
the network as each additional element was snapped in 
place. A curve of radiation efficiency as a function of 
array size is shown in Fig. 7 for one of the models tested. 
Notice that by the time an element of length \/2 is 
added nearly 80 per cent of the power is being radiated. 


7G. A. Deschamps, “Determination of reflection coefficients and 
insertion loss of a waveguide junction,” J. Appl. Phys., vol. 24, ppe 
1046-1050; August, 1953. 
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Fig. 7—Radiating efficiency vs antenna size. 


C. Input Impedance 


The input impedances of the experimental models 
were measured using the same set up as shown in Fig. 6. 
The array elements were arranged so that the terminals 
of the shortest dipole appeared at the junction between 
the coaxial cable and the balanced line. This procedure 
effectively truncates the array at both ends providing 
upper and lower frequency limits accordingly. Between 
these frequency limits the input impedance was found 
to behave in a manner characteristic of the design pa- 
rameters 7 and a, and several combinations were investi- 
gated. 

The results of the impedance measurements are 
shown in Figs. 8-10. Each figure shows the variation of 
the input impedance as a function of a for a given value 
of r. The solid curve represents the approximate mean 
resistance level Ro of the impedance locus and the 
dashed curve shows the corresponding voltage standing- 
wave ratio with respect to Ro. If, for example, a 75-ohm 
coaxial cable is used to feed an array having tr = 0.89 and 
a of approximately 17°, then the resulting standing- 
wave ratio on the line will be about 1.2:1 over any de- 
desired range, depending on the locations of the two 
truncations. All impedances were measured with the 
balanced feeder terminated in a short circuit a distance 
l,/2 beyond the largest element. 


D. Radiation Patierns 


The characteristic radiation pattern is an endfire 
beam in the negative x direction, as indicated in Fig. 3. 
The beamwidths are nearly constant in both principal 
planes and the directivity is a function of both 7 and a. 
It is not, therefore, possible to control the pattern inde- 
pendently of the input impedance, but it should be pos- 
sible to make satisfactory compromises when selecting 
parameters. 
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Radiation patterns were measured for the same range 
of parameters as were the impedances. Figs. 11-13 
show how the characteristic radiation patterns vary 
with a for three values of 7. The estimated directive gain 
as a function of a is shown in Fig. 14. Cross polarization 
for these antennas is considerably better than 20 db be- 
low pattern maximum, if care is taken with regard to 
mechanical symmetry. Pattern measurements, like the 
impedance measurements, were made with the balanced 
feeder terminated in a short circuit a distance /,/2 beyond 
the terminals of element /. 


FE. Bandwidth Control 


Since the log periodic dipole array may be truncated 
at both ends and still provide nearly frequency inde- 
pendent performance over some range of frequencies, 
it is clear that, in the interest of saving size and weight, 
a particular antenna should be designed to meet the 
minimum required bandwidth. The upper and lower fre- 
quency limits will be determined by lengths of the short- 
est and longest elements of the array respectively. 

To determine this bandwidth for a particular array 
the antenna shown in Fig. 15 was constructed. This an- 
tenna is defined by a7 of 0.95, a@ equal to 10°, 4 equal to 
25 inches, and the shortest element half the length of 
the longest. The array is 734 inches long and there are a 
total of fifteen dipoles included. 

Radiation patterns for this array are shown in Figs. 
16-18 over the band 1100 to 1800 mc, and the directive 
gain, estimated on the basis of half-power beamwidth, is 
shown in Fig. 19. The minimum front-to-back ratio is 
17 db and the directivity is better than 9 db over iso- 
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Fig. 8—Input impedance; 7=0.95. 
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tropic from 1130 to 1750 mc. The variations in the direc- 
tivity curve correspond closely to the periodicity r. 

A scaled-up model of the array was assembled on the 
balanced line of the impedance measuring set up of Fig. 
6, and its input impedance was measured over a range 
corresponding to that of the radiation patterns above. 
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Fig. 9—Input impedance; 7=0.89. 
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Fig. 10—Input impedance; r=0.81. 
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Fig. 11—Typical field patterns; r=0.95. Fig. 13—Typical patterns; 7=0.81. 
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Fig. 12—Typical field patterns; 7 =0.89. Fig. 14—Directivity vs 7 and a. 
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Fig. 17—Field patterns of bandwidth control model. 
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Fig. 16—Field patterns of bandwidth control model. Fig. 18—Field patterns of bandwidth trol model 
: control model. 
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Fig. 19—Directive gain of bandwidth control model. 
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Fig. 20—VSWR with respect to 72 ohms. 


The results of this measurement are shown in Fig. 20 
in terms of the standing wave ratio produced on a 72- 
ohm transmission line. 

If the usable bandwidth of this antenna is taken to be 
the range from 1100 to 1800 mc then the size of the 
antenna for any desired bandwidth is defined. That is, 
the longest dipole element should be approximately 
0.47 frequency long at the lower limit and the shortest 
element should be about 0.38 wavelength long at the 
higher wavelength. There will, of course, be some mini- 
mum number of elements necessary to provide a suit- 
able front to back ratio at the low frequency limit. 


IV. CONCLUSIONS 


The arrays discussed in the foregoing paragraphs 
should prove useful in several applications. The model 
used to demonstrate bandwidth control shows that 
these antennas will make excellent rotatable beams, 
superior in many respects to the parasitic types cur- 
rently in use. It is interesting to compare, for example, 
the antenna of Fig. 15 toa 5-element Yagi. 

A wide-spaced five-element Yagi adjusted to provide 
a midband front-to-back ratio of 25 db, will provide a 
7 per cent bandwidth with a front-to-back ratio of ap- 
proximately 15 db at the edges. The midband directive 
gain of this antenna is slightly better than 10 db over 
isotropic, and its length is about 0.85 wavelength. The 
log periodic beam of Fig. 15 has fifteen elements but is 
only 0.73 wavelength long at the low-frequency end. 
The directivity stays above 9 db with the front-to-back 
ratio better than 17 db through a bandwidth of 43 per 
cent, and the elements need no adjusting for this per- 
formance. : 

DuHamel and Berry have shown that the original log 
periodic elements can be arrayed to provide directivities 
of up to 20 db, and those same principles may be applied 
to the dipole array where higher gains are required. 
Omnidirectional horizontal polarization and unidirec- 
tional circular polarization should be achievable by us- 
ing the methods introduced by DuHamel and Ore. 

In addition to the practical usefulness of the log 
periodic dipole arrays there is another equally interest- 
ing and important aspect of the design. The fact that 
these structures are made up of conventional linear ele- 
ments seems to invite analysis in terms of familiar trans- 
mission line and array theory. To be sure, the problem 
is not a simple one even so, but its solution would be well 
worth while in the study of frequency independent an- 
tennas. This problem is presently being considered. 
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Beam Pointing Errors of Long Line Sources* 
M. LEICHTER 


Summary—The relation between the statistics of the antenna 
beam pointing direction and the phase and amplitude errors at the 
source has been obtained to first order in the mean-square errors, 
under certain restrictions, for long line sources. It is shown that 
when the desired phase at the source is a constant, the results are, 
to first order, independent of the amplitude errors. When the de- 
sired amplitude is also constant, there is a simple formula for comput- 
ing the allowable rms-phase error at the source when the pointing 
direction is required to lie in a given angular range with a given prob- 
ability. When the amplitude distribution corresponds to the Taylor- 
modified (sin x)/x pattern, the allowed rms-phase error is obtained 
from the constant-amplitude case by a multiplicative factor which 
depends only on the one parameter characterizing the Taylor dis- 
tribution. This function is plotted for the range corresponding to 
sidelobe ratios of 13.2 to 40 db. At 40 db the allowed rms-phase 

-errors are about three fourths of the allowed rms-phase errors at 
13.2 db (constant amplitude) for the same uncertainty in the pointing 
direction. The results are applied to a hypothetical example and to 
an actual ‘‘Mills Cross” for illustrative purposes. 


I. INTRODUCTION 


OR large antennas, as for all complex systems, the 

analysis of the expected performance must take 

into account the random errors inherent in the 
system. Although a substantial number of papers have 
considered the effects of errors on gain and sidelobe 
levels,’ there apparently are very few papers dealing 
with the effect of such errors on the pointing direction. 
In a paper on radio astronomy Mills et al.? derived the 
mean-square errors in the pointing direction of a linear 
atray consisting of a large number of independent ele- 
ments with the desired phase constant along the an- 
tenna. Rondinelli? performed a similar calculation for a 
two-dimensional array and obtained numerical values 
for square arrays in which both the desired amplitude 
and phase were constants. The calculations here are re- 
stricted to continuous line sources but the results can, 
under certain conditions, be compared with the results 
obtained for linear arrays.? Although the radiators of 
interest are often arrays, there are two reasons why the 
study of a continuous source was undertaken. First, 
integrations are much easier to handle than summa- 
tions; and second, it is not obvious to what extent the 
model of point radiators (independent or not) more ac- 
curately characterizes an actual array than the continu- 
ous model does. 


* Manuscript received by the PGAP, February 8, 1960. This 
paper has been partially supported under Contract No. AF 30(602)- 
1718, Rome Air Dev. Ctr., Air Res. and Dev. Command. 

_ | System Development Corp., Santa Monica, Calif.; formerly 
with Microwave Lab., Hughes Aircraft Co., Culver City, Calif. 

hs For further references see R. S. Elliott, “Mechanical and elec- 
trical tolerances for two-dimensional scanning antenna arrays,” IRE 
TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-6, pp. 114-120; 
January, 1958. 

2B. Y. Mills, A. G. Little, K. V. Sheridan, and O. B. Slee, “A high 
resolution radio telescope for use at 3.5 m,” Proc. IRE, vol. 46, pp. 
67-84; January, 1958. 

’L. A. Rondinelli, “Effect of random errors on the performance of 
antenna arrays of many elements,” 1959 NATIONAL IRE ConvVENTION 
REcoRD, pt. 1, pp. 174-189. 


The desired amplitude and phase are assumed to be 
symmetric about the center of the antenna but are 
otherwise arbitrary. However, it is pointed out in Sec- 
tion IV that the results can readily be extended to the 
scanning of the above antennas. The assumptions made 
in this paper about the nature of the errors at the source 
are determined largely by the fact that the continuous 
source model is used to approximate an array of weakly 
coupled or independent elements. The errors in ampli- 
tude and phase are assumed to be independent with the 
amplitude errors at each point assumed proportional to 
the desired amplitude. The proportionality “constant” 
is assumed to bea stationary, Gaussian random process. 
The phase errors are also assumed stationary and Gaus- 
sian with the autocorrelation function for both phase 
and amplitude assumed exponential with a decay length 
very small compared with the antenna length. These 
points are discussed more fully as they arise. In addition 
to the above assumptions, many approximations are 
made in order to obtain a reasonably simple and useful 
result. It is believed, however, that the essential aspects 
of the problem have been retained and that the final re- 
sults are reliable. Some of the more detailed mathe- 
matical computations are outlined in the appendixes. 

Although this paper is not concerned with the average 
radiation pattern, it will be discussed in the first part 
of the analysis because it conveniently introduces the 
notation, the assumptions, and some of the approxima- 
tions (which are also used later) without introducing the 
additional complications that arise in the discussion of 
the pointing direction. 


II. ANALYSIS 
A. Average Radiation Pattern 


For a one-dimensional line source the field pattern 
(when the element factor is neglected) is given by 


L 
E(u) -{ A (x) et@ @ gikurdy (1) 
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where the geometry is shown in Fig. 1, and 
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Fig. 1—Geometry for line source. 


ll 


u = sin 0 k 


A(x) (x) 


2r/d 


amplitude at « phase at x, (2) 
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The radiation pattern P(w) is given by the squared 
magnitude of (1): 


P(u) = | E(u) |? 


= if ib A(x) A(x! )etle@)—e@Ngthu ea dude’ (3) 


The limits of integration in (3), as well as in all that 
follows, are —L and L unless otherwise specified. It will 
be assumed that the amplitude and phase functions 
include some random errors, and therefore, they will be 
written in the form 

A(x) = Ao(w) + a(x) — (x) = go(x) + 6(x) (4) 
where Ao(x) and ¢o(x) are the desired amplitude and 
phase functions. Because of the presence of the random 
functions a(x) and 6(x), the antenna pattern can now 
only be described statistically. 

The average radiation pattern is obtained from (3) by 
averaging the right side. Some assumptions about the 
statistical properties of a(x) and 6(x) must be made to 
carry out this averaging process. First, it is assumed 
that a(x) and 6(x) are independent. Physically this 
means that the amplitude and phase are assumed to be 
independently controllable. From this assumption it 
follows that 


Pa) = lide A(x) A(x’) eld @—o@Neikule—2 dydy!, (5) 


For computation of the averages indicated in (5) further 


assumptions have to be made about the statistics of 
a(x) and 6(x). They will be assumed to be normally dis- 
tributed. Strictly speaking, neither the amplitude errors 
a(x) nor the phase errors 6(x) can be normally distrib- 
uted; the former cannot because the total amplitude 
A(x) cannot be negative (and hence a(x) cannot be Jess 
than —A,(x)), and the latter cannot because it is re- 
stricted to the finite interval (—7, 7). However, in many 
applications the rms error in the phase 6 is sufficiently 
small compared with = so that for all practical purposes 
the entire area under the normal curve would be in- 
cluded in the interval (—7, 7). In such cases, the effect 
on the calculations of actually extending the limits on 
§ to infinity would be negligible. (Even for the rather ex- 
treme case of o;=7/2, the area under the normal curve 
in the interval (—7, 7) is 0.95.) A similar argument is 
valid for amplitude errors also, 7.e., the rms percentage 
error { [a(x)/A o(x) |? }1? may be expected to be small 
compared to unity and hence, | a(x) | will be generally 
much less than A(x). 

With this assumption, the amplitude average indi- 
cated in (5) becomes 


A(x)A(x’) = Ao(x)Ao(2’) + a(x)a(x’) (6) 


where use has been made of the fact that odd moments 
of a(x) vanish. The second term on the right side of (6) 
is the autocorrelation function of a(x). It will be further 
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assumed that the amplitude errors are proportional to 
the desired amplitude A (x); that is 


a(x) = a(x) Ao(x) (7) 


where a(x) is assumed to be a stationary, Gaussian 
random process. Then 


A(x) A(z’) = A(x) Ao(x’)[1 + a(x)a(x’)| (8) 


where a(x)a(x’) is the autocorrelation function of a(x). 
It is, however, more convenient to express a(x)a(x’) in 
terms of the normalized autocorrelation pg 


a(x)a(x’) = oa"pa(x — x’) where o.2 =a? (9) 
Substitution of (9) into (8) yields the desired average 


in terms of the statistics of the basic random variable 
a(x): 


A(«) A(x") = Ao(x) Ao(x’)[1 + ca2pa(x — x’)]. (10) 


If it is assumed that (x) is strictly Gaussian (that is, 
all joint densities required are also Gaussian), then from 
the properties of its characteristic function,’ the phase 
average indicated in (5) can readily be shown to be 
given by 


eile @)—O" @)1 = 9-95 ¢78'P5(2—2") gildo(x)—$0(e")] (11) 
where p;(x) is the normalized autocorrelation function 
of 6(«). Substitution of (1) and (10) into (5) yields the 
expression for the average radiation pattern which 
becomes 


P(u) = ert] ff Aula) dolaryetorer-veen 


_ 75 Ps (c—2') piku (e—2) dada! 
+ ne in} Ao(%) A o(x’) etl4o@)—b0@ 15, (x = a“) 


. 75 P5(x—2') piku dada | (12) 


= 8 [I + o-2Ls| (13) 


where J, and J» are the two integrals above. The above 
formulation is similar to that of Ruze,® where the aver- 
age radiation pattern is studied in more detail by ex- 
panding the integrand as a power series in o;’. Here, 
however, we shall need only the “zero-order” approxi- 
mation which is obtained by keeping only the first term 
in the expansion. Using also the fact that o,” has been 
assumed to be small compared to one, the zero-order 
approximation for (13) is 


Po(u) = e-? Pa(u) (14) 


where P,(u) is the desired radiation pattern. 


4]. L. Lawson and G. E. Uhlenbeck, “Threshold Signals,” Mc- 
Graw-Hill Book Co., Inc., New York, N. Y., p. 46; 1950. pas 

5 J. Ruze, “The effect of aperture errors on the antenna radiation 
pattern,” Nuovo Cim. Suppl., vol. 9, pp. 364-380; 1952. 
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B. Pointing Direction 


The pointing direction will be defined as the “angle” 
Uy at which the slope S of the radiation pattern is zero; 
1.€., Up is the angle such that 


Although the slope will be zero at the peaks of all the 
sidelobes as well as at the peak of the main lobe, only 
the latter will be considered. As emphasized by the 
quotation marks, u, is not an angle since u=sin 6. How- 
ever, the angles of interest will always be so small that 
for all practical purposes u and 6 will be equal. 

The statistics of u, are found by computation of S() 
in general and by the use of (15) and (3): 


S(u) = ff ee - 2) A@ AG) 


- eild (2) (2’)] giku(a—2" dda’. 


(15) 


(16) 


For any particular A(x) and ¢(«), the pointing direction 


Uy is obtained by solving 


SA) SO (17) 


This, of course, cannot be done in general. However, for 
small errors, it is to be expected that for most functions, 
A(x) and (x), up will be quite small and therefore (17) 
can be replaced by a linear approximation 


S(u) = S(0) + S'(0)u = 0, (18) 


the solution of which yields the pointing direction. 

It is convenient to denote S(0), the slope at u=0, by 
v and to denote —S’(0), the negative of the curvature 
at u=0 (which is negative), by w. Then the solution of 
(18) may be written as 


Un = 0/W. (19) 


Since the random variable w is expected to be sharply 
peaked about its large average value w, the above ex- 
pression can be further simplified without significant 
error by replacing w by w. 

On the other hand 2, the slope at u =0, is just as likely 
to be positive as negative, and since its value is deter- 
mined by the contributions from a large number of 
sources, it may be assumed to be normally distributed. 
Then w, is also normally distributed, and only its dis- 
persion u,2 need be calculated (since u, is obviously 
zero): 


Up? = v2/B, 


(20) 
For the computation of #, the explicit expression for 
w is obtained from its definition and (16): 
w= eff (a — x’)? A(x) A (x’)etlo@)-$@ dda’. (21) 
The calculation @ is essentially the same as the calcu- 


lation of P of Section II-A. Furthermore, since # is 
large, only the zero-order approximation @ is needed, 
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which, by analogy with (14), is given by 


2 
Wo = | a] = eo [— ) : (22) 
du- Ves d*u u=0 


Next, consider the numerator in (20). Using the defini- 
tion of v and (16) the expression for v? becomes 


oak ii if Hf fe (w — x")(x"" — 2" )A@AG)AR)AG”) 


(23) 


«. gild @)—4 ("+4 @")—b@"")1 dd! da!dx!”’. 


With the use of (4), (7), and (9) the above amplitude 
average may be written as 


AWAQAGIAG") = Gilane; ee) 
+ Raila, 0," 2") + OG, v7, 2", o) (24) 
where 
@o = Ao(x) Ao(x’) A(x’) Ao(x"”’) 
Ra = Gooa®|pa(x — x’) + palx — x”) + pale — 2”) 
+ pals’ — x") + pala! — x”) + pale” — x’”)]. (26) 


(25) 


and 


Q = Qoa(x)a(x’)a(x’)a(x’”’). (27) 


For the derivation of (24), use has been made of the fact 
that for a Gaussian process all the odd moments vanish. 
The right side of (27) can be expressed in terms of o, and 
Pa,® but since it turns out to be of fourth order in o, and 
of second order in pa, Q shall be neglected in the cal- 
culations. 

' The evaluation of the average of the exponential in 
(23) is similar to the process leading to (11) and the 
result is 


gil (@)—4 (2) +0 @’)—$ @”7)] 
= ¢- 208 pido (e,2" 2!" 2!" )\e—o8"R5(x,2",2!",2!"") (28) 
where 
Yo = bo(x) — do(x’) + hola") — do(x’”’) (29) 
and 
Rs = pila 2) pe ae ee 
= pale — 97) — pala! =a") =" pale Ga a 


Substitution of (28) and (24) into (23) yields 


v= pew [fff (x — x’) (x!” — x/"")(@o + Rale™ 


2: 
eR xd! dal! da!” 


(31) 
or 


vo = — ke" 7T, + Lol (32) 


°H. J. Laning and R. H. Battin, “Random Processes in Auto- 
se Pra McGraw-Hill Book Co., Inc., New York, N. Y., 
p. 83; : 
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where L; and Lz are the two integrals corresponding to 
the Ay and R, respectively in (31). The integral involv- 
ing Q has been dropped for the reasons mentioned above. 
Exp (—o,? Rj) is expanded in a power series in a, 
(as it is by Ruze®) and LZ, and Ly are written in the form 


= (-1)" = (-1)" 
Ly ye a3" Lim Lae Realy o3°™Lom (33) 
mao 710 mao 7 


rie clef (a — x’) (a — x'"\Qo 


-eVOR ™dxdx'dxl'dx!” (34) 
and 
bos {ff (x — a!) (ae! oe a!) Ra 
: -eVORs"dxdx'dx!'dx!”’. (35) 


The terms in (33) will in general decrease rapidly 
with m and Ly, and L, will be computed only to the first 
order. The m=0 term in J, is of zero order but in L. 
the m=0 term is of first order since R, is proportional 
to o;” (26). Since the slope is generally very small, it 
might be expected that the zero-order contribution to 
v would vanish. This can easily be seen to be the case 
from (34) because both @» and yp are even functions 
(whenever the desired amplitude Ao(x) and phase ¢o(x) 
are even functions) so that the four integrands obtained 
from (34) are all odd, and hence, Zio =0. Thus, there re- 
mains the problem of evaluating the two terms Z,; and 
Loo. The Li; term may be written as the sum of six terms 
since R; (30) is the sum of six terms: 


6 
Lu = Se Lu™. 


m=1 


(36) 


To compute the individual terms in (36), it is neces- 
sary to make some specific assumption about the phase- 
correlation function ps(x). We shall only assume that the 
correlation p;(x) goes to zero rapidly for x >A, where A 
is a distance which depends on the geometry and physics 
of the particular antenna and is very small compared 
to the length of the antenna. It is convenient to choose 
ps(x) to be given by 


(37) 


pil} = etl", 


The first term on the right side of (36) is therefore given 


by - 
n= [fff @- 1" — 0 


-eboe lee" Adda! dx! da!” (38) 


where (37) has been used. The other five terms of (36) 
are the same as (38) except that the argument of the 
autocorrelation function |«—x” | is replaced by some 
other appropriate argument as given by (30). These in- 
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tegrals are evaluated in Appendix I and the final result 
for Ly is 


15 > Se: os Li 


= — 4Aos*[D| Ea(0) |? + Re {C*E2(0)}] (39) 
where 
Di= Je o(x) |2da C= "eA o(a)eioo]2dx (40) 


and (0) is the desired amplitude at u=0: 


L 
E4(0) = A o(x) e*o@dy., 


—L 


(41) 


The term Loo can also be written as the sum of six 
terms since R, (26) is the sum of six terms: 


6 
Lo = 3. Loo™, 


m=\ 


(42) 


To evaluate the above, we assume that the amplitude- 
correlation function is also given by (37). Then, since 
R, and R; are very similar functions, the results of Ap- 
pendix I can be used also to evaluate Ly) by making the 
appropriate change in variables and signs. The final 
result for L» is 


Lz = Loy = 4Aos?[Re {C*E2(0)} — D| Ea(0) [2]. (43) 
Eqs. (43) and (39) combine with (32) to become 
v? & A(2ke-*s’)?{ D(os? + oa2) | Ea(0) |? 
+ (os? — oa?) Re [C*E2(0)]}. (44) 


This essentially concludes the calculation of the statis- 
tics of the pointing direction uw», since both the numera- 
tor and denominator of (20) have now been computed. 
Hence u,? is now explicitly expressed in terms of the 
mean-square phase and amplitude errors as given by 
(44) and (22). 

Sometimes one is interested not only in the relation 
between the mean-square errors in phase, amplitude, 
and pointing direction but also in the probability, P(y), 
that the pointing direction lies in the angular range 
(—y, y). Since w is normally distributed, the required 
relation is given by 


(45) 


where ap is the argument of the error integral corre- 
sponding to the given P(y). Of course uw, is normally 
distributed only in a restricted range which will be dis- 
cussed in Section IV. 


III. APPLICATION TO CONSTANT 
PHASE ANTENNAS 


The above results will be applied to two particular 
aperture distributions both having constant phase ¢o = 0. 
In the first case the amplitude will be constant (Ao =1) 
while in the second example a Taylor-modified (sin x) /x 
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distribution (hereafter referred to simply as a Taylor 
distribution) will be assumed. (Although the constant 
distribution is a special case of a Taylor distribution, the 
calculations are so much simpler in this special case that 
is it worthwhile treating it as a separate example.) 

The condition ¢)=0 leads to a considerable simpli- 
fication in the expression for v? (44). From (40) it can 
be seen that in this case C=D, and both C and £,(0) 
(41) are real. Under these conditions (44) becomes 


v = 2AC[2kosEa(0)e~% |?. (46) 


An interesting point to note is that the results are inde- 
pendent of o,2; 7.e., if the desired aperture distribution 
has no phase variation, the statistics of the pointing 
direction are, to first order in o,?, independent of the 
amplitude errors. (The fact that amplitude errors yield 
only second-order effects for constant-phase antennas, 
has been noted also by Mills, et al..) 


A. Constant Amplitude 


When A,(x) =1, v? and @ can be evaluated explicitly. 
First, consider ®@, which is given by (22). This calcula- 
tion requires the determination of the desired radiation 
pattern Pz(u) which is obtained from the desired ampli- 
tude field pattern Ea(u): 


1 sin B 
Edu) =f emizdy = 2F, (47) 
Ee 
where 
(3) = Jal, (48) 
Therefore, 
sin 6]? 
Pala) = | 22 : | (49) 


and the combination of this with (22) gives the result 


a , 2 
Wo? = |= ante | (50) 
In v2, as given by (46), the only unknown factor is C de+ 
fined in (40): 


L 


C= 


2 
xvdx = iF Le (51) 


—L 


The combination of the above expressions with (45) for 
the solution of 3 yields the following: 


kRLy 1% 
ap 3A 


any ES 


(52) 


It is preferable to express the above in terms of the 
ratio y/Yo where Yo is the angle to the first null given 
by Yo=A/2L. Then the relation between the allowed 
rms error in phase os, the specified angular accuracy y, 
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and the specified probability P is, for constant phase and 
amplitude, given by 


tT. Easy 
Ol, Y) SS ae ee (53) 
‘ p 3A Yo 
B. Taylor-Modified (sin x)/x Distribution 
The Taylor distribution function’ is given by 
Ao(x) = Jo(ib/L? — «”) 


(54) 


where J, is the usual Bessel function. When 6=0, the 
above reduces to the previous example, thus providing a 


_useful check in the following calculations which are 


much more involved than the ones above. As in the first 
example, the desired field pattern and the constant C 
must be computed in order to express o? in terms of the 
antenna parameters. 

Fortunately, the field pattern corresponding to (54) 
is known to be? 


2L sin +/6? — a? 


(55) 


where 


“6 = kul and (a = bE: (56) 


(The parameter 6 used here is related to the parameter 
B in Taylor’? by bL=7B.) Again, after computation of 
the denominator of (48) which requires the calculation 
of the second derivative of [Ea(u) ]? at «=0, the result, 
after some algebra, is 


QRLA?2 | : 
yp = 2 ; ) sinh a(@ cosh a — sinha)e~%®. (57) 


a 


The determination of C requires the evaluation of the 
integral 


L 
C= x? J 9? (ib-\/ L? — x?)\dx. 


—L 


(58) 


The integration is outlined in Appendix II. The result is 


C= (=) 6 (59) 
where — 
G(a) = (4a? — 1) f rc 
+ 2a[To(2a) — 2eT1(2e)] (60) 


and Jo(x) and J;(«) are the usual modified Bessel func- 
tions. The integral in (60) has been tabulated.8 The 


7 'T. T. Taylor, “One Parameter Family of Line Sources Produci 
Modified Sin ru/mu Patterns,” Hughes Aircraft Co., Tech. MWewats 
tee i September, 1953. 

. Rothman, “Table of fo? Io(x)dx,” Quart. J. Appl. Math. 
2Bpe Sie Tek pall oto ees : eas aia 
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combination of (59), (57), (55), and (47) with (45) for 
the solution of o? yields the generalization of (53) to 

antennas with Taylor distributions (characterized by 
the parameter a) which is 


o(P, Y a) ay fla)os(P, Y> 0) (61) 


where 


cosh a — sinha 


a) = 4/3 — 
fla) = 4V Set 


(62) 


and o;(P, y, 0) is given by (53). The above result implies 
that f(0) =1 which is verified below. 

As @ increases, Ao(x) becomes more sharply peaked, 
and the beamwidth increases. Under these conditions 
it would be expected that the allowable phase errors 
decrease for a given accuracy in the pointing direction. 
This means that f(@) should be a decreasing function 
of a. In Fig. 2, f(a) is plotted in the range (0, 1.757) cor- 
responding to sidelobe ratios from 13.2 to 40 db.’ 


1.0 


f (a) 


0.80 


0.75 


10] | 2 3 4 5 6 
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112 eae 3. 21 4.01 AIG BAT 
t H H \ 1 j 
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Fig. 2—Plot of f(z), multiplicative factor which converts allowed 
rms error for uniform distribution to the corresponding value for 
Taylor-modified (sin x)/x distributions characterized by the 
parameter a. The values of a corresponding to the sidelobe ratios 
(in —db) are indicated in the lower scale. 


For a, beyond the range plotted in Fig. 2, f(a) is given 
approximately by 


f(a) SS 2h 4q-8/4 a > 6. 


IV. Discussion 
A. Scanning 


Although the calculation above is based on the as- 
sumption that the desired phase and amplitude are 
symmetrical, only a slight modification is necessary to 
extend the results to the scanning of such antennas. If 
the antenna is scanned to point in the direction 9,, then 
it is only necessary to multiply all lengths measured 
along the antenna by cos 0, since for moderate scan 
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angles the antenna now is effectively shorter by the 
factor cos 6,.° In applying this correction to the result 
given in (53), it is to be noted that the ratio L/A remains 
unchanged but the factor Yo is replaced by Yos = Y0/cos 0s. 
Therefore, the allowed rms error as given by (53) (for 
constant amplitude) becomes 


v3,°(P, y) = cos 0.0;(P, 7). 


It is of course reasonable that the tolerance in error be- 
comes smaller because the antenna is effectively shorter. 
In the more general result given by (61) no further 
changes are necessary since a is unaffected by scanning. 
Therefore, for scanned antennas with Taylor distribu- 
tions that allowed rms error in phase is related to the 
broadside case by the factor cos 6, (just as in the 
constant-amplitude case). 

At the end of Section II, it was mentioned that the 
range of validity of the Gaussian approximation for the 
distribution of the pointing direction would be dis- 
cussed. It will be recalled that the Gaussian distribution 
was a result of the linear approximation assumed in 
(21). Therefore, it is necessary to investigate the condi- 
ditions under which the higher-order terms are in fact 
negligible compared with the ones retained. The details 
will not be given here,!° but it is clear that for small 
errors the range of validity of the linear approximation 
is determined primarily by the desired radiation pattern. 
If it is assumed that the linear approximation is “good” 
when the first neglected term is less than one-tenth of 
the last term retained, then it can be shown that for 
the constant-amplitude case the Gaussian distribution 
is good to about 0.2 yo where Yo is the angle to the first 
null. For the Taylor distribution, the corresponding 
range increases and at 40 db it is about 1.4 of the original 
value. ; 


B. Application to Linear Arrays 


If the continuous line source is an approximation to 
a linear array of independent elements, then, as men- 
tioned earlier, it is reasonable to choose A in (37) to be 
the element spacing because the correlation function 
would be expected to go rapidly to zero when that dis- 
tance is exceeded. Two particular arrays will now be 
considered to illustrate the results derived above. 

1) Let the given array consist of 250 elements spaced 
a half-wavelength apart, and assume that the pointing 
direction is to lie in the range (—0.001 radian, 0.001 
radian) with 0.99 probability. The amplitude distribu- 
tion is to be Taylor with 30-db sidelobe ratio. The 
allowed rms-phase error is desired. 

The required answer is given by (61) with P=0.99, 
y=0.001 and a=4 (the last value is obtained either 


9 R. W. Bickmore, “A note on the effective aperture of electrically 
scanned arrays,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. 
AP-6, pp. 194-197; April, 1958. 

10M. Leichter, “Beam Pointing Errors of Long Line Sources,” 
Hughes Aircraft Co., Tech. Memo. No. 588, pp. 26-28; April, 1959. 
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from Taylor’ or from the information in Fig. 2). The 
second factor in (61) represents the allowed rms error 
for the constant-amplitude case and is given by (53). 
Since the spacing between elements is \/2, A is also 
chosen as \/2 and antenna length =2L =250\/2 =125d 
and hence, Yo=A/2L=1/125. Finally, the value of ap, 


as found in tables of the error integral, corresponding to - 


P=0.99, is 2.58. Substitution of these values into (53) 
yields a3 (0.99, 0.001) =0.78 radian. From Fig. 2 it is 
found that f(4)=0.85 and therefore, the required 
answer is 


o3(0.99, 0.001, 4) = 38 degrees. 


2) As a second example, a particular “Mills Cross” 
array will be considered for which the rms error in 
pointing direction has been obtained on the assumption 
that the elements are independent.? The given data are 
2L=1500 feet, number of elements=250, and wave- 
length&11.5 feet. In an earlier paper!! the distribution 
for this antenna is specified as Gaussian, and, according 
to the data given, the distribution corresponds approxi- 
mately toa Taylor distribution with a=4. 

In this example, only the relation between the rms- 
phase error and the rms-pointing error is required. 
Therefore, since ¢,=7/0p, (61) and (52) combine to 
yield 


Tp Ly 


Yo 3A 


o5 = f(a) 


When the numerical values are substituted into the 
above, with A=2L/250=12 feet, the relation between 
the two rms values becomes 


op = 4.3 X 10~4e5. 


According to Mills et al.2 “an rms-phase error of 10° 
leads to a probable collimation error of about } minute 
of arc.” For o;=10°, the above yields o=0.26 minute 
which agrees with the quoted value. 
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To evaluate (38), note first that since Ao(x) and ¢o(x) 
are even functions, the integrand is an odd function of 
x’ and x’. Therefore, of the four terms obtained from 
(x—x’) («’’—x’'"’), only one yields a nonvanishing 
integral 


Ly) = [ff ae oter tery 


5 e laa!" |/Agi [¢o (x) +, (2’") aa | 


L 
[ff Aala!) dole Qersinedteter data |. (63) 
a0 


1B. Y. Mills and A. G. Little, “A high resolution aerial system 
of a new type,” Aust. J. Phys., vol. 6, pp. 272-278; September, 1953. 
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The second integral is just the square of the complex 
conjugate of the desired field pattern in the forward 
direction 


| “Adade-odx | = [£.*(0)]?. (64) 


=o 


The first integral may be written as an iterated inte- 
gral, and then (63) becomes 
2L 


eVlAC(y)dy~ (65) 


Ly? = fee} f 


0 


where 


L 
C(y) = f x(a — y) Ao(x) Ao(x — y)etloo(e)+d0(e—w Idx, (66) 
y 


Since A is very small compared with 2Z, and since C(y) 
is a slowly varying function for any reasonable antenna, 
the integral in (65) can be approximated by expanding 
C(y) about the origin and extending the upper limit to 
infinity. This yields 


Lu & 2AC(0)[Ea*(0) |? (67) 
where 
L 
C(0) -{ x? A o?(x)e?#b0@ dy, (68) 
i, 


The second term Ly, differs from Li; only in that 
the argument of the correlation function, as obtained 
"| By proceeding then exactly 


as above, the result is 
Lu® = 2AC*(0)[£a(0)]? = [Lu ]*. (69) 


In the third term Zi,;, the argument of the correlation 
function is |«—x’|. From (38) it can be seen that now 


the integrand is an odd function of x’’ and x’’’ and 
hence, the integral vanishes: 
Ly = 0. (70) 


The fourth term has |x—«’”’| for argument and also 


a minus sign according to (4); this yields 


Lu = + 2AD(0) | E.(0) |? (71) 
where 
L 
D(0) -{ x? A ?(x)dx. (72) 
=n 
Similarly the fifth term is 
Lu® = 2AD(0)| Ea(0) |? = Lu, (73) 


and finally, the last term vanishes for the same reason 
as the third. By addition of the four terms the result is 


Lu = 2 Re Ly™ + 224,™ 


= 4A{ D| E4(0)|? + Re [C*E2O)]}. (74) 
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By combination of this with (33) the result given in (29) 
is obtained. 


APPENDIX II] 
To evaluate the integral in (58), let x=L cos 6; then, 


w/2 
sin 6 cos? 6Jo?(ia sin 6)dé. 


Cave on ik 


0 


(75) 


By introduction of Neumann’s representation,” for 
J P(x), 


2 aw /2 
To(x) = — f Jo(2« sin y)dy (76) 
Tv 0 


and by interchange of the order of integration, (75) be- 
comes 


; 43 a/2 
ae if a 
0 
w/2 


TT 
| if sin 6 cos? 6Jo(2ia sin y sin 0a | om 70a) 
0 


The integral in the brackets can be evaluated by apply- 
ing Sonines’ first integral, and the result is 


/21' (3/2) y-3!2F 3/2(y) (77) 


where 


y = 2ia sin y. (78) 
_ Since the Bessel functions of half-integral order can 
be expressed in terms of sines and cosines, the expression 
for C(a) becomes 


aT Pe tle (ein y | * cosy 
= — | = dy. 
0 


(79) 
7 yy? y? 


Although it is not strictly correct to write the above 
integral as the sum of the individual integrals since the 
separate integrands would have a y~® singularity at the 
origin, nevertheless it is convenient to do so. Then (79) 
becomes 


C= a(C2 > C1) (80) 
where 
oe . ™/2 cos (v sin y) 
ea, = —__—___—. qd 81 
G=sa) n= f “Sd on 
1 7/2 sin (v sin 7) 
ef Sn = ——- 7g 82 
Ce ve go(v) ga) i “ind y (82) 
v = lia a = 4L5/z. (83) 


12 G, N. Watson, “Theory of Bessel Function,” Cambridge Uni- 
versity Press, Cambridge, Eng., p. 32; 1952. 
18 Thid., p. 372.. } 
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Q75 
From (81) and (82) it follows that 
dg> 
i ee (84) 


which is useful because C can now be expressed entirely 
in terms of gi which can be evaluated. For this accom- 
plishment (80) is multiplied by v? and differentiated: 


1 d d d 
ere [v*C(v)] = ae [v’C2(v)] — - [2*C,(2) 


a dv v v 
d 
= £1(8) aie es) |. (85) 
dv 
Integration of the above yields 
a y8C(v) -{ gi(Z)dZ — vgi(v) +c (86) 
0 


where ¢ is a constant of integration which will be deter- 
mined later. 

For the evaluation of the function g,(v), (81) is dif- 
ferentiated twice to yield 


aw /2 
gi’ = -{ cos (vy sin y)dy = — = J o(v) (87) 
0 


where the last result may be found in Watson.“ Inte- 
grating (87) twice and interchanging orders of integra- 
tion, yields the required expression for g,(v): 


gi(v) = ra J (v — Z)Jo(Z)dZ + gi(0). (88) 


When this expression is substituted into the right side 
of (86) and the order of integration in the first term is 
inverted, the following result is obtained: 


a gC(v) = =| f Joo — J ster | +c. (89) 


Since C(0) is finite, it follows that c=0. By use of the 
formula [xJi(x) |’=xJo(x) and by integration by parts, 
the second integral can be reduced to the form 


v7J1(v) + vJo(v) — f tuwdaw, (90) 


and hence, 


Co) = (=) foe+ vf “To(w) dw 


— v[xi(v) + rote] . (91) 


Finally, when v is replaced by 2ia (83), the result 
given in (59) is obtained. 


uM Toid.,p. 21. 
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Mutual Impedance Effects in Large Beam 
Scanning Arrays* 


P. S. CARTER, Jr.t 


Summary—An analysis is presented of the driving point imped- 
ance of the elements in a flat array of infinite vertical height but 
finite horizontal width. It is assumed that each of the elements is 
fed by a separate amplifier, having infinite internal impedance, and 
that the amplifiers can be phased to direct the beam at various posi- 
tions in space. The radiating elements considered are infinitely long 
wires spaced on half-wavelength centers and half-wave dipoles 
spaced on half-wavelength centers, each backed by a conducting 
ground plane spaced one-quarter wavelength from the elements. 
Values of driving point impedance are computed for the 61 elements 
in arrays 30 wavelengths wide. Values of the driving point impedance 
near the center of the array are found to agree closely with the 
values computed for infinitely wide arrays while the driving-point 
impedance of elements near the edge of the array are found to devi- 
ate considerably from the values at the center. 


I. INTRODUCTION 


HEN the direction of the beam of an antenna 
W array is changed by varying the phase and, 
possibly, the amplitude of the currents in the 
array elements, mutual coupling of the elements causes 
the driving-point impedances to vary. In a large-aper- 
ture, two-dimensional array consisting of many sepa- 
rately driven elements, the impedances of the elements 
that are far enough from the edge of the array will ex- 
hibit nearly the same variation as the antenna beam is 
scanned. This effect (on the center elements only) may 
cause the transmitter to transfer power to the antenna 
less efficiently, decreasing the system gain. The uniform 
variation of impedance of the center elements does not 
by itself change the radiation pattern. However, since 
impedances of the elements near the edge of the array 
will vary differently from those in the center of the ar- 
ray, the deviation of the currents in these edge elements 
from the intended values may cause pattern distortion. 
For some scan angles, the resistive component of the 
impedance of the edge elements may even be negative. 
In this case the “generator” attached to such an element 
having a negative driving-point resistance would be re- 
quired to absorb rather than to deliver power. 

In this paper the driving-point impedance is com- 
puted for the various elements in a row of an antenna 
array of the type illustrated in Fig. 1, assuming that 
these elements are driven with constant-current gen- 
erators that are properly phased to position the beam of 
the array at various angles in both the £ and H planes. 
It is believed that these formulas will apply with good 
precision to all except the first few top and bottom rows 


* Manuscript received by the PGAP, July 18, 1959; revised 
manuscript received, January 16, 1960. The work described in this 
paper was performed under Contract AF 19(604)-2240 with the Air 
Force Cambridge Research Center, Bedford, Mass. 

} Stanford Research Institute, Stanford, Calif, 
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Fig. 1—Coordinates of array. 


of elements.in an actual array that does not have an in- 
finite vertical extent. Antenna arrays having both in- 
finite wire radiators, with and without a reflector, and 
half-wavelength dipole radiators backed with a reflector, 
are considered here. 


II. SUMMARY OF ANALYSIS AND RESULTS 
1) Outline of Method 


The model of the antenna used in this analysis is illus- 
trated in Fig. 1 and consists of a finite number of in- 
finitely long collinear arrays of antenna elements—in 
this case, dipoles. The currents along each infinitely 
long row of dipoles are subjected to a Fourier analysis, 
the terms of which represent traveling waves of current 
along the Z axis. The electromagnetic fields, E,, E., and 
Hy, set up by each current mode, are given by a set of 
simple scalar potentials. The EMF method is then ap- 
plied, using these fields and the circuit equations, to ob- 
tain the input impedance of a dipole in any mth row of 
the » total rows. This analysis and the derivation of re- 
sults presented below appear in detail in Section III. 
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An analytical expression for the input impedance Z,, 
of an antenna element in the mth row for the case, shown 
in Fig. 1, of infinite impedance generators and no re- 
flector, is 


p=n 


Seer (1) 


1 
Zar 
ifs p=) 


where 


I;=current in the pth element (7.e., column), 
Zm,p = mutual impedance, as defined in Section V, be- 
tween an element in the mth column of an- 
tennas and pth column. 


When a reflector is used, as would commonly be the 
case in order to achieve a unidirectional beam, (1) is 
modified to include the effect of the image currents 
i, = ane 4.€., 


1 p=n pl=n 
Zn = —4 pid Pen Koay Zn Ty s (2) 
Di 


m p=1 


where Zm,» =mutual impedance, as defined in Section 
V, between mth element and image current J, corre- 
sponding to the pth element. 


2) Infinite Wires With and Without Reflector 


The first type of antenna array considered here is the 
infinite wire model. Here, we have replaced the  in- 
finite columns of discrete elements by 1 infinitely long 
wires each carrying a uniform current 


Is = | TA et Qnrlr)z cos0 p—7(p—1) (2rd/X) cos ¢ sin oe (3) 


For this case it can be shown (see Section V) that 


60 &? — bey? HoO(/k? — ho*m,p) 


Zmp = ee 
Bt : ro k Hy (Sk? — ho?ro) 
mp, (4) 
and 
60 (k? — ho®)"? Ho (Vk? — ho?ro) 
Di 7 ae a 
To k Hy (Sk? = ho 0) 
m =p, (5) 
where 


ry =radius of wire, 
tmp = |m—p| d, 
R=2r/n, : 
d=distance between wires, shown in Fig. 1, 
ho=kcos0, 


and where 6 and ¢ are the scan angles as defined in 
Fig.l; 

These mutual impedance coefficients Zm,» can be used 
along with (1) to calculate the driving impedance per 
unit length of the array of wires without a reflector as 
explained above. In order to include the effect of a re- 
flector we use (2), where now the additional image- 
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current mutual-impedance coefficients Z,,» are given 


by 


(60 VR he? 


1B ON Aff ee Te 
Zig = j pi A 2) 
To k 


Hy (Ak? — ho?ro) 


(6). 


in which all the symbols are the same as above except 
for fm,» which is given by 


tmp! = [mp + 402]? = [(| m — p| d)? + 4a?]12, 


where x=distance from plane of array to conducting 
sheet reflector. 


3) Array of Dipoles With and Without Reflector 


The formulas listed below apply to the case, common 
in practice, where the antenna elements shown in Fig. 1 
are dipoles of radius ro, along which the current is as- 
sumed to be distributed sinusoidally. The driving-point 
impedance, Z,, as given by (1) and (2) is now actually 
the impedance between the terminals of any mth row 
dipole element. The formulas are summarized as follows: 


SS ea (ce [(ka + hi) (1/4) | 
Zig = De b \ Rah Ms 
sin [(a — h:)(1/4)]) 2 
weer 


where 


Ym,p = |m—p| d, 
h;=k cos 0—(2i7/b), 


k=25/N, 
1/2 =length of dipole, 
ke=27/l, 


b =distance between centers of dipoles along line of 
dipoles as shown in Fig. 1, 

d=distance between lines of dipoles as shown in 
rig -t, 

ro =radius of dipole. 


The coefficients Bimp are given by the following expres- 
sions: 


1=0,m# p 
. 60 Jk? — ho? Hy (Sk? F hotm.p) 
Boma — 7 ee k Hy, (SR? — ho?ro) 4 
1#0,m # p 
_ 60 Vhe — k? Ko(Vh? — ktm.) 
OE ase KiVhe? — Fro) 


t= 0,m = Pp, 1.€.; Tn.p = 0 
60 VR = ho? Ho (/k? — ho?ro) 


eee ee 
‘Bonn if - k H,2)(+/k? — ho?ro) 


I Ofte =p, 1.€., tmp — 0 
, 60 Sh? = k? Ko(Vh2? = kro) 
The ae aa eee Ste a i 
T0 Rk 


Ky(Vh? — kro) 
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in which 
Qin 
he =k cos 6 
Ser ee 

For the case described by (2), which includes the re- 
flector, the expressions for the mutual impedance coef- 
ficients Zm,p are given again by (7) where only the first 
two expressions for Bomp and Bimp are used including the 
case m=p'. Also, fm,» is replaced by 7m,» where again 


ray = [tmp + 402]? = [(| m — pl a)? + 403], 


in which x =distance from the plane of the array to the 
reflector. 


4) Infinite Grid Formulas‘ 


A considerable simplification, in some respects of 
the driving-point impedance formulas for the infinite 
wire array is achieved for the particular case where 
there are an infinite number of wires, 7.e., no. In 
this case, formulas given by MacFarlane? and Marcu- 
vitz? for the reactance of an infinite grid can be modi- 
fied to give the driving point impedance per unit length 
of wire. The appropriate formulas are given as follows: 


H-plane scan, without reflector, 


n (cscp .d d 
ZLa= | =a) E 
a e2 r 2rro 


ef F(<, ao o0°) | ohms/meter; (8) 


H-plane scan, with reflector,‘ 


n csc nd d 
ee ae 
d \1 —jcot (kx sin ¢) r 2nrro 


+ r(<, d — s0°) |! Seen (9) 


E-plane scan, without reflector, 


a= 2 [P+ jsinto —fin( : )\+o() 
d 2 r 2rry 6 d 
CSO ae ON 
~( < \f ( : ) | Jonms/meter (10) 


1 This approach using the infinite grid formulas was suggested by 
E. M. T. Jones, Stanford Res. Inst., Menlo Park, Calif. 

2G. G. MacFarlane, “Surface impedance of an infinite parallel- 
grid at oblique angles of incidence,” J. TEE (London), vol. 93, pp. 
1523-1527; 1951. 

3.N. Marcuvitz, “Waveguide Handbook,” Rad. Lab. Ser., vol. 
ey 286-289, McGraw-Hill Book Co., Inc., New York, N. Y.; 


* Approximate—for range of valid results and for additional cor- 
rection terms, see J. R. Wait, “Reflection from a wire grid parallel 
to a conducting plane,” Canada J. Phys., vol. 32, pp. 571-579; Sep- 
tember, 1954. 
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E-plane scan, with reflector,’ 
sin 6 
PMA: 
d L1 —j cot (ky sin @) 


ities | ( ~) 4 —(=") 

+ jsin “Jin Date Garad 
: 1 9) 2744 

+32 C2YT} Jame 


Eq. (8) is valid for wavelengths and incident angles in 
the range d(1+cos ¢)/A<1. According to Marcuvitz,’ 
the results obtained by this formula are in error by less 
than 10 per cent. The factor (F(d/A, 6—90°) has been 
calculated by Marcuvitz? and MacFarlane? and is pre- 
sented in the form of graphs in their articles. Eq. (9) is 
derived using a plane wave assumption for the wave 
scattered from the grid. This assumption has been ex- 
amined by Wait,‘ who gives additional corrections by 
which the accuracy of (9) can be increased. Eq. (10) is 
derived by means of a Babinet transformation using 
the formula given by Marcuvitz for a.capacitive 
window. According to Marcuvitz this circuit equation 
is valid in the range (d sin 0)/A<1, and is in error by 
less than about 10 per cent in the range (4r9/d) <0.5. 
The accuracy of (11) is not known: it was derived, as 
was (9), using the assumption of plane wave scattering 
from the grid. It is presented here for the sake of com- 
pleteness; presumably its accuracy could be examined 
by the theoretical methods employed by Wait.4 


III. Discussion oF RESULTS 


The formulas contained in Section II were used to 
calculate a number of cases of interest in order to show 
some of the important effects on the driving impedance 
encountered in electronic scanning. As stated, the driv- 
ing impedance varies with both the scan angle and the 
position of the driven element within the array. Also, 
it was stated that “near the center” of the array the 
impedances do not vary very much, and are very close 
to the value which would be obtained from the infinite 
array formulas. The significance of these statements is 
made obvious from the calculations shown below for the 
infinite wire and half-wave dipole arrays. Finally, we 
should expect that in the case where a tapered current 
distribution is used to improve the sidelobe performance 
of the array, the low current levels at the edge of the 
array will prove difficult to maintain in their proper 
magnitude and phase, due to the increased magnitude 
of the coupled voltages compared to those in the non- 
tapered case. This effect is considered below in the cal- 
culations of the half-wave dipole array. 

The first set of calculations which are shown in Figs. 
2-6 are for the infinite wire array both with and without 


> Approximate—accuracy not yet evaluated, 
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Fig. 2—Driving-point impedances of infinite wire array, 
@=90°, ¢=3°. 
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Fig. 4—Driving-point impedances of infinite wire array, 
6=90°, ¢=90°. 


Carter: Mutual Impedance Effects in Large Beam Scanning Arrays 


1500 
1400 
a 
& 1300 
w 
= 
a5) REFLECTOR 
= 
x 
© 1200 
x 
1100 
1000 
200 300 400 500 600 700 800 900 1000 1100 
R-OHMS/METER 
Fig. 3—Driving-point impedances of infinite wire array, 
6=90°, ¢=60°. 
1500 
REFLECTOR 
1400 
a 
w 1300 
E 
Ww 
= WITHOUT REFLECTOR 
2 
3 
% 1200 
1100 
1000 


500 600 700 800 900 


R-OHMS/METER 


300 400 


Fig. 5—Driving-point impedances of infinite wire array, 
0=90°, ¢=120°. 
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Fig. 6—Driving-point impedances of infinite wire array, 
° : 6=90°, ¢=177°. 
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a reflector. The following array parameters were chosen 
and used in these calculations: 


ro =0.005 meter =0.5 cm, 
Nea italy 
=; m=h/2, 
n= 61 =number of elements in array, 
x=1 m=)/4 (in case where reflector is used). 


Uniform illumination of the array was chosen in this 
case, 1.€., | i =). The array has 61 elements which are 
spaced one-half wavelength apart resulting in an array 
30 wavelengths wide. H-plane scan angles (7.e., the 
principal plane defined by 6=90°), were chosen ranging 
from @=3° to ¢:=177°.§ Because of the symmetry of the 
array, it is not necessary to calculate impedances beyond 
m=31." : 

The results of these calculations for the infinite wire 
array are shown in Figs. 2-6 in the form of R—X dia- 
grams, The calculated points are numbered m=1, 2, 
3.---+, indicating the element position in the array as 


shown in Fig. 1. It is instructive first to consider scan — 


angles in the neighborhood of ¢=90° (i.e., normal to the 
plane of the array). As we trace the locus of the im- 
pedance from the edge of the array, the driving im- 
pedance approaches a limiting value near the center of 
the array. It approaches this value most rapidly for the 
¢=90° case and less rapidly as the scan angle is in- 
creased with respect to the array normal. Comparing 
the values with and without the reflector, we see that 
the impedance approaches a limiting value more rapidly 
in the case with the reflector. This is expected since, in 
effect, the addition of the reflector makes each element 
directive and thus reduces the coupling between ele- 
ments. 

For scan angles displaced from the normal (¢=90°) 
by more than around 45°, the impedance changes radi- 
cally as a function of the position of the element within 
the array until, for scan angles around 0° and 180°, the 
impedance varies widely over the entire length of the 
array. 

The impedance of even the center elements is a func- 
tion of the H-plane scan angle ¢. This is shown in Fig. 7, 
where the impedance is plotted as a function of scan 
angle for the thirty-first (center) element of the 61- 
element array, and also for an element of the infinite 
grid array from (8) and (9). The same parameters were 
used in the infinite grid formulas (d=\/2, X\=1, ro 
=0.005 and x=)/4) as were used in the calculations of 
the 61-element array. It is evident from these curves 
that, for small scan angles around the normal to the ar- 
ray, the variation of impedance is somewhat greater 
with the reflector than without it. We see also that the 


6 ¢=0°, 180° was not used here, since this is the angle at which, 
for an element spacing of \/2, an additional major lobe appears in 
the radiation pattern. 

7 That is to say, the impedance of the mth element for an angle ¢, 
where ¢ <90°, is the same as the impedance of the 61—mnth element 
for angle 180°—¢. 
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Fig. 7—Driving-point impedance vs scan angle of infinite 
wire array (element 31) and infinite grid. 


driving resistance in the case with the reflector reaches 
a maximum, and then decreases for scan angles dis- 
placed by more than about 45° from broadside excita- 
tion. This behavior is easily understood from inspection 
of the equivalent circuit described in Section V, C. This 
equivalent circuit contains a reactance [see Fig. 14(b) ] 
due to the reflector, which is shunted across the equiva- 
lent resistance, 7 csc ¢, of free space. This reactance de- 
creases with increasing scan angle, tending to reduce the 
value of radiation resistance seen from the driving ter- 
minals. 

Driving-point impedances were calculated for the 
half-wave dipole array with a reflector. It was desired to 
make these calculations as realistic as possible and to in- 
clude, therefore, a tapered current distribution as well 
as a reflector. The current distribution used is shown 
in Fig. 8. The height of the pedestal was chosen to be 
approximately one-third of the height of the peak of the 
distribution at the center of the array. A study of the 
radiation pattern of this distribution shows that the 
highest sidelobe levels are about 25 db below the main 
lobe maximum. A little analysis shows that the expres- 
sion for the amplitudes of the currents TA in the ele- 
ments of the 61-element array is 


(pf =—1505) 


|Z,| = {0.33 EON Y) cos'| 
- 30.5 


r} i te 


where Jy is the magnitude of the current in the center 
element of the array. It is assumed in this expression for 
|p| that the distance d between elements is one-half 
wavelength. 

The vertical distance (in the z direction) between the 
centers of the dipoles, b =0.5\, was chosen to allow a full 


- 180° scan in the H plane. This is not unreasonable, even 


though for this spacing the ends of the dipoles would be 
touching, since the proximity of the dipole elements 
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would affect mainly the nonvarying component of the 
mutual reactance. Besides this, very little increase in 
vertical spacing b could be obtained by limiting the E- 
plane scan angle to less than the range 0 <6 <180. For 
instance, if 6 were limited to within the range 45° <0 
<135°, the maximum spacing would be 6=0.58X, as 
compared with 6=0.5) in the full 180° scan case. 

Calculations of the driving-point impedance were made 
for the half-wave dipole array and are shown in Figs. 
9-12. Included here are both E-plane and H-plane scan 
angles, as well as scan angles not located in either 
principal plane, 7.e., @=45°, ¢=45°. 

The same general trends can be observed for the 
half-wave dipole array as for the infinite wire array dis- 
cussed above. For example, at small scan angles, the 
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Fig. 8—Current distribution on half-wave dipole array. 
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Fig. 9—Driving-point impedances of half-wave dipole array 
with reflector, 6=90°, ¢=45°. 
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Fig. 10—Driving-point impedances of half-wave dipole array 
with reflector, 9=90°, ¢=90°. 
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Fig. 11—Driving-point impedances of half-wave dipole array 
with reflector, 9=45°, 6=45°. 
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Fig. 12—Driving-point impedances of half-wave dipole array 
with reflector, @=45°, 6=90°. 


distances from the edge of the array at which variations 
in the driving point impedance decrease below a certain 
amount are about the same for both arrays. Also, the 
variation of impedance of the center elements with scan 
angle at least, for H-plane scan angles, is similar for both 
arrays. This last statement is illustrated in Fig. 13, 
which is a plot of the variation of impedance with scan 
angle of the thirty-first element of the half-wave dipole 
array. 

It is to be noticed that none of the driving-point 
impedances in the figures contain a negative resistive 
component. Nevertheless, it is still reasonable to expect 
that one may observe a negative resistance in some of 
the elements for some other scan angles, since it appears 
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Fig. 13—Impedance vs scan angle of element 31 of half-wave 
dipole array with reflector. 


to be possible for the component of resistance due to 
mutual effects to be negative and greater than the posi- 
tive self-resistance of an element. 

The validity of the impedance formulas and computa- 
tions for the half-wave dipole array was established by 
a comparison with other methods of calculation. For in- 
stance, Wheeler® has shown how to calculate the driving 
point resistance of an infinite array of dipoles excited in 
phase (4.e., to yield a broadside beam). Application of 
his formula, using the parameters b=d=)/2 =}, yields 
a value for the driving resistance, R, =153 ohms. This 
may be compared to the value of resistance, R3;=152 
ohms, shown in Fig. 10, for the thirty-first element of the 
61-element array. Another check on the validity of the 
formulation was obtained from a calculation of the driv- 
ing point impedance of a single infinitely long column 
of dipoles, 7.¢e., a calculation of Zm,m using (7). Zm.m Was 
calculated for two values of 6: 0=45° and 6=90°. This 
is compared in Table I below to a calculation made us- 
ing the well-known formulas for the mutual impedance 


8 H. A. Wheeler, “The radiation resistance of an antenna in an 
annie array or waveguide,” Proc. IRE, vol. 36, pp. 478-487; April, 
1948. 
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between two dipoles.? One would expect the result for 
this latter calculation to approach the result for the 
infinite column of dipoles as the number of dipoles is in- 
creased. The driving point impedances shown in column 
2 in Table I were calculated from the formulas given in 
Carter’s article,®, assuming a column of nine collinear 
half-wave dipoles. The agreement between the two sets 
of results for the driving-point impedance indicates the 
validity of our formulas. 


TABLE I 


COMPARISON OF Zmm OF INFINITE COLUMN OF COLLINEAR DIPOLES 
WITH CLASSICAL FORMULA ASSUMING COLUMN OF NINE 
COLLINEAR DIPOLES 


Center Dipole of Nine lhbiite Colton 


6-degrees Collinear Dipoles 
(From Carter’) [Eq. (7)] 
45 49+7jX21.2 47.2+jX17.4 
90 121+jX76.5 


119.54+5X74.2 


It has been assumed, in the calculations of driving 
impedances described in this paper, that the antenna 
elements were driven by infinite impedance generators 
and that the proper currents were thus established on 
the antenna elements. A more interesting result is, of 
course, the case where ‘the antennas are fed with gen- 
erators of finite impedance. This problem could, of 
course, be solved using conventional methods of circuit 
analysis and making use of the mutual impedance co- 
efficients Zm,, derived in this paper. An exact solution of 
this problem would entail the reduction of determinants 
of order n where x is the number of columns of antenna 
elements. This calculation would be an extensive under- 
taking and, if found to be necessary, would undoubtedly 
require the services of a digital computer for a large an- 
tenna array. 


IV. CONCLUSIONS 


This paper has drawn attention to the variations of 
driving-point impedance that occur in an antenna array 
that positions the beam electronically. Methods and 
formulas have been derived by which calculations of 
the driving-point impedances of elements in large ar- 
rays can be conveniently made, and several typical ex- 
amples were calculated to yield numerical results. These 
results indicate that these impedance variations may be 
large in the case of a large range of scanning angles. Spe- 
cial techniques such as current feedback and automatic 
impedance compensation will probably be necessary if 
a large scanning angle range is needed with a single an- 
tenna array. 


*P.S, Carter, “Circuit relations in radiating systems and appli- 
cations to antenna problems,” Proc. IRE, vol. 20, pp. 1004-1041; 
June, 1932. 
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V. DERIVATION OF FORMULAS 
A. Infinite Dipole Array 


The basic formulas listed in Section I are easily derived 
from the scalar cylindrical wave functions for TM 
waves in the manner described by Stratton.!° Using the 
scalar wave function Y(@, ¢, 7), the fields outside the 
radius 79, where 7 equals radius of antenna element or 
wire, are given in this case by 


Eas = (k? — h;*)y,, (13a) 
—jk? oy; 
Hy = (13b) 
wu or 
Bia 5.005 
Ey = +h; (13c) 
or 
The scalar wave function y; is given by 
Vi = Cio (SR? — hjPr)etirizeiot (14) 
for the case (k?—h,?) >0, and by 
Vi = CiKo(Vh? — k?r)etthizeiot (15) 


for the case (h,?—k?) >0. As is obvious from the asymp- 
totic forms of the above expressions for large values of 
r,W; given by (14) may be used to represent a radiating 
or outward traveling wave; y; given by (15) can be used 
to represent a surface or exponentially decreasing wave. 

The arbitrary constant C; is evaluated from the bound- 
ary condition on the magnetic field at the surface of the 
wire; accordingly, 


7 


Hoe(r = ro) — (16) 


2rro 


The current J; is the 7th Fourier or traveling-wave com- 
ponent of current along the infinitely long line of collin- 


ear dipoles and is given by 
ie A ef  Qire) /b-vetot] = A ether it, (17) 
where 
2ir 
2 cael eats gae 


The quantity v is determined by the latitude of the 
beam; thus, y= cos 0=27/) cos 8. The coefficient A; is 
the magnitude of the ith Fourier component of the cur- 
rent distribution along the line of dipoles. The evalua- 
tion of this coefficient for the case where the antenna 
elements are center-fed dipoles along each of which the 
current is sinusoidally distributed, and the centers of 
which are separated by the distance }, (see Fig. 1) gives, 


10 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N. Y., pp. 349-361; 1941, 
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in (ka + h;) in (k h 

Sl 7 )— e-hy— 
i sin ) 


ar I ie, (ANS 
pies o, (18) 


1 


A,= = 
b Ra + hy 


in which kg = 27/1, and I) =magnitude of current at the 
feed terminals of dipole. The derivation of this formula 
for A; is given in Section VI. 

The evaluation of the magnetic field at the surface 
of the wire using (13b) and the subsequent employment 
of the boundary condition given in (16) yields for the 
coefficients C; 


—jA, n 1 
Ge = . ° oy >) (19) 
2aro kW R? — he? Hy®(/k? — h?ro) 


for the case where k?—h,2>0, and 


+74; ih 
C= Eee bear 6 i) 
2aro kVh? — k? Ki(Vh? — k?ro) 


for the case h2—k?>0. The evaluation of the electric 
field E,;, making use of (13a) gives — 


pin Aah He GR? thr) 


Eu = ae AN 
270 R A, (fk? = h;ro) 
for the case k?—h;?>0, and 
+jn Anh? — h* Koh? — br 
i ub 2 ims, (22) 


2rro k Ki(Vh? = k?r9) 


for the case h;?—k?>0. 

The final step in the derivation is to calculate the self 
and mutual impedances, Zmm and Zm ». Basic analytical 
expressions for these two quantities are,? 


=| 1/4 


Znm = — Emm 3) 1 (a)dz (23) 
Io J 1/4 
and 
Aptis 
To J i 
where 


T(z) = Iof(2), 

Zmm=Ariving-point impedance of any element in 
mth column of collinear elements in the ab- 
sence of other columns of elements, 

Zmp = mutual impedance between the mth column 
and the pth column, 

Ezmn(8) =electric field along element in mth column 
due to a current /(z) in the elements of the 
mth column, 

E.mp = electric field along element in mth column 
due to a current J(z) in the elements of the 
pth column. 
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The current J(z) is assumed, in our example, to be a 
cosine function of the distance along the dipole from the 
center of the dipole, .e., I(z) =o cos (2712/1) where / 
=twice the length of the dipole. The total electric field 
Ezmn(2) or Ezmp() is the sum of modes given by (21) and 
(22). Thus 


Esnn(@) = SS Exlt = 10), (25) 
and 
Eamp(2) = Ss Elf Tap): (26) 


i=—0 


The rest of the derivation of the final results given in 
Section II is carried out using (23)—(26). In these formu- 
las it has been assumed that the only case for which 
k?—h?>0 is for the index 7=0. A little consideration 
shows that this is true for all scan angles 0<#<180° 
provided that the center-to-center spacing of the di- 
poles is less than or equal to \/2. This condition is made 


obvious by a consideration of the result which is ob- | 


tained in the case that k?—h,?>0 for other values of 7 
than 7=0. In this case, there will be a second main lobe 
at an angle different from the primary main lobe. For 
the infinitely long array, the condition needed for all of 
the higher order current modes to be nonradiating or 
surface-wave modes is the same as the requirement on 
the element spacing in an array of finite length for there 
to be only one major lobe. 


B. Infinite Wire Array 


The infinite wire array is a special case of the infinite 
dipole array considered above, where the current ampli- 
tude distribution along the column is uniform and 
there are no particular sets of driving-point terminals. 
Thus, it is not necessary to use (23) and (24) to calcu- 
late the impedances, which are expressed as impedances 
per unit length. A brief consideration shows that in the 
infinite wire array all of the current modes are absent 
except for the term given by 7=0. Further considera- 
tion shows that in this case 49 =I) =magnitude of cur- 
rent along wire. The self and mutual impedances given in 
(4) and (5) may therefore be written down by inspection 
from (21) after setting i=0. Notice, however, that the 
sign is changed in (4) and (5) from that in (21), to ac- 
count for the fact that the impedance is proportional to 
the driving voltage which is 180° out of phase with, and 
equal in magnitude to, the induced voltage. 


C. Infinite Grid Array 


The formulas contained in Section I for the driving 
impedance of an infinite grid are easily obtained by a 
slight extension of the results for the reactance of a grid 
given by MacFarlane? or Marcuvitz.? These extensions 
of their formula are easily derived by considering the 
equivalent transmission-line circuits of the grid, and are 
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shown in Fig. 14 for the cases of H-plane and E-plane 
scan and with and without the reflector. In Figs. 14(a) 
and 14(b), the quantity 7 csc ¢ is the impedance looking 
in the direction normal to the plane of the array of a 
wave traveling at an angle ¢@ with respect to the array 
and having its electric vector in the plane of the array. 
In Figs. 14(c) and (14(d), 7 sin @ is the impedance of a 
wave traveling at an angle 0 with respect to the plane 
of the array with its magnetic vector in the plane of the 
array. The equivalent circuit of a reflector is given in 
each case by ' 


H-plane scan, 

X, = jn csc ¢ tan (kx sin ¢); 
E-plane scan, 

X, = jn sin 6 tan (kx sin @). 


The expressions for the reactance of an infinite induc- 
tive grid have been given by Marcuvitz* and MacFar- 
lane,” and are 

H-plane scan, 


xX “1 Z +r(- 90° 6)| 
= == n = 5 = 5 
Geese fa ey ne r 


n csc 7 csc 


n csc p 


7 sin 8 7 sin @ 


7 sin @ 


(d) 


Fig. 14—Equivalent circuits of infinite grid and reflector. (a) H- 
plane scan without reflector. (b) H-plane scan with reflector. 
{) E-plane scan without reflector. (d) E-plane scan with re- 

ector. 
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E-plane scan, 


X, = nsin?6 : {in : aD : (=) 
ON 2r7ro 6 d 
is >| eal a >( =) | 
2 dr 2 d 

The first of these two formulas requires reference to 
Marcuvitz? or MacFarlane? for the values of the correc- 
tion factor F(d/A, 90°—¢@). 

The application of the formulas listed above, together 
with the equivalent circuits shown in Fig. 14, yields the 
complete equations (8) through (11). 

The infinite grid formula for the H-plane scan with re- 
flector is reasonably accurate within certain restrictions 
on scan angle and reflector spacing which have been 
studied by Wait.* Reference should be made to his paper 
regarding these restrictions and their interpretation. It 
is not known, however, over what range of scan angles 
and reflector spacings (11) is accurate. It would be use- 
ful to extend the theory for close reflector spacings along 


the lines described by Wait in order to better evaluate 
results from this formula. 


VI. DERIVATION OF FOURIER COEFFICIENTS OF 
CURRENTS ON INFINITE COLUMN OF 
COLINEAR DIPOLES 


We consider here one of the infinitely long columns 
of dipoles shown in Fig. 1. These dipole elements are 
assumed to be separated by a distance b between cen- 
ters. An expression for the current on the mth dipole ele- 
ment (counting from the origin of coordinates, z=0), is 
given by 


z 
Llex= 1’ E ~_ n(=) | ema tahby ger 


in which 


(27) 


Z 
n (=) = integer nearest 2/0, 


2b 
vo = — sin 0, 
r 


I'(z) = current distribution along dipole element. 


The phase function in this representation is a quantity 
increasing by steps, as indeed it must be since the ele- 
ments are individually phased. According to Floquet’s 
Theorem, a representation of the following form is possi- 


ble: 


> A je i2im lb) e— ave — > A; ee ihiz, 


t=—0o 


I(z) = (28) 


1=—00 


This representation is the one that is needed for the 
solution of the field components in terms of the scalar 
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cylindrical functions y,. A little consideration shows that 
I(z) can be expressed also in the form 


I) = Ize. (29) 


where 


I''(z) = I! (g)etivle—n(z/b)b) | 


The representation in the form I’’(z) is periodic, since 
the phase function e*!—”@/®)] is a sawtooth function. In 
fact, this phase function can be represented in the 
region —(b/2) <z<(b/2) by the function e?”*. Therefore 
by the Fourier Theorem, 


=~» 


i=—0o 


b/2 
I’ (gz!) eG2izi®) (2-2) dg! 
—(b/2) 


c} ef2imz/b ii b/2 
i=—oo b —(b/2) 


This expression when combined with (29) gives a repre- 
sentation equivalent to (28), which is what we set out to 
prove. 

We shall compute the Fourier coefficients A; for the 
case where the distribution of current along the dipole 
is a simple cosine function. In this case, 


I''(z) 


I'(z)eti2i/6)2gz (30) 


21z —l 1 
in ta ress = cos (Raz), ——<g< a 
—b —l 
= 0 SS LB SS 
4 
l b 
= 0 PE 
4 2 


The insertion of this expression in (30) and the subse- 
quent evaluation of the integral yields the expression 
for A; given in Section V namely, 


; (1 y ye 
sin] a a b A 


b ee Qin 
a Vv b 
: A 2Qimr\ 1 | 
sin ( en! + =)\- 
+ Gy 
Qi 
ee y + — 
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Mutual Coupling Effects in Large Antenna Arrays: 
Part I—Slot Arrays* 
S. EDELBERG} anp A. A. OLINER{ 


Summary—A periodic structure approach is presented for 
the analysis of the impedance properties of large antenna arrays. 
The method is applied to a two-dimensional array of slots, in which 
each slot is fed by a separate waveguide and the array radiates into 
a half-space. The slot spacing and progressive phasing in the array 
may be arbitrary, however. The periodic structure approach permits 
a waveguide-type analysis of the half-space which automatically in- 
cludes all mutual coupling effects. Both the susceptance and con- 
ductance of the slot are evaluated for arbitrary scan angle, and the 
effects associated with the appearance of higher order beams are 
considered. 


l. INTRODUCTION 


ECAUSE of mutual coupling effects, the input 
B impedance of a radiating antenna when used as 
an element of an array is different from its im- 
pedance value when the same antenna is isolated. 
Furthermore, this difference between impedance values 
varies with the scan angle of the array. A lack of knowl- 
edge regarding the correct impedance value may result 
in errors in the desired pattern, in increased sidelobe 
level, or in array mismatch. The amount and type of 
error introduced depends also on the means by which 
the array is fed. 

Considerable interest has been expressed lately in 
large two-dimensional arrays, particularly those which 
produce large scanning angles by means of electronic 
scanning techniques. The study of the behavior of large 
arrays divides itself naturally into two parts, one asso- 
ciated with the central portion of the array, and the 
second related to the edge effects. Each element of the 
central portion of the array “sees” essentially the same 
environment, so that this central portion, which ac- 
tually constitutes the bulk of a large array, may be an- 
alyzed as if it were a portion of an infinite array. In this 
central portion, the effects of mutual coupling are to 
change the input or driving-point impedance of the 
radiating elements, and to produce a variation in this 
value as a function of scan angle. If each element of the 
array is fed independently, this variation will cause only 
a variation in the efficiency of the array, but will not 
produce pattern distortion or influence the sidelobe 
level. In the vicinity of the edge, however, the mutual 
coupling effect is different for each element, and conse- 
quently edge effects influence the sidelobe level and the 


* Manuscript received by the PGAP, August 17, 1959; revised 
manuscript received, December 28, 1959. The work reported in this 
paper was performed by Lincoln Laboratory, a center for research 
operated by the Massachusetts Institute of Technology. The work 
was supported by the U. S. Air Force. 

t Lincoln Laboratory (M.I.T.), Lexington, Mass. 


t Microwave Research Institute, Polytechnic Institute of Brook- 
lyn, Brooklyn, N. Y. 


pattern shape. If each element of the array is not fed by 
an independent line, but, for example, if the array ele- 
ments are fed successively by a traveling wave; errors in 
the impedance values for the elements in the central 
portion will produce errors in the desired amplitude or 


phase distribution of the array, and in consequence af- 


fect the pattern shape. 

The present paper is concerned with the calculation 
of array element input impedances, and consequently 
of mutual coupling effects, for the central portion of the 
array. The evaluation of edge effects and their influence 
on sidelobe level is presented in one of the companion 
papers, of this series, Part III. 

A procedure commonly employed for the determina- 
tion of the input (or driving-point, or active) impedance 
of an element in an array is to determine first the self 
impedance of the element and the mutual impedances 
between neighbors, and then to sum these appropriately 
to yield the input impedance which correctly accounts 
for the presence of all the other elements in the array. 
For example, when the radiating element is a dipole, the 
input impedance of a typical dipole in the array may be 
computed by means of Carter’s! mutual impedance 
calculations, or by any of several modifications or im- 
provements on his original results. However, since the 
sums involved are slowly convergent, the calculations 
required in this method are very tedious and this com- 
putation procedure is not practical. 

The point of view adopted in this paper recognizes the 
periodicity present in an array” and utilizes this perio- 
dicity for the direct evaluation of the desired input im- 
pedance (or admittance). By this technique, which is a 
waveguide approach, the mutual impedance contribu- 
tions from all of the other elements are taken into ac- 
count automatically in a direct and simple fashion. The 
periodic structure point of view is described in Section 
II, where a rectangular slot is chosen as a representative 
element of a two-dimensional array radiating into a half- 
space. Each slot in the array is fed by a separate wave- 
guide, but the slot spacing and progressive phasing is 
arbitrary. A slot array was chosen as the typical ex- 
ample both because results for it are of practical interest 


*P. S. Carter, “Circuit relations in radiating systems and appli- 
cations to antenna problems,” Proc. IRE, vol. 20, pp. 1004-1041; 
June, 1932. 

2H. A. Wheeler, “The radiation resistance of an antenna in an 
infinite array or waveguide,” Proc. IRE, vol. 36, pp. 478-487; April, 
1948. Wheeler is the first to present this point of view but he does not 
deduce any of the results quoted here. In particular, his pioneering 
pane does not consider the influence of scan angle or susceptance 
effects. 


1960 


in themselves, and because it is possible to derive these 
results accurately for this example. The periodic struc- 
ture approach employed in the analysis is not restricted 
to the method by which the array is fed, however. The 
method of feed considered here is chosen because it is 
widely used in conjunction with certain electronic scan 


methods. While the discussion is phrased in terms of. 


radiation from the array, this approach is equally ap- 
plicable to the case of reception by the array of an in- 
coming wave. 

By regarding the array as a junction between two 
waveguides, the feed guide and the “guide” in the half- 
space, the calculation of the slot input conductance and 
susceptance becomes a straightforward one which em- 
ploys ordinary waveguide methods. A variety of interest- 
ing results are derived by this means in Section III, indi- 
cating, for example, the variation of admittance with 
the array dimensions, the jumps in conductance when 
certain grating lobes suddenly appear, etc. 

Results for the conductance values are derived in Sec- 
tion IV for arbitrary scan angle; they reduce correctly 
to values for special cases. It is of interest that the con- 
ductance varies strongly with scan angle, and that the 
variation is quite different for different directions of 
scan. Considerations appropriate to the analysis of the 
array as a receiving antenna are presented in Section V. 

Expressions for the susceptance values of the slot ar- 
ray elements are derived and discussed in Section VI. 
It is shown there that a slot which is resonant when 
radiating by itself into a half-space can become either 
inductive or capacitive (but usually inductive), depend- 
ing on the array spacings, when placed in an array. 


II. PeERtopIc STRUCTURE POINT OF VIEW 


The application of the periodic structure point of view 
to an array of radiating elements is independent of the 
type of element employed. In Fig. 1, a two-dimensional 
array of rectangular slots radiating into a half-space is 
shown as a typical example. It is seen in Fig. 1 that the 
slots are all identical and are arranged in a pattern with 
rectangular symmetry. If the end effects of the array 
are assumed negligible, or if a particular slot under con- 
sideration is far from an edge of the array, and if all 
slots are fed with the same amplitude but with a pro- 
gressive phase difference between successive slots, then 
it is permissible to treat the array as a periodic struc- 
ture. The slots are fed by some means below the plane 
shown in Fig. 1, but the periodic structure approach, 
which is a method for the treatment of the space into 
which the radiation occurs, is not influenced by the 
method used to feed the radiating elements. 

It is useful to draw a unit cell around a typical slot in 
this periodic array, as indicated in Fig. 1; since the slot 


3G, C. McCormick, “The Resonant Conductance of Slots in 
Linear and Two-Dimensional Arrays,” presented at the URSI-IRE 
meeting in Washington, D. C., May, 1957. Some of the results de- 
rived here were also obtained by McCormick using a quite different 
approach. 
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radiates into space, the unit cell extends indefinitely. 
When the slot array is radiating broadside, or receiving 
normally incident radiation, all slots are in phase and 
possess equal amplitudes. Then, due to the excitation in 
the slots and the symmetry of the array, the unit cell is 
bounded by electric and magnetic walls, as shown in Fig. 
2. These walls do not perturb the field distribution but 
are present because of field symmetries. Once the walls 
are present, the field outside of the unit cell may be com- 
pletely ignored and the unit cell may be regarded as a 
kind of waveguide. It is also seen that all mutual cou- 
pling effects due to neighbors are automatically taken into 
account by this viewpoint. 

The dominant mode in the waveguide represented by 
the unit cell of Fig. 2 is the 7EM mode. If the dimen- 
sions of the unit cell, or, alternatively, the spacings be- 
tween successive slots, are small enough, no higher 
modes will propagate in the unit cell and, equivalently, 
no higher order beams will appear in the radiated field. 
In fact, it is shown below that the onset of higher modes 
in the unit cell corresponds exactly to the appearance 


UNIT CELL 


Fig. 1—Two-dimensional array of slots radiating into a half-space. 
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Fig. 2—Unit cell of slot array under conditions of broadside radiation 
or normally incident radiation. (a) Full view. (b) Top view. 
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of higher order beams in the radiation pattern. This 
equivalence is a check on the consistency of the repre- 
sentation. 

When the array is scanned, the slots still possess equal 
amplitudes, but a constant phase difference appears be- 
tween successive slots. The walls of the unit cell of Fig. 1 
are now of a peculiar sort in that opposite walls are 
identical to each other except for a phase difference de- 
pendent on the scan angle. As an illustrative example, 
let the array be scanned in a direction parallel to the long 
dimension of the slots. If the scan angle @ is defined by 
Fig. 3 with respect to the ground plane, which is chosen 
as the xy plane, then the scanning occurs in the xz plane. 


i keh fk 
| 
| 
| 
| 
| 
| 


IPEANE OF a, 
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Fig. 3—Geometry for scanning in xz plane. 


In the unit cell, the walls parallel to the long dimension 
of the slots remain electric walls, while the other pair of 
walls are of the periodic nature, differing by a phase 
shift. The modes in such waveguides are defined in Sec- 
tion IV. It is seen from Fig. 3, however, that the dom- 
inant mode in the unit cell waveguide is no longer a 
TEM mode, but is now an H (or TE) mode since a 
longitudinal component of field is present in the g direc- 
tion. Scanning in the yz plane would produce an E (or 
TM) mode as the dominant mode in the unit cell, while 
scanning at an arbitrary angle results in both an H and 
an E mode or, alternatively, a single so-called H-type 
mode; further details are presented in Section IV. 

For the dominant mode in the unit cell corresponding 
to scanning in the xz plane, one sees from Fig. 3 that 
the wavenumbers are: 


k, = k sin 8, 
hy = 0, (1) 
so that the transverse wavenumber k; becomes 
ki = Ske + hy? = k sin 0. 2) 
For the higher modes in this unit cell, one has! 


f 234 
en = [sing — 
A 


P] 


2nr 


ae (3) 


where A and B are the dimensions of the unit cell (see 
Fig. 2), so that k; becomes 


*N. Marcuvitz, “Waveguide Handbook,” Rad. Lab. Series, vol. 
10, McGraw-Hill Book Co. Inc., New York, N. Y., pp. 88, 89; 1951. 
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ki = / (i sin 0 — — - ey (4) 


If A>B, as is usually the case, the first higher mode is 
given by m=1, n=0, so that 


2a 


k, = |ksing ——|. (5) 
A 


To insure that this mode is below cutoff, we-require 
k<ki, or 


2a , 
k <a: — kin. 0: 
A 


since k=27/)h, we find 


r 
Jie (6) 
1+ sin @ 


as the condition on the wall spacing A of the unit cell in 


order to prevent any higher mode propagation. It is 
noted that this condition on A is a function of scan angle 
6, and that it yields the familiar results that at broad- 
side, A <A, and at end-fire, A <\/2, are required. Con- 
dition (6), however, is precisely the well-known criterion 
for the prevention of higher order beams in the radia- 
tion pattern, and illustrates the correspondence be- 
tween these higher order beams and higher modes in the 
unit cell. 

The periodic cell approach lends itself readily to an 
impedance (or admittance) description of the array. The 
details of this description, however, depend upon how 
the elements of the array are fed, and in the discussion 
below each slot is assumed to be fed by a separate 
rectangular waveguide. This method of feed is widely 
employed in certain electronic scan methods. The array 
is then regarded as a junction between two waveguides, 
the feed waveguide and the unit cell waveguide in the 
half-space, as shown in Fig. 4(a). The equivalent net- 
work corresponding to this geometrical configuration 
is given in Fig. 4(b) for the case of radiation from the ar- 
ray. For the receiving case, which is discussed in Section 
V, the network would be reversed since the incident 
power now enters the unit cell guide. The impedance 
properties of the array are specified by the values of the 
susceptance B and the conductance G, which can be 
evaluated by ordinary waveguide methods. The suscept- 
ance B is seen to be related to the sum of the stored 
powers on each side of the slot, while the input con- 
ductance G is simply the characteristic admittance of 
the unit cell waveguide brought through a transformer 
representing the change in guide cross section occurring 
at the junction between the two guides. Thus, the evalu- 
ation of B and G is a straightforward procedure which 
can be made as accurate as one pleases. 
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Since the field in the unit cell waveguide is that of the 
propagating mode carried by it, except in the vicinity 
of the slot, this field is undamped along the guide. When 
it is further recalled that the half-space consists of a 
two-dimensional array of these unit cell waveguides, 
one recognizes that the radiation field described by the 
periodic cell approach remains constant in amplitude as 
the radiated power travels away from the plane of the 
array. This field behavior is characteristic of the well- 
known features of the Fresnel region. The distance from 
the array plane at which this picture no longer describes 
the radiation field and at which the transition to the 


Fraunhofer region occurs is a function of the size of the 
array. 


III. RapraTION CONDUCTANCE OF SLOT ARRAY 
ELEMENTS FOR BROADSIDE RADIATION 


For the case of broadside radiation, the walls of the 
unit cell waveguide are electric and magnetic walls, as 
shown in Fig. 2. If each slot in the array is fed by a sep- 
arate rectangular waveguide of dimensions a by 6, the 
geometrical configuration of Fig. 4(a) and the equiva- 
lent network of Fig. 4(b) are applicable, where the ge- 
ometry of the junction between the guides is shown in 
Fig. 5. We note that the slot is centered in both the 
rectangular feed guide and the unit cell guide. The char- 
acteristic admittance Y and the propagation wave- 
number xk characterize the transmission line representing 
the rectangular feed guide; the corresponding param- 
eters for the unit cell guide will have the subscript ), 


SLOT 


FEED os. 


WAVEGUIDE 


UNIT CELL 
WAVEGUIDE 


(a) 


POWER — ® Y, Kk 


EQUIVALENT NETWORK 
(b) 


Fig. 4—Unit cell of array on radiation. 
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signifying “periodic,” since the half-space is composed 
of these unit cells which exist in virtue of the periodicity 
of the array. 


One may write, symbolically, 


B Stored Power 


Sa V(V)? 7) 
G z Radiated Power 
Y Uy 2 ee (8) 


where B and G are normalized to the characteristic ad- 
mittance of the rectangular feed guide, and where 


k= In/Ny = VR — (x/a)?, (9) 


since the dominant mode in rectangular waveguide is 
an H (or TE) mode. The voltage term in (7) and (8) is 


defined by 
V -ff mix. Eh ds, 
- slot 


where the rectangular waveguide orthonormal mode 


(10) 


function 
‘2 ee 
h(x) = xo \/= cos — (11) 
ab a 
is subject to the normalization 
a h-htdS =A, (12) 
cross section 


consistent with definition (9) for Y. The slot electric 
field E in (10) is chosen as 


Tx 
nX E = xo cos—»> 
a’ 


(13) 
and is expected to be an excellent approximation when 
the slot is narrow and near resonance; xp and n are the 
unit vectors parallel and normal to the slot, respec- 
tively, and dimensions a and a’ are indicated in Fig. 5. 


A. Single Main Beam Only 


A single main beam in the radiation pattern cor- 
responds to only a single mode propagating in the unit 
cell, or periodic, waveguide. This single mode in the 
unit cell of Fig. 2 is the TEM mode, for which the char- 
acteristic admittance Y, is 


(14) 


and the orthonormal mode function Ay, subject to nor- 
malization (12), is 


(15) 


hy = Xo 
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where A and B are the cross-section dimensions of the 
periodic waveguide. The radiated power in this guide 
can then be written as 


P= ¥,|V>|", (16) 
where the voltage term is 
V,= if XE ne. (17) 
slot 
E being the slot electric field given by (13). 
We therefore have from (8), 
Volts We 
us Sak I | EN (18) 
ie 5a ball 
by using (10) and (17) we find 
2 2a'b’ cos (ra’/2a) 
V= \/ : (19) 
abo x 1 — (a’/a)? 
pee zoo: 
VAB 


so that the radiation conductance normalized to the 
rectangular waveguide becomes 


(“ hg ab E ~ a) 
o) ~  2ABLcos (ra'/2a)1’ 
where we have set k=27/A,, and where the (_), signi- 
fies that the radiation occurs into the unit cell, or pe- 
riodic, waveguide. 

If the same slot is not an element of an array but is 


isolated and radiates into a half-space, and a cosine slot 
field is maintained, we have? 


: E = 0:374 (<) + 0.130 (=), 


where terms of the order of (b’/a’)? are neglected. If we 
take the ratio of (21) to (22), we find 


(21) 


(22) 


3 2 
ee (\/2) 1 (23) 


ie AD aN a’\4 
E a 0.374 (<) = 0.130(—) | 
r r 


Result (23) is the ratio between the conductance when 
all mutual coupling effects have been taken into ac- 


5 This result appears in many places. In this specific form it is 
given in: A. A, Oliner, “Equivalent Circuits for Slots in Rectangular 
Waveguide,” Rept. R-234-50, Microwave Res. Inst., Polytechnic 
Institute of Brooklyn, Brooklyn, N. Y., p. 121, eq. (3.118); 1951. 
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count and the value for which no mutual effects are 
present. This ratio is sometimes denoted as the ratio 
of the “active” to the “self” conductances. 

Expression (23) is very interesting. Recognizing that 
the value of the bracketed expression is nearly unity (in 
fact, for slots near resonance, a’/A~3%, so that the 
bracket equals approximately 0.9), we note that ratio 
(23) may be written as 


G 
fe) AND 


(=) AB 
¥ he 


Let us consider an array composed of X-band rectangu- 
lar waveguides packed as closely together as possible. 
Then, neglecting the wall thickness, we have a=A 
=0.90" and b=B=0.40". Since midband operation 
corresponds roughly to \=1.20", we find that for this 
situation (24) becomes 


(24) 


If the waveguides are not directly adjacent to each other 
the A and B become larger and the ratio becomes some- 
what less than unity. 

We have the interesting result, then, that for practi- 
cal broadside array conditions the conductance of a slot 
in a two-dimensional array is not very much different 
from that of the same slot when isolated. Thus, under 
certain fortuitous, but not unusual, conditions, very 
small error is introduced even if all mutual coupling ef- 
fects are ignored. 


B, Higher Order Beams 


Higher order beams in the radiation pattern cor- 
respond to higher modes propagating in the periodic 
waveguide. For N propagating modes, the radiated 
power is written as 


N 
P= os ea Vos (2, 


i=1 


(25) 


so that the expression for the conductance becomes 


GO), BF 


The sum (26) includes contributions from all propagat- 
ing modes, whether E or H modes. However, the be- 
havior of the added contribution from a higher mode 
will be different depending on whether the mode is an 
E or H mode. 

1) Contribution from Higher H Modes: Suppose that 
the electric wall spacing B is maintained less than X, but 
that the magnetic wall spacing A is increased to be 


(26) 
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greater than ). The first higher mode in this situation is 
an H mode with a field distribution of the type shown 
in Fig. 6. It is to be recalled that the slot is centered in 
the guide cross section. 

All of the higher modes which would be present 
under these conditions are H modes due to the orienta- 
tion and excitation of the slot. The characteristics of a 
typical higher mode of this type are: 


kin = 2nr/A, Kon = VR? — (Qnmr/A)? ~— (27) 
Kpn 
Yn, = — (28) 
wp. 
bs ths 2nrx 5x8 
_ = x — cos 
eG dies a aaa | ) 
The corresponding mode voltage is then 
Von = if f n X E-Ap,*dS, (30) 
slot 


where the slot field is still given by (13). By using (29), 
(30) becomes 


Deez aibe 


Vo 
: ia 1 


When the characteristic admittances (9) and (28) are 
employed together with voltage terms (19) and (31) in 
expression (26) for the normalized conductance, and 
when these contributions are added to (21) for the 
dominant mode, (26) becomes 


G ee ap. Pic. (a'/a)* 7? a 
ee eect 72 
cos (nma’/ A) 


W-L; is ete (32) 


when N higher H modes are propagating. One can also 
take the ratio of (32) to the half-space value (22) to 
obtain a result akin to (23), namely, 


cos (nma’/ A) 


{nea | 


(31) 


¥- 


nm 
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Fig. 6—First higher H mode in periodic waveguide under broadside 
radiation conditions. (a) Cross section view. (b) Top longitudinal 
view. 
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Fig. 7—First higher E mode in periodic waveguide under broadside 
radiation conditions. (a) Cross section view. (b) Top longitudinal 
view. 
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The characteristics of a typical higher E mode are: 


hin = 2nt/B, — kpn = VR? — (2nx/B)® (34) 
WE 
Von = (35) 
Kpn 
* Oe 2nry (36) 
n= — cos : 
pains EAN B 


The mode voltage, obtained on use of (36) in (30), is 
now 


Noe = oe] 
AB nxb'/B 
The use of characteristic admittances (9) and (35) and 
voltages (19) and (37) in (26), together with the dom- 


inant mode contribution (21), produces the following ex- 
pression for the normalized conductance when WN higher 


Gasrerreall 


Von = (37) 


(33) 


2) Contributions from Higher E Modes: Suppose now 
that the magnetic wall spacing A is maintained less 
than X, but the electric wall spacing B is increased to be 
greater than \. The higher modes arising in this situa- 
tion are all E modes, due to the slot excitation and loca- 
tion, and the field configuration for the lowest of these 
modes is shown in Fig. 7. 


[1 — 0.374(a’/d)? + 0.130(a’/d)4] 


E modes are propagating: 
G rN bp ie (aa) | ZS 
(ok Azoleseapaae 
Y/> 2d 2ABLcos (ra’/2a) n=l 


9) sin (n7b’/B)/? 
— , 8 
V1 — al nb’ /B I} oe 
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When result (38) is normalized to the half-space value 
(22) to obtain an expression similar to (23) or (33), one 
finds 
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A graphical indication of the way in which gy and gz 
vary with A/\ and B/d, respectively, for the case a’/h 
=1) is given in Figs. 8(a) and (b). It must be recalled 


(39) 


(£) See AB 
Vail ns 


3) Discussion of Results: Expressions (33) and (39) 
are the ratios of the conductance of the slot when it radi- 
ates in an array to that when it is isolated; they apply, 
respectively, to the cases for which the higher modes are 
H modes or E modes. Let us represent these ratios by 
gu and gz, respectively. It is seen that the manner in 
which a given higher mode contributes to gy or gz is 
very different. This difference is due to the location of 
the square root term under the summation, and is re- 
lated to the different frequency dependence of the char- 
acteristic admittance for H and E modes. In gy, the 
square root term occurs in the numerator of the added 
terms so that at cutoff for the higher mode, as it just 
begins to contribute, A = mX, and the square root is zero. 
The contribution from the additional H mode is thus 
zero as the mode contribution just begins. In strong con- 
trast, in gz the square root term appears in the de- 
nominator of the added terms. Thus, at cutoff, when 
B=ny\, the square root again becomes zero, but now the 
contribution from the additional mode is infinite as the 
mode contribution just begins. 


[1 — 0.374(a’/d)? + 0.130(a’/d)4] 


that for gz, B<x, while for gz, A <X, and that the radi- 
ating slot is always centered in the periodic waveguide. 


‘We see from Fig. 8 that if the array spacings are acci- 


dentally such that gy or gz is unity, the neglect of mu- 
tual coupling has no effect. This fact may shed light on 
why difficulties occur in some array designs which 
neglect mutual coupling, but not in others. From the 
curves for gz, it is seen that if spacing B is approximately 
one wavelength, the conductance value changes wildly. 


This effect may lead to erratic behavior if the wavelength 


is of this value and is changed slightly. If the array is 
scanned, the spacing at which the erratic behavior could 
occur is less than one wavelength, and varies between 
d/2 and d depending on the angle of scan. 

The curves for gy and gz are identical for A/A and 
B/® less than unity, of course, since only the dominant 
mode is present then. As 4/X or B/A approaches in- 
finity, these curves do not asymptotically approach 
unity. These asymptotic values will depend upon B/\. 
for gz and A/) for gz, and are also a function of a’. As 
A—o, the geometrical configuration reduces to a one- 


Fig. 8—Variation of conductance with array dimensions for higher order beams. (a) Higher H modes. (b) Higher E modes. 
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dimensional array of slots which produce broadside radi- 
ation, or, alternatively, a single slot radiating into a 
_ parallel plate region. As a check on the result for gy, the 
asymptotic value of (33) was obtained as A and No, 
while maintaining B<), and was found for a’=\/2 to 
be 


ioe 
Cs: seer me al 
De ORE: 
in exact agreement with Gruenberg,® after a change in 
notation and an appropriate transformation from his 
longitudinal shunt slot resistance to our conductance. 


IV. VARIATION OF SLOT CONDUCTANCE WITH 
ARRAY SCAN ANGLE 


In Section III, the slot conductance was evaluated 
for various situations, but for broadside radiation only. 
When the array is scanned, the radiated beam actually 
points off in some direction, but the periodic structure 
approach considers the “propagation” still to occur in 
the z direction along the unit cell, normal to the array. 
The walls of the unit cell then become phase-dependent, 
as discussed in Section II. Furthermore, depending on 
the direction of scan, the dominant mode in the unit 
cell waveguide may be different, resulting in different 
scanning behavior because the functional dependences 
of the characteristic admittances are not the same. 

The dependence of conductance on scan angle is de- 
termined first for two special cases: scanning in the 
plane parallel to the long dimension of the slots, and 
scanning in the plane perpendicular to it. The results 
for these special cases are of interest in themselves. The 

expression for arbitrary scan angle is then derived. 


‘A. Plane of Scan Parallel to Slots 


When the array is scanned in the plane parallel to the 
long dimension of the slots, the electric walls of spacing 
B of the unit cell remain as before, and the magnetic 
walls are replaced by ones of phase-dependent char- 
acter. The geometry of Fig. 3 is appropriate to this case 
of scanning in the xz plane, and, as discussed in Section 
II, indicates that the dominant mode in the unit cell, or 
periodic, waveguide is an H mode. Furthermore, the 


propagation wavenumber xk, of this mode is 
Kp = kcos8, . (40) 


where 6 is the angle the radiating plane wave makes with 
the normal to the array. The mode function of the 
dominant mode then becomes 


(41) 


with 


6 H. Gruenberg, “Theory of wave-guide-fed slots radiating into 
parallel-plate regions,” J. Appl. Phys., vol. 23, pp. 733-737; July, 
1952. 
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kz = k sin 0. (42) 


The mode function (41), which takes into account 
the phase difference between the opposite walls of spac- 
ing A, is still subject to the normalization condition GP) 
The associated characteristic admittance is 


€ 
Y,= 4/~ cos. 
ya 


Employing (41) and field assumption (13) in (17), we 
find for the dominant mode voltage in the periodic wave- 
guide 


(43) 


aes. 2a’b’ cos (k,a’/2) 
VAB 1 -8alae 


(44) 


Pp 


or 


where the voltage for 9=0 is given by (20). 
Employment of (18) and comparison with the @=0 

result (21) permits the expression for the normalized 

conductance to be written as 


ro 
cos 6 cos? | —— sin 0 
G G r 
ESh al eay ReS - (46) 
Vs 6 Y 6=0 2a’ ‘ ATE 
1 — ee sin 0 


The angle dependent factor in (46) varies with angle 
somewhat like cos @ alone, but a bit more rapidly. The 
conductance for this scan direction thus decreases with 
scan angle. 


B. Plane of Scan Perpendicular to Slots 


The beam is now scanned in the yz plane, so that in 
the unit cell the magnetic walls of spacing A remain 
while the electric walls of spacing B are replaced by 
phase-dependent walls. Since an E, component of field 
is introduced by the scan, the dominant mode now be- 
comes an E mode. Thus, while the propagation wave- 
number ky is still given by (40), the characteristic ad- 
mittance now becomes 


€ 1 
Y, - ae . (47) 
mw cos é 
The mode function is 
h,(y) = X0 / AB Ee ihyy, (48) 
with 
ky = k sin 0; (49) 
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and the voltage term becomes 
1 2a’b’ sin (Ryb’/2) 
OP aeSan is Eee 
on use of (48) in (17). When (50) is inserted into (18) 


and comparison is made with the @=0 result (21), the 
result for the normalized conductance may be stated as 


xb’ = 
sin (— sin ) 
G (= ) 1 N 
‘@) > ¥ e—o COS 6 xb’ ; 
SS 
r 


The term in brackets is close to unity for narrow slots, 
so that the conductance is seen to increase with scan 
angle, in contrast to result (46). The dependence of 
conductance on scan angle is thus essentially opposite 
for scanning in these two orthogonal planes. 


(50) 


(51) 


in 6 


C. Arbtirary Scan Angle 


The spherical coordinate system shown in Fig. 9 is 


DIRECTION. OF 
RADIATION 


Fig. 9—Spherical coordinate system for description 
of arbitrary angle radiation. 


employed to describe the radiation characteristics for 
arbitrary scan angle 6, 6; @=0 corresponds to broadside 
radiation. For arbitrary scan angle all four walls of the 
unit cell are phase-dependent, and both E, and H. field 
components are created. Thus, both the lowest E mode 
and the lowest H mode are propagating simultaneously 
in the periodic waveguide, and a superposition of these 
two modes is required to account for the total far field 
distribution. 

While the calculation of the conductance in terms of 
these two dominant modes is straight-forward, the 
evaluation may be simplified by the use of an alternative 
mode set, the so-called E-type and H-type modes (some- 
times referred to as the LSM and LSE modes, respec- 
tively). Because of the symmetry of the slot array and 
the choice of a unidirectional slot electric field, a proper 
choice of E-type or H-type mode permits the radiation 
field to be expressed in terms of one, rather than two, 
dominant modes. 

The E-type and H-type modes are characterized by a 
vanishing magnetic or electric field component, respec- 
tively, in one of the transverse directions, rather than 
in the longitudinal direction as in the case of E and 
H modes. Each of the E-type and H-type modes are 
orthogonal to each other and the set is complete, but 
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the pertinent orthogonality statement is’ 
f if Zo X e:-hydS = 83, (52) 
cross section 
where 
Q, *¥*#7 
by = Gi 
? —¥ 


rather than 


ie 
cross section 


Zo Xe; ~ hi, 


since 


in contrast to E and H modes. However, expression 

(17) for the voltage is still valid since it is consistent 

with (52). : 
An examination of the field lines in the plane contain- 


_ing the slots indicates that while the magnetic field has 


components in both the x and y directions, the electric 
field points only in the y direction (since a unidirectional 
slot field is chosen). Hence, the dominant mode is an 
H-type mode with respect io the x direction, since there is 
no E, component. 

The appropriate mode function is’ 


eG, y) 


k(x, y) = ———= > 33 
(29) = (53) 
with 
ke — ke 
i= (54) 
WUKp 


where kp, k, and ky are given by (40), (42) and (49), re- 
spectively. The peculiar form taken by FY, in (54) is 
important in the analysis. Employment of (53) in ex- 
pression (17) for the mode voltage yields 

1 2a’b’ cos (k,a’/2) 


1 — (kea'/x)? 


sin (&,b’/2) 

kyb’/2 
Since only a single propagating mode is present, the 
simple relation (18) is valid; the use of (9), (19), (54) 


and (55) in (18) produces the following result for the 
conductance: 


(=) _ XN ab E — (a'/a)? cos (ka’/2) 
Y/ee » 2ABLcos(xa’/2a) 1 — (k,a’/x)? 


sin (Ryb’/ =] - — sin® @ cos? ‘| (6) 


k,b’/2 cos 6 


7H. M. Altschuler and L. O. Goldstone, “On network repre- 
sentations of certain obstacles in waveguide regions,” IRE TRANs. 
a Ee THEORY AND TECHNIQUES, vol. MTT-7, pp. 213-221; 
April, 1959. 
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Expression (56) can be rephrased by reference to the 
broadside (9=0) value (21), and by substituting for k, 
and k, from (42) and (49), to yield 


1a’ 2 
cos & sin 6 cos ‘) 


2a’ 2 
1— Ge sin 6 cos 6) 


ab! 2 
sin (~ sin @ sin é) 
r 1 — sin? @ cos? 
A tae cae! | * |. (S57) 


aD. ? cos 6 
5 sin 6 sin @ 


One readily checks that (57) reduces correctly when 
6=0. Furthermore, when ¢=0 the scanning is per- 
formed in the xz plane and (57) reduces to relation (46), 
while for 6 =7/2 the scanning occurs in the yz plane and 
(57) becomes identical with (51). 

The field distribution associated with the H-type 
mode is correct for all scan angles, and becomes identi- 
cal with that for an H mode when ¢=0 and that for an 
E mode when ¢=7/2. An additional advantage, then, 
of the E-type, H-type formalism in this application is 
that a single mode suffices to describe the radiation 
field for all scanning positions, in contrast to the E, H 
mode formalism which requires only an H mode for xz 
plane scanning, only an E mode for yz plane scanning, 
but both an E and an A mode for arbitrary angle radia- 
tion. 

It is clear from the discussion above that the con- 
_ductance value changes significantly with scan angle 
and varies differently in different scan directions. As a 
consequence, unless a compensation scheme is em- 
ployed, the efficiency of an array will change during 
scan, and more power will be radiated in some directions 
than in others. 


V. THE ARRAY AS A RECEIVING ANTENNA 


Most of the discussion above was based on viewing 
the array as a transmitting antenna, and the conduct- 
ance results, in particular, were phrased in that fashion. 
The periodic structure approach is equally valid, how- 
ever, when the array is employed as a receiving antenna. 
The incident plane wave, coming in at some angle, is 
then phrased as an incident mode in the unit cell, or 
periodic, waveguide, with the propagation wavenumber 
Kp related to the angle of incidence @ by (40), and the 
characteristic admittance Y, dependent on the polariza- 
tion and incidence direction of the incoming wave. If 
the array spacings are such that only a single propagat- 
ing mode is present in the periodic waveguide, part of 
the incident wave power is transmitted into the rectan- 
gular waveguide and the remainder is reflected from the 
array interface in the same mode as the incident wave. 
If the array spacings were large enough to permit more 
than one propagating mode, the reflected wave would 
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also contain higher order reflected beams. 

The geometrical configuration of Fig. 4(a) is also ap- 
plicable to the receiving case when the unit cell wave- 
guide is regarded as the feed waveguide and the “radia- 
tion” occurs into the rectangular waveguide. The 
equivalent network of Fig. 4(b) must be replaced, how- 
ever, by that of Fig. 10, in which one should note that 


Y Y 
=a a 
[aera ee | z 2 
K nt Kp 


Fig, 10—Equivalent network for slot array as a 
receiving antenna. 


the load terminating the receiving rectangular wave- 
guide need not be matched. Explicit expressions for the 
susceptances By /2 and By/2 and the transformer turns 
ratio m, which characterize the junction between the 
unit cell and the rectangular waveguides, are discussed 
in Section VI. With the knowledge of this equivalent 
network one may determine many interesting properties 
of the array, such as its mismatch, its reactive content, 
and its efficiency. 

When the receiving rectangular waveguide is termi- 
nated by a matched load, the useful power received by 
the antenna is given simply by 


P=yY|V)?, (58) 
where Y and V have been defined by (9) and (10). If the 
array spacings are such that only a single propagating 
mode is possible in the periodic waveguide, the con- 
ductance normalized to the characteristic admittance 
of the periodic waveguide may be stated as 


G Power Received 


a eae ee 59 
We Pals ee 


where the numerator is given by (58). When (58) is sub- 
stituted into (59), one finds 


2 ; (60) 


which is the inverse of G/Y as given by (18). Under 
these conditions one may then write 


(F) ear 
¥; receive i (=) 
Y transmit 


that is, the normalized conductance on reception is the 
inverse of the normalized conductance on transmission. 
If the slot were made resonant, 1.¢., if its susceptance 
were made zero, a unity normalized conductance would 
imply a perfect power transfer. In view of (61) and the 
results of Section IV, however, which indicate that 


(61) 


296 


the conductance varies strongly with scan angle, we 
must conclude that the efficiency of a receiving array 
will depend on the incidence angle of the received wave. 

Since the slot array under consideration is linearly 
polarized, it will respond to only half of the possible inci- 
dent polarizations. With the periodic structure ap- 
proach, an incoming wave of arbitrary polarization and 
incidence angle is decomposed into an E-type mode and 
an H-type mode. These modes are discussed in Section 
IV. The E-type mode will not be detected by the array 
and will be totally reflected. The response of the array 
to the H-type mode is governed by the equivalent net- 
work of Fig. 10. 

This response is, of course, mirrored in the match be- 
tween the antenna (plus feed line) and the receiver in- 
put. Such a mismatch will cause a decrease in the effi- 
ciency of the system; in addition, the noise figure of the 
receiver will deteriorate badly. Furthermore, if a para- 
metric amplifier is used, mismatch will throw it into 
oscillation. 


VI. SUSCEPTANCE OF SLOT ARRAY ELEMENTS 


The elements of an array are usually made resonant 
so that susceptance considerations are automatically 
eliminated, and attention is focused on the conductance 
behavior. However, the dimensions of the element for 
resonance are usually based on the isolated element 
rather than the element in an array, since information 
for the latter is not ordinarily available. It is shown be- 
low, for the case of slot elements, that the susceptance 
value does change if the array spacing is altered, so 
that an element which is resonant when isolated is no 
longer resonant when placed in an array. If the slot is 
wide, so that its Q is low, this shift in susceptance may 
not be significant; for a very narrow slot, which has a 
high Q, the susceptance change may be quite large. 

From the periodic structure point of view, the slot in 
an array couples the rectangular waveguide, which is 
the feed guide in the transmitting case, to the periodic 
waveguide, as shown in Fig. 4(a). The slot therefore 
couples two rectangular waveguides of different cross 
section dimensions, one of all metallic walls and the 
other with peculiar walls under scanning conditions. 
For broadside radiation, the walls of the latter guide are 
electric and magnetic walls, as shown in Fig. 5, and this 
case will be considered first. The input susceptance, nor- 
malized to the feeding rectangular waveguide, is given 
by expression (7), where 


CP3S,) coil = CPS dantertor 45 (P'S. exteriors (62) 


with P.S. signifying “power stored.” The power stored 
is composed of the higher nonpropagating modes which 
are excited by the slot and remain in its vicinity; it may 
be viewed physically as being related to the distortion 
of the field lines in the neighborhood of the slot. 

The power stored in the interior region is found read- 
ily by relating it to the susceptance of a transverse slot 
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in a rectangular waveguide. The exterior region, how- 
ever, is bounded by two electric walls and two magnetic 
walls, rather than all electric walls. A good approxima- 
tion of the power stored in the exterior region can be 
made by the following reasoning. The power stored (or 
the distortion of the field lines) in the neighborhood of 
the slot resides primarily above and below the slot [in 
Fig. 4(a)] and only a little of it extends sideways. For 
this reason, the susceptance is influenced primarily by 
the proximity of the top and bottom walls and only 
slightly by the side walls. These statements have been 
verified by measurements on noncentered transverse 
slots in rectangular waveguides. If we therefore replace 
the magnetic walls at the sides of the slot by metallic 
(or electric) walls little change would occur in the stored 
power, although the mode function, and hence the mode 
voltage, would be affected. 

With this replacement in mind, let us rewrite (7) as 


B Sie Si4 pa eV wate 
eS) _ @S) a (P'S)3° Yoel Veo! 
gee a alti 


Voe| Vel? Y|V |? 
where the subscripts 7, p and pe signify the interior 
rectangular waveguide, the exterior periodic waveguide 
and the equivalent periodic waveguide (with all metallic 
walls), respectively. Relation (63) for the normalized 
susceptance of a slot radiating into the periodic wave- 
guide can be expressed in terms of network elements as 


follows 

B 1 By I ale Sos 

epee tis eo) 

V p 2 VY n 2 ber 
the equivalent network corresponding to (64) is pre- 
sented in Fig. 11, in which the conductance G has also 


» (63) 


(64) 


Fig. 11—Equivalent network representing the admittance 
terminating the rectangular feed guide. 


been included for completeness. Turns ratio 7 in (64) is 


seen to be 
Vry qe 
al a ; 


where V is given by (19) for a guide with dimensions a 
by 6 consisting of all electric walls; since Vp. corresponds 
to a similar guide with dimensions A by B, (19), with 
appropriate substitutions, may also be used for Vp.. The 
ratio of characteristic admittances is 


n= 


(65) 


(kh tee ? (66) 
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where « is given by (9), and kp. is 


kpe = RY — (or /-A)?, (67) 


so that » becomes 


" ie — (A/2a)2 712 
abet — oon 


{= (ra’/2a) 1— | (68) 


cos (3a’/2A) Apes (a’/a)? 


The susceptances in (64) are to be interpreted in the 
following way. Bu/Y is the susceptance of a transverse 
slot, of dimensions a’ by 6’, coupling identical wave- 
guides with all metal walls of dimensions a by b, while 
By/V>p. is the susceptance of a similar slot coupling 
identical waveguides of metal walls of dimensions A by 
B. A reasonably accurate expression for By/ Y is® 


By 46 1b’ 1b ‘gael Ua 
— = —| In csc — + — =) COSE= =| 
Y Ng 2b Zins 27) 


. ~(=)[= (3a’/2a) 1 — (a'/a)® ] 


Ng \ Ags cos (1a’/2a) 1 — 9(a’/a)? 
T b’ : 4 Ags 
eae © 
Die hie yr 0b’ 
where 
Wi Wot 


Ag3 a 


| N 
V/1 — (r/2a)? 


A corresponding expression is obtained for By:/Y,, if in 
(69) a and bd are replaced by A and B, and if similarly 
appropriate changes are made in dy and Jgs. 
Expression (64) is therefore the susceptance, nor- 
malized to the characteristic admittance of the rectan- 
gular feed waveguide, of a typical slot radiating into its 
associated unit cell, or periodic, waveguide. It was de- 
rived for broadside radiation conditions and was sub- 
ject to certain assumptions regarding the localized na- 
ture of the stored power in the vicinity of the slot. These 
same assumptions also apply when the array is scanned, 
so that a design for resonance at broadside may be satis- 
factory during scanning as well. This supposition should 
certainly be valid for scanning in the xz plane, parallel 
to the long dimension of the slots, but the susceptance 
value may change somewhat when scanning is per- 
formed in the yz plane. The possible change in the sus- 
ceptance value during scan (except for end-fire situa- 
tions) is expected to be much less than the difference 


8 A. A. Oliner, op. cit., eq. (3.107). 
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between the susceptance values for the slot in an array 
and the isolated slot radiating into a half-space. 
Comparison between the values obtained from (64), 
using (68) and (69), and those computed from an ac- 
curate expression® for the susceptance of an isolated 
slot radiating into a half-space, indicates that if the 
isolated slot is made resonant the same slot employed 
in an array may be inductive or capacitive, but will in 
most instances be inductive. The amount by which the 
slot deviates from resonance depends on the array spac- 
ings and the height 6’ of the slot. A narrow height slot 
has a larger Q and deviates more rapidly from resonance. 
If the array spacings A and B are not much larger than 
the waveguide dimensions a and 6, the slot will be in- 
ductive. Increasing A serves to make the slot more in- 
ductive, while increasing B reduces the inductive con- 
tent. It is possible, by increasing B sufficiently while 
maintaining A not much larger than a, to make the slot 
resonant or even slightly capacitive. This statement is 
illustrated quantitatively by the calculations summa- 
rized in Table I. Aslot in an X-band waveguide is chosen 


TABLE I 
a=0.900 inch, a’ =0.609 inch, f=9375 mc 
b=0.400 inch, b’=0.120 inch, \=1.260 inches 
A=0.900 inch 
B 0.40 inch 0.80 inch 1.00 inch 1.20 inches 
(B/Y), || —0.510 —0.180 —0.031 +0.158 


to be resonant at a frequency of 9375 mc when it is iso- 
lated and radiating into a half-space. For a slot height 
b’ =0.120 inch, the slot length under these conditions 
is found to be a’ =0.609 inch; the waveguide dimensions 
are a=0.900 inch and 6=0.400 inch, of course. Array 
spacing A is chosen for simplicity to be equal to a, and 
the resulting values of (B/ Y), are computed, using (64), 
for several values of spacing B. One sees from Table I 
that when B is less than 1.00 inch the slot is always in- 
ductive, while for larger spacings the slot passes through 
resonance and becomes capacitive. 

The permissible values of A and B are limited, how- 
ever, by the requirement that no higher order beams are 
created. In addition, it should be noted that as B ap- 
proaches this critical limit value, the array behavior 
may become erratic, as indicated in Section III, B. For 
this reason, the slot should not be made resonant by 
adjusting the array spacings but rather by choosing the 
slot dimensions in accordance with (64). 

If the slots in the array are not fed by separate wave- 
guides but by a traveling wave arrangement, for ex- 
ample, the quantitative evaluations will be different 
but the qualitative assertions made above are still ap- 
plicable. 


9A. A. Oliner, op. cit., eqs. (3.111) and (3.113). 
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Spiral Antennas* 
WALTER L. CURTIS} 


Summary—The radiation fields of the Archimedes spiral are 
derived by approximating the spiral with a series of semicircles. The 
calculated patterns are shown to have excellent correlation with 
experimentally determined patterns. It is shown that the high-fre- 
quency limit is determined by the feed configuration and that the 
low-frequency limit occurs when the outside diameter is a little 
greater than a half wavelength. 


INTRODUCTION 


HE spiral antenna!~’ has, in the past six years, 
ae come into widespread use by the aircraft industry 

because of its large bandwidth and suitability to 
flush mounting. Much of the work on the spiral up to 
the present time has been experimental. The purpose of 
this study is to determine analytically the radiation 
properties of the spiral antenna. In particular, the re- 


port is confined to a balanced spiral free to radiate in all - 


directions. 


THEORETICAL ANALYSIS 


The basic approach used in the following analysis is to 
find the vector potential by the volume integration of 
the proper Green’s function and current distribution. 
The vector potential, A, is defined by 


VOCA— <i, (1) 
where Z is the magnetic intensity vector. In free space 
1 Tei @t-6R’) 

Aes [pag (2) 
4n Jy Re 


where R’ is the distance from the current element. The 
coordinate system used is shown in Fig. 1. 

For the case of a line source, considering only the 
radiation or far-field component of the field, (2) becomes 


1 
ye 


t 4rR 0 


Te 2’ So + S98 |ds (3) 
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where e#* is understood and 


sis a unit of length along the spiral, 

so is the total length out to the end of the spiral, 

ds is an element of length on the spiral, 

R’ is the radial distance measured from ds, 

o, 8 and s are unit vectors, 

Sz is the direction cosine between s and 4, 

So is the direction cosine between s and 6, 

I represents the current distribution on the spiral and 
is thus a function of s, 

B iF 2r/X, 

R, 6, ¢ are regular spherical coordinates, 

r, @’ are the polar coordinates of the spiral. 


It can be easily shown that R’, as used in the phase term 


of (3), is given approximately as 
R’ = R—rsin 6 cos (¢ — ¢’). (4) 


The direction cosines and the element of length ds are 
given in terms of the polar coordinates of the spiral as 


Sgds = rdq’ cos (6 — $’) — dr sin (¢ — ¢’) (5) 
and 


Sads = cos 6[rdd’ sin (6 — ¢’) + dr cos (¢ — ¢’)]. (6) 


Fig. 1—Coordinate system used for study of spiral. 


DESCRIPTION OF SPIRAL 


The value of s depends on the particular spiral being 
studied. The general equation for any spiral is 


r= f(¢’). (7) 
The length s measured along the spiral is given as 
’ ar 2 1/2 
LH] 0 


In general, s will be a complicated function. For in- 
stance, for a simple Archimedes spiral defined by 


Ta 37.0 = aq’, (9) 
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the length is given as 


ae (a, [(ro + a9")? + a?}1? 


a 
+ aon [ro + ag’ + { (ro + ag’)? + a*} 1/2] — 5, (10) 
where 
To a 
$; = a ie ee ln [ro + (ro? + a?)1/2], (11) 


If (3) is to be integrable, a spiral whose length is a simple 
function of ¢’ must be chosen. One such simple function 
would be s directly proportional to the angle, or 


s = ad’. 


(12) 


This, of course, is nothing more than the length of an 
arc of a circle. 

A circle is not usually thought of as a spiral, but, by 
using several semicircles with different radii, we can con- 
struct a spiral of any number of turns. An example of 
this is shown in Fig. 2. This type of spiral is a good ap- 
proximation of an Archimedes spiral as shown in Fig. 3. 


CURRENT DISTRIBUTION 


For this problem, the general form of sinusoidal cur- 
rent distribution shall be assumed, namely that the cur- 
rent will be made up of two components, one outward 
traveling wave and one reflected or inward traveling 
wave. This can be written as 


I = Iple- + Ker] (13) 


where y =a—j@, and @ and @ are the attenuation and 
phase constants respectively. K is the reflection coefh- 
cient and is a function of the total length of the spiral, 
which shall be designated as so. Since the case of a thin 
spiral or line source is being considered, the current will 
be zero at the end of the spiral. Thus, from (13) 


(14) 
(15) 


The phase constant, 8, shall be assumed the same as for 
a plane wave in free space, namely, 8 = 27/X. The value 
of a depends on the arm width of the spiral and is a 
measure of attenuation of the current. This attenuation 
can be thought of as loss due to radiation. For linear 
antennas less than a wavelength long, a small value of 
a does not appreciably change the current from what 
it would be if a@ were zero and is thus usually neglected. 
It was found from the spiral used for verification of the 
theoretical work in this study that a is approximated 
by 1/(3d). 

The first step will be to calculate the radiation field 
of a single semicircle and then to generalize the work 
to include a spiral of any size made from semicircles. 


ert Ker = (0) 
K=- 


— 2807 


Curtis: Spiral Antennas 


299 


RADIATION FROM A SEMICIRCLE 


Let the semicircle be placed in the x-y plane with its 
center at the origin as shown in Fig. 4. Using the ¢- 
component of (3) and a superscript I to designate this 
particular configuration, 


Ae ~~ if ” Te HP®’ Sods (16) 
where 
Syds = adq’ cos (¢ — ¢’) (17) 
S = ad’ (12) 
R’ = R— asin 6 cos (¢ — ¢’) (4) 
I = In(e- + Ke). (£3) 


)_ semicircle 


mt 


Fig. 2—Spiral made from semicircles. 


aa aS Archimedes Spiral 


Semicircle Spiral 


Fig. 4—Coordinate system for calculating radiation 
field of a semicircle. 
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Substituting the above into (16) gives 


Toae? (wt-BR) 


0 


A4,i= 
: 4rR 
4 elke sin @ cos (¢—¢’) cos ( a ¢’)d¢’. (18) 
Let 
j(wi-BR) 
C b. Toae (19) 
4rR 
d = ya = (a — jp)a (20) 
x = Ba sin 0 (21) 


and (18) becomes 


. cf (c+ Ke%’)ei# 8 #9 cos ( — o")dg! (22) 
0 
0 


+. K [ esertie cor 6-4 cos (6 — ode! | (23) 


0 


= C[Iig + KI] (24) 


where 


a J gadtitie mon $9 cos (o — ¢/)dg! —_ (25) 
0 


Tag — if ede’ +iz cos (¢-$’) cos ( — o') dg’. (26) 
0 


To evaluate the above integrals, it is convenient to use 
the following Bessel function identity 


giz cos (6-8') — > jngin(o-0)T, (x) (27) 


n=—0c 


= Jo(x) +2 Y jFa(0) cos n(@ — ¢’). (28) 


n=l 


Thus, hs becomes 


7 gio") 4. g-i(6-8") 
Tie = f e-%" (a) 
0 2 


- ee jnein (6-6 J, (x) dg! (29) 


n=—o 


ine} 


T 
+ Ds ineind J (2) E f eo Let int] dig! 
0 


+ ei if “ewerieongg' |, (30) 
0 


performing the integration results in 


T1g le=— = jr J,() [(— 1)" 8 + 1] 
ye ei? 31) 
beer: preresh | 
=D jreimsn(a) (tyres + 1] 
{< + jn) cos¢ + sin *| (32) 
(d+ jn)? +1 ; 


The value of J24 is ane same as Ji, with d ceplaged with 
—d, thus 


In = 3 prem Tn(a)[(—1)er4 + 1] 


[= + jn) cos¢ + sin ‘| (33) 
(—d+jn)? +1 
and 
Agi =C = reine], (x) 
(d + jn) cos¢? + sin *) 
C —1)"e-74 0 ———— 
K ee: ( (d+ jn? +1 
ee ey 
KC) ees) | ee ee 
+ K((—Det + 1)( meas (34) 


From (3), the @ component of the field is given as 


af Te—BF' Sods. 
4rR 


Substituting the values given by (12), (4), (19), (20) 
and (21) into (35) results in 


Aji = (35) 


Ag = Ccos of (e—%’ + Ket’) 
0 


- eit cos ($-$') gin (o _ o’)d¢’. (36) 


The integration is performed in the same way as for 


A I. 
Ag . 


Agi = C cos >. jreir*J,,(x) 


(d + jn) sin@ — cos¢ 
oi —1)"e-74d 1 
K a +0( (d+ jn)? +1 ) 


(—d+ jn) sin¢ — cos¢ 
(dyad I Ste 


RADIATION FROM Two SEMICIRCLES 
FED OuT oF PHASE 


4 K((—1)nert 4 »( 


In the previous section, the fields were found for a 
single semicircle fed from one end. It is, of course, physi- 
cally impossible to do this. What must be done is to 
either add a ground system or make the antenna sym- 
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metrical and feed it from a balanced line. Here will be 
considered the case of adding a second semicircle to 
make the configuration symmetrical and feed the two 
semicircles 180 degrees out of phase as shown in Figs. 

The field of the balanced antenna can be found by 
using the proper translation and rotation of the co- 
ordinate system. To shift the origin of the single semi- 
circle, the phase of the vector potential must be ad- 
justed by multiplying by 


eiBR-a = eiBa cost — e—iBa cos $ sin 6 (38) 
where, as shown in Fig. 6, a is the vector distance be- 
tween the new and old origin, R is the unit vector in the 
R direction of the new coordinate system, and where 
T, by definition of dot product, is the angle between R 
and a. Letting A™ be the vector potential for the semi- 
circle shifted as shown in Fig. 6, 

All = Al e iba cos @ sin @_— $3 Q,le Wy 


n=—o 


(39) 


where 


y = Ba cos ¢ sin 0 (40) 


and @/= equals everything in (34) and (37) except the 
summation sign. 

To find the field (A™) of the semicircle rotated 180 
degrees as shown in Fig. 6, position 2, replace ¢ by (180 
+) in (34) and (37) and obtain 


Air = Be (—1)"4@,1. 


n=—20 


(41) 


If the origin of the rotated semicircle is shifted as shown 
in Fig. 6, position 3, 


ATC ee * Ail giv = BS, (—1)"#1@,1e%. 


nN=—0 


(42) 


The difference between A™ and A! is the field (AY) of 
the two semicircles fed from a balanced line. Thus 


Av = 3 ante + (—1)rei]. (43) 


n=—00 


RADIATION FROM A BALANCED SPIRAL MADE FROM 
Any NUMBER OF SEMICIRCLES 
The next step will be to generalize the above pro- 
cedure to a spiral of any number of turns. Let m be the 
number of semicircles in each half of a balanced spiral 
as shown in Fig. 7. Eq. (14) gives the current in the kth 
semicircle as 


Ty, = Log |er¥-* + Kyev 2-29 | , 


where, by (15), 


OS¢Snr (44) 


Ky = — €727(00-%-+) (45) 
and 5s, is the total length of the spiral and s,-1 is the 


length of the spiral out to the beginning of the kth 
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semicircle. The lengths sy and s,_; are merely the sum 
of the lengths of each semicircle and therefore are given 
as 


So = ram? (46) 
and 
Sk-1 = ma(k — 1). (47) 
Thus, (45) becomes 
Ky = — ev tt G1)” (48) 
and 
Top = [pee = [ge7 ree b-1)? (49) 


The complete equation for current in the kth semicircle 
is 


I, = Tete 1)" | g— (2h—-1) a6 g— 27a (m—(k-1)*) 9 (21) a9 | 


OS Sa 450) 


Position 2 


we 


Fig. 6—Position of single semicircle to build 
up balanced spiral. 


mth semicircle 


Fig. 7—Balanced spiral made up of m semicircles. 
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The vector potential from the kth semicircle located 
with its center at the origin can be found directly from 
(34) and (37) by writing Ix for Zo, Kif or K and a, for a, 
where 


i OR eva (51) 


Using a notation similar to that previously employed, 
let A, represent the vector potential for the kth semi- 
circle located in the upper half plane in Fig. 7. For semi- 
circles in the lower half plane, multiply by (—1)"“. 
Let AY! be the vector potential for one-half the bal- 
anced spiral shown in Fig. 8(a) and AY™ for the half 
shown in Fig. 8(b). 


(a) (b) 


Fig. 8—Two halves of a balanced semicircle spiral. 


The values of AY’ and AY" are found by taking the 
sum of the contributions of each semicircle separately. 
Thus 


io) 


AN = DP [@ine™ + (—1)"H Qe +. + Q(2%—1yne 


n=—oo 


+ (-1)"@xne + +--+ mth term] (52) 


and 


Avil: = OS [(—1)"+1@,,e% + @new+--- 


n=—o 


HF (147A crt) ne + @aene + +--+ m** term] (53) 


where @im is equal to @/, with I), K, and a replaced with. 
Tox, Ki, and a, respectively. The complete vector po- 
tential for the double spiral in Fig. 9 is the difference be- 
imeeneAtand AY". That is, A= 4vi— AM This 


A=2cosy >> (14, | 
k=] 


n even 


+ %siny (—1)'4 | (54) 
k=1 n odd 
where 
A, = ss Cink 


The double infinite sum contained in A, can be 
changed to a single infinite sum by combining the +n 
and —n terms. The resulting final equations for the @ 
and ¢ components of the vector potential are: 
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Gx, 21-1 
Be,oi-1 = 


Ex 21-1 a 


Py ie F 
May 


Ag = 2C cosé >» {cos yJ o(xx)[4Dz,0 sin 6 — 4Cz,0 cos 6] 


k=1 


oe S [sin yJo1-1(ax) ((cos (21 — 1)¢) 


t=] 
-(Ex,21-1 sin @ + By,21-1 cos ) 
+ (sin (2/ — 1)$)(Fr,21-1 sin @ — Gy,21-1 cos ¢)) 
+ cos yJo1(%x)((cos 21) (Dz,21 sin ¢ — Cz,21 Cos ¢) 
+ (sin 2lp)(Hz,21 sin @ — Ax,2 cos ¢))]} (55) 
Ay = 26>} cos yJo(xx) [4Cz,0 sin 6+4Dz,0 cos a 


k=1 
+ ¥° [sin yJaa(x%2)((cos (21 — 1)4) 
l=. 


*(—Bg,o1-1 sin @ + Ex,21-1 cos $) 
+ (sin (21 — 1))(Gi,21-1 sin ¢ + Fy,21-1 cos $)) 
+ cos yJ21(xz) ((cos 2p) (Cz,21 sin @ + Dy,o1 cos ¢) 
+ (sin 21p)(Ax,21 sin ¢ + Hz,21 cos )) |} (56). 


’ where 


y = Bacos ¢ sin 8, €) = eth d 


x, = (2k — 1)Basin@, e. = et&-10*4 
os Ioa eilerBR), 9 
4arR 
d= ya = (a — j)a, 
d= Qk = 1)d. 
Tay eee 
(di? + (= 1) (G2 + (21 — 1) 
he + e2 + e3 + e4| 
_ 2(—1)4(—1)"(2k — 1)(—d,? + 42 — 1) 
(a + Ql = 1))(¢2 + (21 — 1)2) 
-[te. + e — e3 — es| 
—2(—1)"(—1)(2k — 1)d(d? + 42 + 1) 
(dx? + (20 — 1)*)(di? + (20 — 1)2V 
-[ter+ e+ e;+ es| 
_ 2(—1)K(—1)'(2) (2k — 1)(—dy? — 42 + 1) 
(d.? + (21 — 1)2)(d,2 reas 
[+e + @2 — e3 — e4| 
_ 4(=1)(~1)'2k = 1)%d(21 = 1) 
(d,? + (21 — 2)2(d,2 + (21)2) 
‘[-e1 + e2 — es + ea] 
_ 2(—1)"(—1)"(2k — 1)(—d,? + (21 — 1)? — 1) 
(de? + (20 — 2)2)(d2 + (202) 
-[—e. + e+e — a] 
2(—1)4(—1)'(2k — 1)2d(dy? + (2 — 124 1) 
(dk? + (21 — 2)2(d,2 + (21)2) 
-[-e + @2—e, + e4| 


ent (2m>—K?) d 


a= en (2m*—(k—-1)”) d 


Ax,21 


Cy,21 


Dy.21 = 


Ay, 21 


ae Wt 
= 
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pe 4 1)'2I— 1) Gk=1)(—d2 =Qi—-17-+1) 


Fy 91 = 
k,2I—-1 (dy? + (21 — 2)2(d,2 + (21)?) 
; -[—e1 + e2 + es — ea] 
—2(—1)*(2k — 1) 
Cro = =e 
pein fi OF = 4)20" [+e1 + e2 = es eA] 
—2(= 1)*( 2k —1)20 | : 
Se Wa Re ie [+e + 2 + ég : eal 


. 
. 
* 


1+ (2k — 1)2a? 


Eqs. (55) and (56) can be further reduced if a particu- 
lar pair of principal planes are considered, namely ¢ = 0° 
and 90°. This results in 


- : is 1 : 
A,| = 2C cos @ >{- i Cx,oJ 0(x%) COS 41 
o=0° 


k=1 F 


+ >» Beat T eas) sin Ro Ta Cr, 2 21(a%) cos a (57) 


Atel > 


: Bie , 
Ae ae aCOS.0 De 5 Dy, oJ 0(Xx) 
$=90° pear U2 


+ oD (=r auFu(oe} (58) 


lt=1 


bef Oil 
21C->. \- Dz oJ o(X%) COS X14 


k=1 


aN 
a 
ca 
aS 
i 
° 
I 


’ 


+ DO [Bx orsJora(xz) sin 41 + Dy 2J2i(ae) cos ni} (59) 


d=1 


Li a Pak 
As| = XG Dy {— Cx, oJ (x) 
=90° pane 


+ x (—DCravTaiant (60) 


l=1 


Another very useful component of A is the on axis 
polarization—A evaluated at 6=0. It makes no dif- 
ference whether A, or Ag is used because the results are 
the same with a 90-degree rotation of the coordinate 
system. At 6=0, x,=y=0 which means that all terms 


- involving Bessel functions of higher order than zero will 


will be equal to zero. Eq. (55) reduces to 


Ay] =C = (Dz,o sin a) Ck,o cos p). (61) 
6=0° 


k=1 


The above equations are for the completely general 
case of a spiral made up of m semicircles. It can be shown 
that for the far field 


E= (62) 


— japA. 
This means that the voltage pattern, defined as the ab- 
solute value of E, will be proportional to the absolute 
value of A. In order to get an idea of what the patterns 
look like, the next step will be to examine them for some 
specific values of m and compare the results with ex- 
perimentally determined patterns. 
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EXPERIMENTAL VERIFICATION 


A balanced thin wire antenna can be built, but it is 
next to impossible to feed such a configuration with con- 
ventional transmission lines without affecting the radia- 
tion patterns considerably. One way of getting around 
this problem is to use the complement of the thin wire 
antenna, a thin slot cut in an infinite conducting sheet. 
Of course an infinite sheet cannot be used, but a rela- 
tively large sheet in terms of wavelengths will give 
sufficiently accurate results. The patterns of the slot 
antenna are identical with those of the wire antenna 
when the £ and H components of the field are inter- 
changed. This means that E» for the wire is equal to E, 
for the slot and £, for the wire is equal to Es for the slot. 
In this report, all patterns, even though they were taken 
on the slot, will be labeled as though they were taken 
on the wire antenna so that no confusion will arise when 
they are compared to the calculated patterns of the 
wire antenna. 

Experimental patterns were taken on the semicircle 
spiral for m equal to 1, 2 and 3. A photograph of each of 
these is shown in Fig. 9. They were made by etching a 
0.04-inch wide slot in a 0.02-inch thick sheet of copper. 


Fig. 9—Experimental models of the semicircle spiral. 
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The etched piece of copper, which was small for practi- 
cal reasons, was then mounted in an electrically large 
aluminum ground plane. The extended ground plane 
was roughly 36 feet long and 12 feet wide. Each spiral 
was made with the radius of the largest semicircle equal 
to 1.88 inches. This means that the length of the largest 
semicircle is \/2 at 1000 mc. Experimental patterns were 
taken at 1, 2 and 3 kmc. Since the patterns are sym- 
metrical with respect to the ground plane, only half of 
the pattern was measured. 

The experimental and theoretical patterns for the 
simple cases of m equal to 1, 2 and 3 are shown in Figs. 
10-12 respectively. In each case, there is remarkably 
good correlation. 


TYPICAL CALCULATED PATTERNS 


In general, there will be more use for spirals with more 
than one to two turns. Typical patterns for a semicircle 
spiral with m equal to seven are shown in Fig. 13. Only 
the upper half of the patterns are shown as they are 


symmetrical about the horizontal axis. Therefore the » 


patterns of the spiral antenna are bidirectional in the 
direction perpendicular to the plane of the spiral with 
both polarizations present. 


On Axis POLARIZATION 


The polarization of the field on the zg axis can be 
found from (61). For the simple case of m equal to one, 
(61) becomes 


DE aa 
Aa] ae iat [(e-*4 — 1) cos 


+ d(e4+ 1)? sing]. (63) 


If d is imaginary, the coefficients of cos ¢ and sin ¢ will 
be in phase and thus Ag ° will always be in the form 
of a figure eight. The position of the minimum in the 
figure eight pattern, designated as ¢o, can be found by 
equating (63) to zero and obtaining 


io eo 2nd 


tan = ————__, 
arrears 


(64) 


for d=jBa (t.e., a=0), 


sin 278a + 2 sin rBa 
tan do = * (65) 
(3 + 4 cos Ba + cos 2Ba)Ba 


The plot of ¢o vs Ba is given in Fig. 14. If d contains 
a real term, then (64) will be complex, indicating the 
field is elliptically polarized. 

A measure of the polarization is the. polarization 
ratio, here defined as the magnitude ratio of the mini- 
mum value to the maximum value of (61). On this basis, 
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Fig. 10—Far-field radiation patterns of semicircle — 
spiral with m=1. ~~ 
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Fig. 11—Far-field radiation patterns of semicircle 
spiral with m=2. 
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~ Fig. 12—Far-field radiation patterns of semicircle 
spiral with m=3. 
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Fig. 13—Typical radiation patterns of semicircle 
spiral with m=7 and a=1/3 X. 


Fig. 14—Plot of ¢ vs Ba for m=1. 
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Fig. 15—Polarization ratio of semicircle spiral. 


circular polarization would have a value of one and 
linear polarization a value of zero. A plot of polariza- 
tion ratio vs Ba for a semicircle spiral for different values 
of m is shown in Fig. 15. The curve for m=7 is typical 
of the results for any value of m. 

In practice, the polarization is sometimes the decid- 
ing criterion for determining the useable bandwidth of 
an antenna. For a spiral antenna, it is often the case 
that circular or nearly circular polarization is desired. 
It therefore will be useful to examine the upper and 
lower frequency limits of the spiral as determined by 
the polarization ratio. From Fig. 15, we see that a use- 
ful lower limit is the first peak in the polarization plot. 
Fig. 16 shows the outside diameter of the spiral cor- 
responding to this peak plotted as a function of m (num- 
ber of turns=m/2). The significant fact is that as the 
number of turns in the spiral increases, the diameter 
corresponding to the first peak in the polarization curve 
approaches a half wavelength. 

There is no convenient way from the polarization 
plot to determine an upper frequency limit. However, 
the upper frequency limit can be selected by the radia- 
tion pattern which shows that the main lobe of radia- 
tion splits into two lobes. This splitting of the pattern 
occurs when @a is greater than or equal to one, that is, 
when the length of the first or feed semicircle is a half 
wavelength. This can be seen in Fig. 15. 
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Fig. 16—Ratio of outside diameter to wavelength, corresponding to 
the first peak in the polarization curve, plotted as a function of 
m or number of turns. 


CONCLUSION 


The radiation patterns of a balanced spiral antenna 
made from semicircles has been calculated and shown 
to be correct by comparison with experimentally meas- 
ured patterns. The patterns of the spiral are in general 
single lobed in a direction perpendicular to the plane of 
the spiral. When the length of the first or feed semicircle 
is a half wavelength or greater, the pattern breaks into 
two lobes and thus defines an upper frequency limit. 
The low frequency limit defined by the polarization 
ratio occurs when the outside diameter of the spiral is 
approximately a half wavelength. The exact size is 
given in Figs. 15 and 16. The above conclusions are 
based on the semicircle spiral but also apply equally 
well to an Archimedes spiral of any number of turns. 
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Ground Constant Measurements Using a Section 
of Balanced Two-Wire Transmission Line* 


ERIK J. KIRKSCETHERt 


Summary—When an open-circuited section of unshielded bal- 
anced two-wire transmission line is introduced perpendicularly into 
earth (or some sample under test), the electrical characteristics of 
the latter may be found by simple input-impedance measurements. 
By laboratory sample measurements the classical short- and open- 
circuited method can be used. Some exact and approximate pro- 
cedures are presented and their utility and practical limitations 
discussed. Some precautions as to how possible errors and inexact- 
nesses in the measurements and following calculations may be 
avoided are given. As an example, a typical earth sample is tested in 
a frequency range from 0.6 to 400 mc, with graphic representation 
of the most important electrical constants: conductivity, dielectric 
constant, attenuation, velocity of propagation, etc., which exhibit 
great variations in the frequency range cited. The measurement 
method presented seems to be adequate to use in small mobile 
equipment, with which the ground in general can be tested in its 
original site and under natural conditions without the necessity of 
being removed. 


INTRODUCTION 


HE present paper treats the electric behavior of 

earth and a method by which its electrical proper- 

ties may be determined. In the past a variety of 
methods have been used.! Among these, the three most 
important seem to be: 

1) Measure the field intensity of the ground wave asa 
‘function of distance from a transmitting antenna. By 
comparing the measured values with the calculated 
- curves of the ground wave attenuation factor,” the con- 
ductivity and dielectric constant of the terrain may be 
deduced. This method is perhaps the most used, espe- 
cially where transmitting stations already exist; in this 
case the only instrument needed is a field intensity 
meter. 

2) Near a vertical transmitting antenna measure the 
electric field vector, its inclination (wave tilt) and the 
eccentricity of elliptical polarization. From these data 
the ground constants can be calculated. Besides the 
transmitter, this method requires elaborate measuring 
instruments and careful realization. Nevertheless it 
seems to give the most precise values. 

3) Put a sample of the earth or material to be tested 
into a special cylindrical condenser. By a comparison 
method or by use of an adequate impedance bridge, the 
capacitance and loss in the capacitor can be measured 


* Manuscript received by the PGAP, April 27, 1959; revised 
manuscript received, December 11, 1959. , 

+ Laboratorio de Electrénica y de Comunicaciones, Instituto de 
Investigaciones Cientificas y Técnicas de las Fuerzas Armadas 
(CITEFA), San Martin, Prov. de Buenos Aires, Argentina. : 

1F, E, Terman, “Radio Engineers Handbook, McGraw-Hill 
Book Co., Inc., New York, N. Y., pp. 697-709; 1943. 

2. E. Terman, op. cit., pp. 675-677, and E. C. Jordan, “Electro- 
magnetic Waves and Radiating Systems, ” Prentice-Hall, Inc., New 
York, N. Y., pp. 626-628; 1950. 


and, comparing these values with the corresponding 
values when the capacitor is empty, the dielectric con- 
stant and conductivity is calculated. This method re- 
quires special precautions that the earth sample does 
not change its properties when taken from the ground 
and put into the capacitor. 

A more explicit discussion of the second and third 
methods is given by Feldman.’ 

The method presented here may be considered an ex- 
tension of the third method above, but differs from it in 
various aspects. Instead of putting the earth into a ca- 
pacitor, a “capacitor” composed of two parallel wires or 
bars is put into the earth to be tested. In this way, ne- 
glecting the small deformation of the earth where the 
wires are introduced, the measurement is performed in 
true, natural conditions without fear that the earth 
should undergo any changes with respect to density, 
humidity, etc. By letting the wires or bars continue uni- 
formly from within the earth through the air to the 
impedance measuring device, discontinuities will be 
practically avoided and, treating the capacitor and its 
connecting leads as two series-connected uniform trans- 
mission lines, the measurements may be realized well 
into the VHF range. The necessary instruments may 
easily be installed in a small vehicle, with which great 
land areas could rapidly be measured. 


Set-Up AND INSTRUMENTATION 


The transmission line used in this research is com- 
posed of two copper wires of 3-mm diameter and with a 
center-to-center spacing of 22.2 mm (these dimensions 
were elected because, due to other reasons, some instru- 
ments for this type of line had already been con- 
structed). 

Electric parameters of line in air (throughout the 
paper all symbols referring to air conditions, except ¢, 
are primed, while for earth they are not): 


Zo = 323 ohm 
L’ = 1,.075-10- henry /m 
C= 10.32 pat/m, 


where 


» =characteristic impedance 
L’ =series inductance per meter 
C’ = parallel capacitance per meter. 


3C. B. Feldman, “The optical behaviour of the ground for short 
radio waves,” Proc. IRE, vol. 21, pp. 764-801; June, 1933. 
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The series resistance of the line will be neglected 
throughout. 

This paper does not have the intention to establish 
exact absolute values of the constants of the measured 
earth, but to test the practical value of the measure- 
ment method and to investigate the relative varia- 
tions of the constants with frequency. Therefore, for 
convenience, the measurements were realized within the 
laboratory with the earth sample in a wooden case. The 
transmission line was installed in the earth in such a 
way as to permit one end of it (terminating together 
with the earth) to be short-circuited at will. The other 
end of the line was prolonged to permit its connection 
with the measuring device. The transversal dimensions 
of the earth sample (with respect to the line) were large 
enough to consider practically all the electromagnetic 
field to be within the earth. 

For frequencies up to 10 mc the sample was measured 
with the General Radio RF Bridge, type 916-A and, 
as a control, with the General Radio Twin-T Im- 
pedance-Measuring Circuit, type 821-A. Above 10 mc 
it was not feasible to measure with the mentioned in- 
struments, probably because of the unbalance which 
they introduced in the balanced transmission line. 

In the VHF range the measurements were performed 
in two different manners. In one, the air line emerging 
from the earth sample was made long enough to permit 
measuring the standing waves on the same; the end 
was connected to a balanced oscillator, and a cali- 
brated balanced standing wave detector, capacitively 
coupled to the line, was employed to determine the 
input impedance of the earth line in the frequency band 
200-300 mc. In the other manner, the input impedance 
was determined by the aid of the General Radio type 
1602-A Admittance Meter together with the Balun, 
type 874-UB. The frequencies explored by this pro- 
cedure ranged from 50 to 400 mc. 


MEASUREMENT PROCEDURES 


Besides the two principal, complete methods of meas- 
urement (Methods 1 and 2 below), under certain condi- 
tions and for certain frequency bands some simplified 
procedures may be used. Some of these will be pre- 
sented, establishing the conditions under which they 
can be applied. “Simplified” should be understood in 
two ways: practically (e.g. realizing only one im- 
pedance measurement instead of two) and mathemati- 
cally (less laborious calculations). 


Method 1, for Laboratory Measurements Only (Sample 
Measurements) 


The sample will be deposited in a suitable recipient 
containing the transmission line. The recipient should 
have a diameter (or transversal dimension) much 
greater than the line separation. The convenient length 
of the recipient depends on the characteristics of the ma- 
terial to be tested and should be established in each case; 
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for an earth sample of good conductivity an adequate 
length would be between 15 and 30 cm. 

The input impedance of line in earth will be measured 
with the other extreme short-circuited and open-cir- 
cuited. From these measurements the line constants (KR, 
L, Gand C) can be calculated in the classical way.’ 


Zo — N/ Leo Loe (1) 
VAN 

tanh yl = (2) 

Dae y/ ee os 

ZR AyD ey nae) 
ay: 

Y =G+joC = — (4) 
Zo 


where: 


1=length of line in earth 
y=a+j6 =propagation constant in earth 
a=attenuation constant in earth 
G =phase constant in earth 
j=imaginary unit 
Z)=characteristic impedance of line in earth 
Zs: =input impedance of short-circuited line in earth 
Zoc=input impedance of open-circuited line in earth 
Z =series impedance per meter of line in earth 
R=series resistance per meter of line in earth 
L=series inductance per meter of line in earth 
Y =parallel admittance per meter.of line in earth 
G=parallel conductance per meter of line in earth 
C=parallel capacitance per meter of line in earth 
w =2af, where f is the frequency. 


Further, 
8.85 -Ginho 
¢ = >—— = ahio/ meter (5) 
C but 
GC 
é = C (6) 
EG 
Mr = L’ (7) 
where: 


o =conductivity of earth 
€, =relative dielectric constant of earth 
MM, =relative permeability of earth. 


For the evaluation of (5), see the Appendix. 


Method 2, for Measurements in the Terrain and in the 
Laboratory 


The open circuited line is introduced perpendicularly 
into the earth. Where the line penetrates into the earth, 
this should be perfectly plane to facilitate an exact 
measurement of the distance along the air line from 


* See for example W. L. Everitt, “Communication Engineering,” 
McGraw-Hill Book Co., Inc., New York, N. Y., pp. 168-171; 1937. 
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the earth’s surface to the impedance bridge or, when 
using the standing-wave method, to a point of minimum 
voltage. This is especially important in the VHF region. 
The section of line introduced into earth (by terrain 
measurements) should preferably be made of rigid bars 
or tubes to avoid their eventual bending, thus assuring 
the correct, uniform separation between the two con- 
ductors of the same. 

Let / be the length of line in earth. The corresponding 
measured input impedance will be called Z;. Now the 
line is introduced further into the earth such that its 
length (in earth) should be exactly 21, calling the cor- 
responding input impedance Z;. Then Zy and y will be 
found from the following formulas (see Appendix): 


Zo = VZi(02Z2 — Z;) (8) 


2Z,— Z, 
tanh yl = fs (9) 
Zi 


and the constants result from the formulas (3) to (7) 
above. 


Simplified Procedures 


If the permeability of the earth and consequently L 
of the line are known, the calculations can be simplified. 
After having computed Zp» from (1) or (8), or having 
found it by some other process, we have 


1 G + joC 


ene ee 
Ru oa 


: je ene enA at = LY», (10) 
joLl w 
o and e, being found from (5) and (6). Formulas (2) 
or (9) may also be used alone in a similar way. 

When | yi| <1 (low frequencies or/and short line in 
earth), we have, measuring only Z,,) 
1 


Vos = —— © 


VI = (G+ jwC)l, 
e ( jwC) 


(11) 


and as before o and e¢, are calculated from (5) and (6). 
In this case the line may be considered a capacitor and 
the permeability » has no influence upon the measure- 
ment. If u of the earth is known, the other parameters 
of the earth can be calculated, e.g. the intrinsic im- 
pedance, velocity of propagation, attenuation, etc. This 
capacitor case, using a relative low “standard” frequency, 
is undoubtedly the one best suited for working in the ter- 
rain; it allows rapid measurement and easy calculations. 

A brief study will now be made of Fig. 1. This figure 
represents the absolute value and argument of Z,, as a 
function of J, where Z,, is the input impedance of earth 
line with the far end open-circuited and / is the length 
of the line in earth; the frequency is 200 mc. 

First it will be seen that ¢=arg Z.. remains practi- 
cally constant for 0</<4 cm (these values of course 
refer only to the present case). On this part of the curve 
the line acts as a capacitor and we have (for the re- 
ferred part), 
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Fig. 1—Curves of magnitude and argument of the input impedance 
of opencircuited earth line as functions of line length, at 200 mc. 


wC We 
tan @ = = =) 


G P (12) 


where ¢€=e,-e’ and e’ = (367- 10°)! farad/m. This result 
may serve as a control for other methods of measure- 
ment. 

Further, the distance between /=0 and the length 
corresponding to the first maximum of | Z,.| or between 
two successive maxima (or minima) or leas. , cor- 
responds to A/2, where J is the wavelength in the earth 
tested. 

At VHF we can introduce the line into earth until 
the distance between the surface of this and the first 
voltage minimum is \’/2 or \’/4, \’ being the free space 
wavelength. The corresponding values of / (length of 
line in earth) result as \/4 or A/2 respectively. If u is 
known and o Xwe (generally true at VHF), we have then 

1 
eo ) 
pr2f? 
where w=p,-m’ and uw’ =47-10-7 henry/m. If, on the 
other hand, arg Z,. for 1 very small is measured (hori- 
zontal part of curve, Fig. 1), o may be calculated from 
(12); 

For materials of high conductivity, with w known and 
at VHF, introduce the line until Z,. practically does 
not vary with J. In this case Z,.=Z», and o and e can be 
calculated from (10). 

Although some of these procedures may be rather re- 
stricted in practical usage, they are presented to form 
an idea of how the transmission line method can be 
adapted to a variety of conditions. 


(13) 


EXPERIMENTAL DATA 


Some of the more important constants of one type of 
earth as functions of frequency are presented in Figs. 2 
and 3. In Fig. 2 we find the magnitude and argument 
of n (the intrinsic impedance of the earth) together with 
the attenuation constant a and the velocity of propaga- 
tion v in per cent of free space velocity. In Fig. 3, the 
conductivity o, the relative dielectric constant e, and 
the dissipation factor ¢/we will be found. It is seen that 
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Fig. 2—Magnitude and argument of intrinsic impedance, attenuation 
factor and velocity of propagation in earth vs frequency. 
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Fig. 3—Curves of the earth’s conductivity, relative dielectric 
constant and dissipation factor as functions of frequency. 


|n| rises steadily from some small value at low fre- 
quencies (in this paper low frequencies will mean fre- 
quencies below 1 mc) up to about 150 ohms at 400 mc. 
Above 200 mc it seems to remain relatively constant. 
The angle or argument of n diminishes from 35° at 600 
kc to about 5° at 400 mc and appears to go asymptoti- 
cally to zero for higher frequencies. The attenuation 
constant rises steadily throughout the entire band in the 
figure. The velocity of propagation, v, rises from about 
10 per cent at 600 kc to a practically constant value of 
40 per cent at the higher frequencies. 

The conductivity (Fig. 3) which appears to approach 
some constant value of about 3-10-* mho/m below 600 
ke, rises to a value of 21-10-? mho/m at 400 mc. The 
rise of seems to continue at still higher frequencies. 
The relative dielectric constant falls from very high 
values at low frequencies (about 30 at 600 kc) to a value 
of 6 at 400 mc. At higher frequencies it appears to re- 
main constant. Although o rises and e, gets smaller with 
rising frequencies, the dissipation factor o/we falls 
steadily throughout the frequency range, being unity at 
4 mc. 

To avoid confusion in an eventual comparison of 
the numerical values of Fig. 1 with those of Figs. 2 and 
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3, it is made clear that Fig. 1 is based on an earth sample 
different (though similar) from that of Figs. 2 and 3. 


DISCUSSION 


A brief analysis follows, to show the agreement be- 
tween the above results and the general concepts con- 
cerning a medium such as earth. 

The intrinsic impedance of a medium is 


os ve 
i o + jwe 


For low frequencies, when o/we>>1, we have approxi- 


mately 
4/ us [45°. 
o 


Assuming o and p constant at low frequencies (in agree- 
ment with the experimental results), the magnitude of 
the intrinsic impedance of the measured earth will be 
proportional to the square root of the frequency, the 
angle being constant equal to 45°. For the earth sample 
tested, at 600 kc, the angle of 7 is only 35°, because 
o/we is only equal to 2.8 and not >1 as assumed in the 
above analysis. 

For frequencies above 400 mc (present case) the in- 
equality ¢/we<1 begins to come true, and we may set 


Joop. 
We Ale 
o 


y~ 


At these frequencies (again agreeing with the experi- 
mental results) we may assume yu and e constants, and 
therefore the intrinsic impedance is approximately con- 
stant and purely resistive. 


For the propagation constant in earth we have 
Y = Vieu(o + joe), (14) 


and the corresponding approximations result: for low 
frequencies 


y = Vue /45°, 
and for high frequencies 


y = jov/ue. 


Allthough a may be neglected compared with 6 at the 
higher frequencies, it has a high value at frequencies 
above 400 mc. At these frequencies an approximate 


value for @ is® 
oe afr 
a ~ —4/ — neper/m. 
2 € 


That is, again assuming yw and € constants, @ is propor- 
tional to o. 


(15) 


SE. C. Jordan, “Electromagnetic Waves and Radiating Sys- 
tems,” Prentice-Hall, Inc., New York, N. Y., p. 129; 1950. 
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From the variation of the dissipation factor it is seen 
that at low frequencies the measured earth may be con- 
sidered a conductor and at high frequencies (assuming 
the interpretation given in this paper concerning low 
and high frequencies) a lossy dielectric, in agreement 
with the general concepts exposed above. 

The Brewster angle, in the present case, for fre- 
quencies above 400 mc, approaches a value of approxi- 
mately 70°. 

The frequency range between 1 and 100 mc (present 
case) is interesting in that it represents a range of transi- 
tion in which the electrical behavior of the earth sample 
changes from that of a conductor to that of a dielectric. 


Some of the difficulties which may be met during the’ 


measurements and calculations will now be discussed. 

When using an RF bridge (similar to the ones em- 
ployed in this work) at the low frequencies, if the di- 
electric constant is relatively high, the capacity of the 
earth capacitor will also be high and the difference in 
readings between initial balance and balance with 
earth line connected can be small (referring to reactance 
dial) and the result unexact. The resulting conductivity 
will not be greatly affected by this, but the measured 
value of dielectric constant may suffer great variations. 
To avoid this difficulty, the earth line should be made 
as short as possible, taking care that the resistance com- 
ponent does not fall outside the range of resistance dial 
of the bridge. The ideal solution would of course be to 
use an impedance measuring device specially built for 

this purpose. 

In the VHF range commercially available VHF co- 
axial impedance- or admittance-meters together with 
an appropriate balun can be used. In the present work, 
both this and a balanced, calibrated standing wave de- 
tector has been employed for measurements in the 
VHF band. The most critical factor, using the standing 
wave detector, is the exact measurement of the dis- 

~ tance from the earth’s surface (where the line pene- 
trates into earth) to a voltage minimum on the air line. 
Employing Method 1 above, a failure in this distance 
will greatly affect the value of o, while € appears rela- 
tively unaffected. The difficulty in determining the men- 
tioned distance exactly, probably sets the upper fre- 
quency limit for this measurement procedure. 

When a measurement, or a pair of measurements, in 
the VHF range are unexactly realized, they will mostly 
result in a great calculated series resistance in the line. 
This fact offers a good control for a correct measure- 
ment; i.e., if the measurements are correctly per- 
formed, the series resistance of line should result ap- 
proximately zero. 

If the relative permeability is unity as will mostly be 
the case, there are only two unknowns to be found, 
o and ¢ (at the upper range of frequencies the value of o 
is frequently unimportant and € only has to be found). 
However, employing Method 1 (or Method 2), we have 
four measured quantities at our disposal. Knowing the 
manner in which the errors may be produced by the 
instruments and the measuring procedure, one may be 
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able to correct the erroneous results. For example, using 
the admittance meter and the balun referred to above, 
and employing Method 1 together with (1) to (7), the 
resulting values of o and € above 100 mc were not ac- 
ceptable, due to their arbitrary variations with fre- 
quency. On the other side, the attenuation constant and 
the velocity of propagation as functions of frequency re- 
sulted in smooth curves up to the higher extreme of the 
frequency band in question (up to 400 mc). Subse- 
quently, assuming the computed values of @ and » (or 
B) to be correct (a more thorough analysis would make 
clear if this really is admissable), o and € can easily be 
calculated from (14). 

In other words, a careful analysis of the measuring 
procedure employed in each case may provide a means 
by which eventual errors can be corrected. 

The end effect of the open-circuited line has not been 
accounted for in this paper. Neither has radiation from 
the earth line been taken into account; this will of 
course be necessary when the line separation becomes 
an appreciable fraction of the wavelength in earth. In 
the present case, at 300 mc, the line separation results 
about 0.05 ) in earth. 

Electrolytic action between the transmission line 
electrodes and the soil could possibly build up small po- 
tentials between each electrode and the soil, but be- 
cause of the symmetry in the set-up, these potentials 
would cancel and not influence the measurement. This 
electrolytic action could moreover result in a thin gas 
film covering the electrodes, but it seems reasonable to 
assume that the capacitance of the capacitor, whose di- 
electric is the mentioned gas film, is very much greater 
than the capacitance of the earth line, and hence will 
not change the parallel admittance of the line. There- 
fore it appears that a possible electrolytic action can be 
neglected. 

Although this paper deals with an open, balanced 
two-wire transmission line, the method is in no way 
restricted to this type of line. Other configurations can 
be used as, for example, a coaxial line or a quasi-coaxial 
line. An unbalanced line has the advantage that com- 
mercially available instruments are more readily em- 
ployed through an extensive frequency range; though 
in this case a more thorough analysis of an eventual 
electrolytic action would be desirable. On the other side, 
in the balanced two-wire line, discontinuities can prac- 
tically be avoided and it can more easily be introduced 
into the ground, suffering a minimum of deformation. 

Besides the method dealt with in this paper and those 
mentioned in the Introduction, there exists a variety of 
laboratory methods for distinct sample measurements.° 

Though the method described primarily was thought 
of as a “tool” for terrain measurements, it appears that 
it could be of value as a laboratory instrument also, as 
a substitute for the classical sample measurement meth- 


6 See, e.g., R. W. P. King, “Transmission-Line Theory,” McGraw- 
Hill Book Co., Inc., New York, N. Y., pp. 329-341; 1955. 
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ods, especially in the VHF region. Moreover, the great 
variations of the constants with frequency, contrary to 
the commonlyaccepted “fact” that they should be practi- 
cally constant, justify the somewhat extensive discus- 
sion of the results obtained. In this discussion it is seen 
that, although the constants vary greatly with fre- 
quency, the general behavior of soil as a reflecting layer 
for radiopropagation compares qualitatively well with 
the other methods cited. 

Though local variations of the soil may be of less im- 
portance in radiopropagation, where the average soil 
condition over a large area should be taken, the present 
method may prove useful as a means for investigating 
general physical properties of soil and geological sur- 
face phenomena through their relation to the measured 
electric characteristics, and, in this sense, the knowledge 
of local variations of soil can be of importance. 


APPENDIX 
Demonstration of Formula (5) 


From elementary electromagnetic theory we have 


Grea. 
ot 
Hence, 
S ne 2 See mho/meter. 
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Demonstration of Formulas (8) and (9) 


We have from ordinary transmission line theory 


Zo 
Zi Geer tanh y/ 
Zo 
Z2= Lool2l) = ech ae) 
Z2 i tanh v/ a 2 (ca tent ae 
Ze tanh 27-2 


which results in 


2Z2— Zi 
tanh yi = ———; 
Zi 


and subsequently 


Z= Z,:tanh yl = VZ (222 oa Zi). 
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The Archimedean Two-Wire Spiral Antenna* 


JULIUS A. KAISER} 


Summary—A pair of equally excited but oppositely sensed 
Archimedean two-wire spirals situated close to one another in the 
same plane—a doublet—is used to generate a linearly polarized field 
in which the direction of polarization and phase are controlled or 
varied independently of each other by rotation of the spiral radiators. 
An array of these doublets can be made to scan by rotation of the 
several spiral elements; an eight-doublet array which was made to 
scan over an 83° sector with small amplitude variation is discussed. 
A doublet fed from a ring network can be employed as a polarization 
diversity circuit. A virtual doublet is achieved by placing a single 
spiral in a right angle trough. A preliminary scanning array com- 
prising four spirals in a trough was made to scan +36°. The possi- 
bility of using a parasitic spiral in conjunction with a driven spiral 
for obtaining linear polarization of variable direction and phase is 
indicated. Also, a brief simplified analysis of the two-wire Archi- 
medean spiral is presented, which leads to the concept of higher- 
order modes of radiation. 


* Manuscript received by the PGAP, June 22, 1959; revised 
manuscript received, October 2, 1959. 
+ Diamond Ordnance Fuze Labs., Washington, D. C. 


INTRODUCTION 


HE two-wire Archimedean spiral configurations 
ale shown in Fig. 1, when properly excited, have been 

shown to be circularly polarized radiators with 
broadband characteristics—broadband with respect not 
only to input impedance but also to radiation pattern.! 
In practice, either configuration is energized from a 
transmission line connected to the center terminals of 
the configuration. 

So energized, the configuration radiates a broad cir- 
cularly polarized beam to each side of the spiral. Each 
radiated beam is normal to the plane of the spiral, and 
the sense of circularity of polarization of the beam on 
one side corresponds to the winding sense of the spiral 


.E. M. Turner, “Spiral Slot Antenna,” Wright-Patterson AFB, 
Ohio, Tech. Note WCLR-55-8 WADC; June, 1955. 
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as viewed from the opposite side. Accordingly, the two 
radiated beams are identical except that the rotational 
sense of polarization of the radiated field on one side is 
the opposite of that on the other, For example, the 
spiral of Fig. 1(a) would radiate a right circularly 
polarized beam away from a viewer of the figure, anda 
left circularly polarized beam toward him. In most ap- 
plications it is desirable that the spiral radiate to one 
side only; this is readily accomplished by appropriately 
backing the spiral on one side by a ground plane or 
cavity. 

The spiral antenna described above has received much 
attention in recent years—principally because its broad- 
band characteristics render it admirably adaptable to 
the requirements of radar countermeasures.2-? This 
paper presents a simplified analysis of the Archimedean 
spiral antenna and points out some of the important 
properties of its radiation field. Earlier work has been 
reported previously.'° A few applications utilizing some 
of the hitherto unexplored properties of the spiral are 
presented. A spiral doublet array is treated in somewhat 
greater detail, since, to date, most effort has been di- 
rected toward it.1! 


(a) 


Fig. 1—Circular and rectangular Archimedean spirals. 
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par, Inc., Falls Church, Va., P.O. 569838, Prime Contractor-Sperry 
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Antenna,” University of Illinois Press, Urbana, Ill.; May, 1957. 
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THEORETICAL CONSIDERATIONS 


There has not been any rigorous theory to explain the 
spiral antenna. However, the following heuristic ex- 
planation of the radiating mechanism of the two-wire 
Archimedean spiral is offered since it is in accord with 
experimental observations and is of genuine help in 
understanding the design possibilities of this relatively 
new antenna. 

The point of view taken is that the two-wire spiral 
antenna behaves as though it were a two-wire trans- 
mission line which gradually, by virtue of its spiral 
geometry, transforms itself into a radiating structure or 
antenna. It is well known that a two-wire transmission 
line, of narrow spacing relative to wavelength and of any 
length, yields a negligible amount of radiation when ex- 
cited at its terminals. This is due to the fact that the 
currents in the two wires of the line at any normal cross 
section are always 180° out-of-phase so that radiation 
from one line is effectively cancelled by the radiation 
from the other. 

Suppose now that a two-wire transmission line is 
formed into the spiral configuration of Fig. 2(a). Let P 
be a point on one wire of the transmission line at a dis- 
tance measured along the wire from the input terminal 
A. Then the point Q on the other wire at the same dis- 
tance from the input terminal B is situated diametri- 
cally opposite the point P with respect to the center 
O, and both P and Q lie on the same circle centered at 
O. This implies that the point P and its neighboring 
point P’ (on the other wire directly alongside P) lie at 
such arc distances from A and B, respectively, that the 
difference of these distances is precisely the arc length 
QP’ along the spiral. If Ar, the spacing between wires, is 
much smaller than 7, the arc length QP’ is approximately 
equal to mr. This difference in wire lengths does not de- 
pend on the number of turns within 7 if the spacing be- 
tween wires is uniform. 

A similar situation holds for the square spiral con- 
figuration of Fig. 2(b). Here, for a cross-sectional point 
P-P’ on the two-wire line, the path difference in the two 
wire lengths is given very closely by 4d, where d is the 
perpendicular distance from the center O to the side of 
the square spiral turn on which P-P’ lies. Also the 
circumference of the turn on which P-P’ lies is approxi- 


(a) 


Fig. 2—Construction of the circular and rectangular 
Archimedean spirals. 
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mately 8d. This difference of 4d in wire lengths of the 
transmission line is independent of the number of turns 
appearing on the spiral, provided only that the spacing 
Ad between elements on the spiral is constant and small 
compared to d. 

There are two items of interest that attach to a par- 
ticular point on the two-wire spiral line: the total dif- 
ference in wire lengths of the two-wire line to the point 
P-P’ and the circumference or path length of the particu- 
lar turn on which the point lies. For the rectangular 
spiral these items are: 


difference in wire lengths = 4d 


circumference Ea 


When d is \/8, where d is the current wavelength on the 
spiral, the phase change or total difference in wire 
length is \/2, while the total circumferential path length 
is \, or a quarter wavelength on each side of the square. 
Phasing of the radiated field from opposite sides of the 
square is such as to add in a direction normal to the 
plane containing the spiral. Moreover, radiation from 
two adjacent sides is equal in intensity but with a 
relative phase difference of 90 electrical degrees, so that 
the radiated field normal to the plane of the spiral is 
circularly polarized. 

For the circular spiral where again the wires are 
equally spaced, at a point whose radial distance from 
the spiral center is r, we have 


difference in line lengths = ar 


circumference = 2nr. 


When s¢ is \/27, the phase change is \/2 and the circum- 
ference is A. Assuming that each wire supports a pro- 
gressive wave of current and that these current waves 
are anti-phase at the input terminals A and B, it is clear 
that the difference in phase of the two current elements 
at any point PP’ on the two-wire line, measured in 
radians, is w (the input phase difference) +27/X(rr). 
Thus neighboring current elements start anti-phase at 
the feed points A and B, and gradually come into phase 
as one proceeds outward along the spiral two-wire line. 
When r is \/27, these currents are precisely in phase and 
radiation is a maximum. Moreover, the condition for 
precisely in-phase currents occurs at two points dia- 
metrically opposite each other relative to the center O. 
(See Appendix I for typical plots of phases along each 
filament and for progressive phase changes between 
filaments.) 

Radiation from the spiral then is centered in an annu- 
lar ring of turns of one wavelength mean circumference. 
This property makes the spiral antenna an inherently 
broadband device, the basic requirement being only 
that the radius be large enough to allow a half wave- 
length of phase shift. Also, inasmuch as the radiating 
ring is a wavelength in circumference for all frequencies 
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over which the spiral operates, a constant beamwidth 
should be maintained. 

The input impedance of spiral antennas as a function 
of filament geometry is not known at this time. How- 
ever, the impedance of a few spirals with relatively close 
filament spacings has been found to be on the order of 
100 ohms near their centers. 


HIGHER-ORDER MODES OF RADIATION 


Radiation from the one-wavelength ring as described 
above has been termed the first mode of radiation, since 
this represents the first occasion for which conditions are 
correct for radiation. It can be reasoned that currents 
existing beyond the one-wavelength ring will continue 
experiencing phase change as they progress outward. 
Assuming that the spiral structure is large enough, these 
currents will be out-of-phase again at a radius where the 
circumference is two wavelengths and in-phase at the 
three-wavelength circumference. No radiation occurs 
from the two-wavelength ring because the currents on 
adjacent filaments are anti-phase. At the three-wave- 
length ring radiation can occur if currents exist, giving 
rise to the third mode of radiation. It follows that cur- 
rents which are anti-phase at the input terminals can 
excite only the odd modes of radiation. 

If, on the other hand, the two center terminals are 
tied together and excited in some manner, currents start 
in-phase at the center of the spiral. In progressing out- 
ward, these currents experience phase change. When the 
one-wavelength circumference is reached, they are anti- 
phase and no radiation occurs. At the two-wavelength 
circumference, which is defined as the locus of the second 
radiation mode, the currents are once again in phase, 
and radiation is once again strong. Currents around the 
two-wavelength circumference of a circular spiral, and 
possibly a rectangular spiral, are in such phase as to 
cause a radiation pattern of minimum field on-axis and 
maximum field, which is omnidirectional, in the plane 
of the spiral. Since the second mode diameter for the 
circular spiral is approximately (2/7), a very broad pat- 
tern in the plane of the spiral axis is obtained. Thus, 
even modes only are produced when currents are in- 
phase at the input terminals. 

One method of exciting the second mode is shown in 
Fig. 3. The input is treated as a microstrip line with two 
branching circuits, connected to the center conductor of 
a coaxial line, above a ground plane which is connected 
to the outer conductor of the coaxial line. The part of 
the spiral immediately above the ground plane can be 
considered as a microstrip transmission line feeding the 
second mode radiator with two terminals at the edge of 
the ground plane. The ground plane is continued only 
far enough to establish the currents in the microstrip 
mode. The impedance of the two microstrip line termi- 
nals at the edge of the ground plane should match that 
of the two terminals of the spiral for maximum power 
transfer. 


\ 
| 
/ 
Fig. 3—Second mode excitation method. 


PHASING PROPERTIES OF THE SINGLE 
SPIRAL ANTENNA 


A property of the spiral which has not been fully ex- 
ploited is that of circular symmetry about the axis, 
which allows rotation about the axis to produce a 
change in phase of the radiated field everywhere in 
space without variations in the far-field amplitude. 
One degree of mechanical rotation produces a corre- 
sponding change in phase of one electrical degree.” 

To see, in a simple way, why this phasing property 
is so, first represent the circular spiral antenna as a 
circular conductor, one wavelength in circumference, 
which supports a uniform progressive current wave. Re- 
ferring to Fig. 4, the arrows on the circular conductor 
indicate the direction in which current phase fronts 
move. Consider now two points in the far field of this 
circular current distribution, P.(0, ¢:) and P2(6, ¢:), 

_whose spherical coordinates differ only in the azimuth 
coordinate ¢. It is clear that these two points see the 
same current distribution except for a shift of phase in 
the current sources along the circle; that is, the sources 
for the radiation field at P2 are identical with the sources 
for the radiation field at P; except for a phase lag in the 
sources for P; over those for P1, of A¢ electrical degrees. 
Accordingly, the radiation field of the circular one- 

~ wavelength current loop depends only with respect to 
phase on the azimuth coordinate ¢ and this dependence 

is given by the factor e*. It follows immediately that a 

rotation of the circular current loop, which does not 
disturb the intrinsic current phasing, changes the phase 
of the radiation field of the loop everywhere by an 
amount which in electrical degrees is precisely equal to 
the number of degrees of mechanical rotation. 

Similarly, rotation of the second-mode spiral changes 
the phase of the radiation field everywhere by an 
amount which in electrical degrees is twice the number 
of degrees of mechanical rotation. 


PHASING AND POLARIZATION PROPERTIES OF THE 
SPIRAL DOUBLET 


Two spirals of opposite sense, placed side by side in 
the same plane and excited equally (Fig. 5), will radiate 


12 Unless specifically excepted, further discussions pertain only 
to the first mode of radiation. 
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Fig. 5—Spiral doublet schematic. 


a combined field which will be linearly polarized every- 
where. This is true because both left- and right-hand 
spirals contribute ellipses of polarization of the same 
amplitude and orientation, but oppositely sensed, every- 
where in space. Although linearly polarized, the direc- 
tion of polarization of the far field at a particular point 
will be a function of the relative electrical phasing be- 
tween the two spirals and the relative space phasing. 
Consider, first, an on-axis fixed position and let the 
phase of one spiral be varied with respect to the other 
by rotation as illustrated in Fig. 6. This figure shows 
three possible instantaneous orientations for the field 
vectors radiated from the spiral doublet and the result- 
ant on-axis fields. Fig. 6(a) shows that when both 
vector fields are simultaneously vertical and in the 
same direction, the resultant instantaneous field is verti- 
cal. Ninety degrees later in time the left vector will be 
pointing to the left and the right vector will be pointing 
to the right, producing no net field on-axis. It may be 
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concluded that the time average field radiated from the 
doublet as shown in Fig. 6(a) will be linear and verti- 
cally polarized. Similarly, as shown in Fig. 6(c) the 
instantaneous vectors as oriented produce no net verti- 
cal field on-axis. Ninety degrees later in time, however, 
both vectors will be pointing in the same direction, pro- 
ducing a horizontally polarized field. Fig. 6(b) illus- 
trates the condition where the radiated fields are 
phased orthogonally. The sum of the radiated fields 
then from the two equally excited spirals remains linear 


Seen 


(c) 
Fig. 6—On-axis phasing possibilities of the doublet. 


when the phase of one element (the element on the right 
in Fig. 6) is changed relative to that of the other, but 
the direction of polarization rotates through an angle 
$/2 when the relative phase is changed ¢°. If the relative 
input phasing to the spirals is constant with change in 
frequency, then the direction of polarization for the 
doublet at a given point will also be independent of fre- 
quency. 

Looking again at the spiral doublet schematic shown 
in Fig. 5, it is clear that symmetry exists in the YY’ 
plane, which bisects the spiral doublet, since no dif- 
ferential space phasing between the elements exists. 
Direction of polarization in the X’X plane, which bisects 
the spiral axes, however, will be a function not only of 
the relative phasing between the spiral elements but 
also of the differential space phasing between them. 

On the other hand, if one spiral is rotated in either 
direction through an angle 0, while the other spiral is 
simultaneously rotated in the opposite direction through 
the same angle 9, the polarization of the radiation field 
remains unchanged in direction but the phase of this 
field at all points changes by precisely 6 electrical de- 
grees. In this change of phase there is no change in 
amplitude provided each spiral has perfect axial sym- 
metry. Since the spiral is an inherently broad-band radi- 
ator, the above properties hold over a wide band of fre- 
quencies. 


APPLICATIONS OF THE SPIRAL DOUBLET 
A Spiral Doublet Array 


A spiral doublet, as discussed above, is a linear radi- 
ator, the direction of polarization of which is varied by 
rotation of either spiral element and phase is independ- 
ently varied by rotating simultaneously both spiral ele- 
ments. An array of such doublets leads to an antenna of 
any arbitrary linear polarization which can be made to 
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Fig. 7—A spiral doublet array. 


scan by changing the relative phase between the spiral 
doublets. Fig. 7 is a photograph of an array consisting 
of eight spiral doublets arranged so that each vertical 
pair of spirals is a doublet. The bottom view is a photo- 
graph of the back of the array showing feed harness and 
dials that indicate phase settings. Spacing between 
doublets is a half-wavelength for the test frequency of 
1430 mc, and the polarization selected here is vertical. 

Fig. 8 shows patterns at 1430 mc of a typical spiral 
element making up this array. The beamwidth for a - 
total variation of 2 db is approximately 104°. The spac- 
ing of the spiral above the ground plane is 2% inches, 
which at this frequency is correct to give approximately 
a 1-db dimple in the center of the pattern for vertical 
polarization. This spacing of the spiral above the ground 
plane was selected because it results in small amplitude 
variations over a broad beam, which in turn allows a 
broad scan. Like the dipole behavior over a ground 
plane, closer spacing of the spiral to the ground plane 
would result in less amplitude variation over a smaller 
angle, while a greater spacing would produce a deeper 
dimple with correspondingly wider beamwidths and 
larger amplitude variations. With a linearly polarized 
antenna—a dipole—used for transmitting, this particu- 
lar spiral showed a maximum variation in response for 
reception-over the useful portion of the pattern of ap- 
proximately 1 db for the various angular positions or 
cuts shown. The maximum variation with rotation for 
any individual spiral was approximately 14 db. 

Fig. 9 shows patterns of one of the spiral doublets 
used in the array. The upper group of four curves repre- 
sents patterns of the vertical doublet set for vertical 
polarization but for four different phasings. One spiral 
of the doublet was initially adjusted for maximum 
response with vertical polarization and the pattern 
labelled 0° was taken; the phase was changed 90° by 
rotating one spiral of the doublet 90° in a clockwise 
direction while simultaneously rotating the other spiral 
counterclockwise 90° and the pattern labelled 90° was 
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Fig. 8—Single spiral over a ground plane. 
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Fig. 9—Spiral doublet patterns. 


recorded; similarly, patterns were recorded for relative 
- phasings of 180° and 270° in order to see the variation 
in doublet response with changes in phasing. The par- 
ticular doublet shown produces a variation in amplitude 
with change in phase of as much as 2 db in some places. 
Also to be noticed from these patterns is a squint or a 
pointing of the beam off to the right which did not ap- 
pear in the individual spiral patterns. This is a condi- 
tion which conceivably can be eliminated. 

The lower group of four patterns in Fig. 9 represents 
the cross-polarized components. For these patterns the 
transmitting antenna was rotated 90° so that it was radi- 
ating with horizontal polarization and patterns were 
taken of the doublet for the phasings shown while it 
was still adjusted for vertical polarization. The cross- 
polarized components are seen to be down only 13 db 
in some portions of the pattern. Necessity for consider- 
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Fig. 10—Eight doublet array patterns. 


able improvement in doublet performance is clearly in- 
dicated. 

In Fig. 10 are the patterns taken for the eight doublet 
array shown in Fig. 7. Patterns considered are only 
those in the horizontal plane. A Tchebycheff current 
distribution for a 25-db sidelobe level was obtained us- 
ing a printed microstrip feed harness. Each pattern 
shown is for the indicated phase difference between 
adjacent doublets measured in mechanical degrees. 

The direction and width of each main beam is in very 
close agreement with the theoretically derived array- 
factor patterns. The scan demonstrated here, ignoring 
the extreme right pattern, is from 53° to the left of the 
on-axis direction to 30° to the right, with a total varia- 
tion in amplitude of the main beam of less than 14 db. 
Patterns taken of the individual doublets mounted in 
the array, and in the presence of all other doublets, indi- 
cate that the scan could have been made from 30° to 
the right of the on-axis direction to approximately 65° 
on the left for a total useful scan of greater than +45°. 
The scan would be symmetrical about the on-axis direc- 
tion if the spiral doublet patterns were symmetrical 
about their axes. 

The sidelobe levels in Fig. 10 are down approximately 
15 db or better, which is considerably above those the- 
oretically predicted—namely, 25 db. The sidelobe level 
would be more nearly that predicted by the theory if 
individual doublet performances were uniformly the 
same.'* 

Because of the squint associated with the individual 
doublets it was necessary to employ spirals of one sense 
along the top row in the array and of opposite sense 
along the bottom row. With this arrangement symmetry 


18 For later results, see J. R. Donnellan, “An Eight Spiral Doublet 
Electromechanical Scanning Array,” Naval Res. Lab., Washington, 
D. C., NRL Rept. No. 5283; April, 1959. 
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is maintained in the plane of scan so that, for a given 
polarization on-axis, the same polarization will obtain 
throughout the plane of scan. However, in the other 
principal plane the direction of polarization will tilt 
from that of the on-axis direction due to the differential 
space phasing between the two elements of the doublet. 
If symmetry about the on-axis direction of the doublet 
can be obtained, an alternating arrangement of doublets 
can be employed to give symmetry in both principal 
planes. 


Spiral in a Trough 


A broad-band linearly polarized radiator of variable 
phase can be obtained by combining a single spiral with 
a corner reflector, or right-angled trough open at the 
ends. The arrangement shown in Fig. 11, where the 
spiral lies in the plane bisecting the corner reflector, re- 
sults in a virtual doublet because the spiral radiates 
right-hand circularly polarized energy in one direction 
and left-hand circularly polarized energy in the opposite 
direction. The sides of the trough then reflect two spiral 
images of opposite sense which are equally energized. 
Rotation of the single spiral results in simultaneous 
phase advance or retardation of both images. Constant 
direction of polarization is therefore maintained and 
only the phase is changed by spiral rotation. An exam- 
ination of Fig. 11(a) shows that in the bisecting plane 
through the vertex those radiated components which 
appear vertical from the end view cancel in the far field 
while the horizontal components add. Direction of 
polarization in the bisecting plane for such an arrange- 
ment will always be along the axis of the trough. 

There is, in addition, radiation in the plane of the 
spiral which is down less than 3 db from the on-axis 
radiation. Furthermore, the direct radiation in the 
plane of the spiral varies in phase with change of angu- 
lar position in the bisecting plane of the trough, while 
the phase of the reflected images described above re- 
mains constant. A permanent beam cock is therefore 
imparted to the radiation field; that is, in the bisecting 
plane of the trough, the beam, representing the sum of 
the constant phase fields reflected from the trough sides 
and the variable phase fields radiated in the plane of 
the spiral, is in a direction other than that along a 
normal bisecting the trough vertex. If the beam cock is 
to one side of this normal for a given spiral, then for a 
spiral of opposite sense the beam cock will be to the 
opposite side of the normal. 

Spirals of the same sense placed longitudinally along 
the trough constitute an array with linear polarization 
which can be made to scan. Phase change is simpler 
than in a spiral doublet array since rotation of only one 
spiral accomplishes the same end as rotating both spirals 
in a doublet. Also there are fewer initial adjustments re- 
quired; the direction of polarization is predetermined so 
it does not have to be set initially, nor will it change 
during the course of adjustments. 
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Fig. 11—Spiral in a trough. 
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Fig. 12—Spiral in a trough—a variation. 


Another arrangement of a spiral in a trough is shown 
in Fig. 12. Here a spiral is mounted with its axis coinci- 
dent with a normal bisecting the trough vertex. This ar- 
rangement also produces linear polarization, the phase 
of which can be varied by rotation of the single spiral 
antenna. In this case, however, the radiation pattern in 
the bisecting plane of the vertex is symmetrical about 
the axis of the spiral, and the direction of polarization 
in a plane normal to the spiral axis is dependent upon 
the spacing of the spiral above the vertex. Using the 
plane bisecting the vertex as a reference, the direction 
of polarization rotates for an increase in the spiral to 
vertex spacing in a counterclockwise manner when a 
right circular spiral is used, and rotates in a clockwise 
manner when a left circular spiral is used. The direction 
of polarization was found to rotate +20° for a change 
in spacing of 13 to 1. The radiated beam had axial 
ratios of approximately 25 db, while the beamwidths in 
the bisecting plane ranged from 60° to 70°. 

An array of spirals in a trough, where each spiral axis 
lies in the bisecting plane of the trough, radiates a beam 
which is linearly polarized and which can be made to 
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scan symmetrically in a plane bisecting the trough axis. 
Such an array (Fig. 13), consisting of four equally ex- 
cited spirals with a half-wavelength separation between 
centers, was made to scan + 36° in the plane bisecting 
the vertex with less than 1-db variation in the main- 
beam amplitude. The major-lobe beamwidth was ap- 
proximately 27° and the sidelobes were down at least 9 
db. Spacings of the spirals above the vertex were ad- 
justed to give a direction of polarization along the ver- 
tex in order that alternating-sense spirals could be used. 
A broad-band scanning array would require spirals all 
of one sense in order to have identical change in direc- 
tion of polarization with change in frequency. 


The Parasitic Spiral 


A parasitic spiral placed along the same axis as, and 
relatively close to, a driven spiral (Fig. 14) radiates cir- 
cular polarization of opposite sense from that radiated 
from the driven spiral. The polarization of the combined 
field varies from near linear to circular, depending upon 
the degree of coupling between the parasite and driven 
spirals. The behavior of the parasitic spiral differs from 
the driven spiral in that the phase of the reradiated en- 
ergy from the parasitic spiral changes by twice the angle 
of rotation (rotation signifies here rotation of the para- 
sitic element about its axis or change in phase of the 
field incident on the parasite). This implies that rotation 
of the parasite rotates only the major axis of the com- 
bined field ellipse; furthermore, the polarization which 
is assumed along the major axis of the ellipse rotates 
linearly with rotation of the parasite. By the same token, 
rotation of the driven element results only in a change of 
phase of the combined fields, since the phases of both 
direct and reradiated fields will be affected. 

The parasitic spiral can presumably be of either sense, 
regardless of the sense of the driven element, and yet re- 
radiate circular polarization of opposite sense from that 
of the driven element. This is true because a circularly 
polarized field incident on a given spiral will cause cur- 
rents to flow either in toward the center or out toward 
the edge of the spiral, since the direction of the current 
flow is a function of the sense of the incident field as well 
as the sense of the parasitic spiral. Currents reaching 
either unterminated end would be reflected and travel 
back out to be reradiated in a sense opposite to that 
which was received. This means, that linear polarization 
incident on a parasitic spiral will be reradiated as 
linear, since a linear field incident on a spiral will cause 
equal currents to flow in opposite directions. 

If sufficient coupling between a driven spiral and a 
parasitic spiral can be obtained such that the parasite 
radiates a field equal to that of the driven spiral, the 
combined fields would be linearly polarized. The direc- 
tion of polarization would be fixed by the parasite while 
phase would be determined by the driven element. Pat- 
terns recorded with a parasitic spiral separated from the 
driven element by a #-inch lucite disk resulted in an 
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Fig. 14—Parasitic spiral in front of and close 
to a driven spiral. 


axial ratio (or on-axis ellipticity ratio) of 15 db at 1500 
mc, which indicates radiation from the parasite was 
down about 2.5 db from that of the driven spiral (see 
Axial Ratio below). The lucite disk was employed to in- 
crease the degree of coupling between the driven spiral 
and parasitic spiral. Maximum axial ratio without the 
plastic separator was approximately 10 db. These axial 
ratios are relatively easy to obtain and do not necessarily 
indicate the greatest degree of coupling obtainable with 
proper care. 


Polarization Diversity 


A spiral doublet with some relative phase between 
its two elements will radiate a field linearly polarized in 
some arbitrary direction. If the input (or intrinsic) phas- 
ing to one element of the doublet is changed by 180° the 
direction of polarization will be rotated 90°, just as 
though that element were rotated mechanically 180°. 
A doublet fed from a ring network as shown in Fig. 15 
allows selection of either of two orthogonal polarizations 
of arbitrary direction. Currents fed into arm 3 of the 
ring network divide equally and leave arms 2 and 4 in- 
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Fig. 15—Polarization diversity circuit. 


phase, resulting in a. linearly polarized field from the 
doublet. Currents fed into arm 1 also come out of arms 
2 and 4 equally but 180° out-of-phase, resulting in linear 
polarization orthogonal to that obtained when currents 
enter arm 3. Similarly, orthogonal shifting of the polari- 
zation according to the input terminal used can be ar- 
ranged for an array of doublets. 


MISCELLANEOUS SPIRAL ANTENNA CONSIDERATIONS 
Axial Ratio 


An elliptically polarized wave can be resolved into 
two circularly polarized waves of opposite sense, which 
have appropriate relative amplitudes and phases. The 
relationship is: 


eR 


ellipticity ratio (in db) = 20 lo ; 
pticity (in db) oa Es 


where —£E; and Ez are the amplitudes of the opposite 
sense components. A special case resulting in linear 
polarization arises when the two amplitudes are equal. 
Another special case where the amplitude of one circular 
wave is zero yields circular polarization of the sense 
corresponding to that of the circular wave of finite am- 
plitude. In general, the latter case is desired of individ- 
ual spiral radiators. 

The Archimedean spiral should in theory radiate a 
circularly polarized field along its axis with a sense cor- 
responding to the winding sense of the spiral. Frequently 
in practice the on-axis field of a spiral is found to be 
elliptically polarized, indicating generally the existence 
of current flow on the spiral in a sense opposite to that 
of the currents flowing from the input terminals, For 
example, when the center terminals shown in Fig. 
1(a) are excited, the current flow gives rise to a right 
circularly polarized field traveling away from the viewer 
of the figure. Currents originating in some fashion at 


“J. D. Kraus, “Antennas,” McGraw-Hill Book Co., Inc., New 
York, N. Y.; 1950. 
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the spiral periphery, on the other hand, are in a sense 
opposite to those traveling from the center, resulting in 
a radiated field which is left circularly polarized. The 
sum of these two fields of opposite sense from the spiral 
is a radiation pattern with an axial ratio other than 
unity. The reverse current flow may arise from reflec- 
tion at the outer terminals of currents either leaking 
past the radiation region or being induced on the spiral 
by the field reflected from a backing ground plane or 
cavity. In any case, the reflected currents return to the 
region of the one-wavelength ring and are there radiated 
in a sense opposite to that desired. = 
Currents existing beyond the radiation ring are there- 
fore generally undesirable. They can be attenuated 
quite simply by placing lossy material such as resistive 
card or aquadag on the outermost turns of the spiral or 
at some radius less than that necessary for higher-mode 
radiation. Aquadag painted between the two wires of 
the last turn of a spiral, for example, will absorb inci- 
dent currents in both the radiation mode and transmis- 
sion line mode. This is so because the lossy material is 
parallel to the electric field for both modes. In practice, 
axial ratios have been reduced from 2 or 3 db without 
aquadag to less than 3 db after applying aquadag. 


Beam Cock 


Another phenomenon frequently encountered in 
spiral patterns is that of beam cocking or pointing of 
the beam other than along the axis of the spiral. This is 
a condition brought about by simultaneously exciting 
both the first and second modes of radiation. In a transi- 
tion from a coaxial line to a two-wire transmission line® 
there exists on the two-wire line, unless suitable precau- 
tions are taken, an in-phase component of current as 
well as the usual anti-phase or transmission line mode 
currents. The in-phase component along the two-wire 
line is out-of-phase with the corresponding current on 
some ground system, which may be the outside con- 
ductor of the coaxial line. Considering such a discon- 
tinuity at the input terminals of a coaxial fed spiral, it 
follows that the in-phase component of current will ex- 
cite the second radiation mode if the spiral is sufficiently 
large, while the usual transmission line mode current ex- 
cites the first mode of radiation. The resultant field ob- 
tained from adding the first radiation mode, character- 
ized by maximum gain along the axis and 360° phase 
change per spiral revolution, and the second radiation 
mode, characterized by maximum gain in the plane of 
the spiral and 720° phase change per revolution, is gen- 
erally a beam that does not exhibit symmetry about the 
spiral axis. The amount of beam cock is dependent upon 
the relative amplitudes of the two radiation modes, and 
the direction is determined from the relative phases. 

Fig. 16 shows two axial cuts of a coax-fed spiral which 
was large enough to support the first two modes of radia- 


%*N. Marchand, “Transmission-Line Conversion Transformers,” 
Electronics, vol. 17, pp. 142-145; December, 1944. 
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Fig. 16—Beam cock associated with a coaxial line fed spiral. Scale: 360°. 


tion. One pattern was recorded with the spiral so ori- 
ented as to shift the beam as far as possible off axis in 
one direction. The spiral was then rotated 180° in its 
own plane and the other pattern recorded. It can be 
seen that a beam cock of approximately 30° exists and 
rotates with rotation of the spiral. In practice it was 
found that a coax-fed spiral only a little larger than 
necessary for the first mode of radiation produced suff- 
cient second-mode radiation to cause some beam cock. 
A balanced feed for the spiral eliminated all evidence of 
beam cock. 


Ground Planes 


A flat ground plane is one type of backing used with 
spiral antennas. The on-axis gain is not much affected by 
ground-plane size providing the ground plane has a min- 
imum dimension greater than approximately 0.6 wave- 
length. The far off-axis patterns however are a function 
of the ground-plane size when it is small. This latter 
factor assumes importance primarily when arrays of 
spirals are considered and low sidelobe levels are de- 
sired. For low sidelobes in any antenna array, the radia- 
tion pattern from each element should coincide exactly 
with each of the other element patterns. Identical ele- 
ment patterns for all directions in space can only be 
achieved with adequate ground-plane size. 


CONCLUSIONS 


The flat Archimedean spiral antenna in the first mode 
—the input terminals excited anti-phase—is a versatile 
broadband antenna which radiates circularly polarized 
energy with constant beamwidth whose far-field phase 


depends upon angular position of the spiral. Excited in 
the second mode, 2.e., the input terminals excited in- 
phase, the Archimedean spiral becomes a broadband 
radiator with a beacon pattern; that is, radiation is a 
maximum in the plane of the spiral and the phase of the 
far field again is dependent upon angular position. 

Two spirals in the first mode, of opposite sense and 
excited equally, radiate a combined field which is every- 
where linearly polarized. The direction of polarization is 
controlled by rotating one spiral of the doublet relative 
to the other, while phase is independently controlled by 
rotating both spirals equal but opposite amounts. An 
array of doublets can be employed to produce a linearly 
polarized beam of any arbitrary direction which can be 
made to scan through an angle of as much as +50° by 
rotating the individual spiral radiators. 

A virtual doublet, with which linear polarization of 
variable phase is obtained, can be realized by placing a 
single spiral in a right-angle trough. Direction of polar- 
ization is not arbitrary as with the spiral doublet, 
but linear polarization and scanning can be accom- 
plished with one-half the number of elements. 

Nearly linear polarization can be obtained by placing 
a parasitic spiral in front of and close to a driven spiral. 
Rotation of the parasite rotates the major axis of the 
combined far-field ellipse, while rotation of the driven 
element changes only the phase. 

Polarization diversity utilizing any two orthogonal 
polarizations can be obtained by feeding a spiral dou- 
blet from a ring network. An array of doublets with a 
corporate feed can have one input terminal for linear 
polarization in one direction while a second input termi- 
nal feeds the orthogonal polarization. 
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The Archimedean spiral is defined by 
r = ave” 


where 


r=radius from spiral center 

yw =angular measure (in radians) 

a=a constant which controls spiral pitch 
o =0, m for a two-wire spiral. 


(1) 


The length (S) of a spiral filament is approximately 


v2 v2 a 
Ss = rdy = avdy = — y? 


v1 


v2 


v1 2 va 


(2) 


Change of phase due to line length in electrical de- 
grees along a given filament relative to the input is 


ly? ‘© _ ay’ ‘° 
aa gan aes (360°) (4) 


where J is the current wavelength along the spiral. 
Table I shows values of (4) for three wavelengths 
(assuming e=1 and input terminals excited anti-phase) 
and for a=0.1. Fig. 17 is a plot of these phases (small 
numerals) along each spiral filament starting at the 
center terminals. Larger numerals represent the dif- 
ferences in phases between adjacent filaments. The 
shaded circular areas are those regions in which the dif- 
ference of phases between adjacent filaments is approxi- 


TABLE I 
TYPICAL PHASE PROGRESSION ALONG AN ARCHIMEDEAN SPIRAL FILAMENT 


| \=7.88 inches (1500 me) \=11.8 inches (1000 mc) \=15.75 inches (750 mc) 

feadidns) . S/d (360) S/d (360) +180 S/d (360) S/d (360) +180 S/X (360) S/X (360) +180 
(degrees) (degrees) (degrees) (degrees) (degrees) (degrees) 

. 22 202 i 195 11 aye 

Qe 90 270 60 240 45 225 

3x 203 23 135 315 102 282 

4 361(1) 181 241 61 180 0 

Sx ) 564(204) 24 376 (16) 196 282 102 

6x | 812(92) 272 542(182) y: 406 (46) 226 

Tx 1105(25) 205 738(18) 198 553(193) 13 

8x 1443(3) 183 964 (244) 64 722(2) 182 

On | 1826 (26) 206 1219(139) 319 914(194) 14 

107 . 2254(94) 244 1506 (66) 246 1128(48) 3 228 


Fig. 17(a) 
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Fig. 17(b) 


Fig. 17(c) 


Fig. 17—Progressive phase change along a spiral antenna and phase diff i = i 
2 phase differences between spiral filaments. (a) A =0.1, \=15.75 inche 
(750 mc); (b) A =0.1, \=11.8 inches (1000 mc); (c) A=0.1, \=7.88 inches (1500 mc). . 


mately zero. It can be seen that as the wavelength in- 
creases, the region where the currents are in phase pro- 
gresses outward from the center of the spiral. Addi- 
tionally, it can be noted that the region of in-phase cur- 
rents at 750 mc is one of anti-phase currents at 1500 mc. 

The spiral used for illustrative purposes has five turns, 
and, since a=0.1 inch per turn, the maximum diameter 
is slightly greater than 6.25 inches. 
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Coupled Leaky Waveguides I: Two Parallel 
Slits in a Plane* 


S. NISHIDA 


Summary—Theoretical expressions are derived for the effects of 
mutual coupling between two parallel leaky wave antennas located 
in an infinite plane. The leaky wave antennas treated are slitted 
rectangular waveguides, the propagation constants of which are 
modified by the coupling. It is shown that the attenuation constants 
are influenced significantly but that the phase constants are changed 
only slightly, so that the coupling is different from that between 
neighboring surface wave lines. The nature of the coupling effects 
are illustrated by numerical calculations. 
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York, N. Y.; on leave of absence from Tohoku University, Sendai, 


Japan. 


I. INTRODUCTION 


HE longitudinally slitted rectangular waveguide, 
with radiation characterized by leaky waves, has 
already been investigated by employing a trans- 
verse network representation and a perturbation pro- 
cedure to solve the resulting network resonance prob- 
lem.! The above investigation has been carried out for 
a single (isolated) leaky waveguide. In this paper, two 
coupled leaky waveguides carrying the Hy) leaky wave 


1L. O. Goldstone and A. A. Oliner, “Leaky wave antenna I: 
Rectangular waveguides,” accepted for publication in IRE Trans, 
ON ANTENNAS AND PROPAGATION. 
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are treated for the case where they are arranged in a 
plane? and in parallel with each other. 

If these two coupled leaky waveguides have identical 
cross sections and they are excited in the same ampli- 
tude and in the same (or opposite) phase, then the leaky 
wave has a form of exponential change in the direction 
of the guide axis. Therefore, the problem reduces to a 
two-dimensional problem in the cross section of the 
structure. The symmetry (or antisymmetry) also re- 
duces the problem to that for a single leaky waveguide 
with an electric (or magnetic) wall which bisects the 
region between the two waveguides in a plane trans- 
verse to their cross section. For this reduced problem, 
the same analytical techniques may be employed as in 
the single leaky waveguide referred to initially. 

If two leaky waveguides with identical cross sections 
are arbitrarily excited, then the leaky waves may be 
given as a superposition of the two cases, the in-phase 
and the out-of-phase excitation, mentioned above be- 
cause of the symmetry of the structure. In this paper, 
the leaky waves associated with excitation of only one 


guide (the other being source-free but acting as a para- 


site) will also be described. 
A cross section of the structure analyzed here is 
shown in Fig. 1. Numerical results have been calculated 


Fig. 1—Cross section of two coupled leaky waveguides 
arranged on a plane. 


for some specific dimensions and are presented in graph- 
ical form. 

The calculations show that the attenuation constant 
a is significantly affected by the mutual coupling due to 
the neighboring leaky waveguide, although the phase 
constant @ is influenced only slightly. These changes in 
@ are a function of the separation between the guides, 
and may be important in disturbing the aperture il- 
lumination, thereby producing pattern deterioration. In 
particular, the angle of maximum radiation will be 
shifted only slightly, but the pattern shape may be sig- 
nificantly altered. 

Those numerical calculations associated with the ex- 
citation of only one of the guides, with the other present 
as a parasite, indicate that considerable power may be 
coupled into the parasitic guide. 


2 In the companion paper, entitled, “Coupled leal. i 
Unio Tr, ; pled leaky waveguid 
II: Two parallel slits in a cylinder,” the corresponding EcbindsL 
ing with a cylinder will be considered. 
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Il. Tue IN-PHASE EXCITATION 


A cross section of the structure considered here is 
shown in Fig. 1. ; | 

Because of the excitation specified, the electric and 
magnetic fields in the open region, in this case, satisfy 
the conditions of electric wall at x =0, which bisects the 
region between the two waveguides in a plane parallel 
to the axis of the waveguides, as shown in Fig. 2. Let the 


7 
ELECT. WALL 


Fig. 2—Equivalent bisected structure corresponding to in-phase 
excitation of the two leaky waveguides of Fig. 1. 


electric field at the aperture of the slit be E(x) ;? then the 
normalized admittance to be terminated in the trans- 
verse network representation is given by* 


Y’ = 


J ax [ dx'yy X E*(x)-y(%, x") -yo X E(x’) 
a a 

VV oor ee 
where E*(x) is the complex conjugate of E(x), y(x, x’) is 
a dyadic admittance in the quarter space to be solved 
here, and 


1 
Vo = all Zo°Yo x E(«)dx 
Vb J ap 


1 
Vor = al Zo’ Yo x E*(x)dx. 
Vb ap 


The normalized admittance given in (1) may be decom- 
posed into two terms as follows: 


y’ = Bain + Peay 
where 
eS ee Boe 
Sar = Ss ’ 
n=1 YVoVoV or 
re in Al 7 5 
ext F; Yo ext ( ) 
J ax [ dx'yy X E*(x)-y(«, x) yo X E(x’) 
V ae ap ap 
ext = 


; : 
—{ Zzo'yoX E(a)de f Zo'Yo X E*(x)dx 
ap 


ap 


* The aperture electric field is assumed to have only an x-com- 
ponent and to be a complex value in general. 
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To a good approximation, the normalized admittance 
Yin’ may be considered to be independent of the ge- 
ometry of the open region. Thus, we have! 


Kb d 
Vint = (Bin ~j — In (csc =), (3) 
7 2b 
where 


ee gee 


and k and k, represent the wave numbers in free space 
and in g direction in the slitted guide, respectively. 

For the external admittance, Y.x+, in (2) it can be 
readily shown that Yext is stationary for first order vari- 
ations of E*(x) and E(x). The distribution of the aper- 
ture electric field, in general, ig not constant; moreover, 
it is Not symmetrical with respect to a midplane in the 
aperture because of the asymmetry of the open region 
looking at the aperture. However, if the quantity d/b 
1, then it can be easily shown that the stationary 
value of Y.x; is given to a good approximation by tak- 
ing Zo*YoX E(x) =Z0'¥oX E*(x) =1. Therefore, the ex- 
ternal admittance in (2) is led to 


1 
Ve a —f av f dx! zo-y(x, x’) *Z0; (4) 
d ap ap 


by putting z-yoX E(x) =z):yo=E*(x)=1. Thus, the 
problem here has been reduced to the determination of 
the dyadic admittance, y(x, x’), and the evaluation of 
the integral in (4). 

The dyadic admittance is obtained as follows from a 
Green’s function characterized by the quarter space: 


f al / 
y(o, ') = — —(V X V X 20)(V’ X V’ X 20) S(0, 0’) 
jou 


for H-type modes, 


0? , y 
ea 2 #) Sto o) = Go,0’); (5) 


where p sin 0=y, p cos 0=x and y(z, «’) is found from 


y(o, o’)as 7 
y(x, x”) = y(0, 9) 0 = & = Fi 
The Green’s function defined as 
(V2 + k)G(o, 0’) = — S(0, 0’), 


5= Dirac’s delta function 


and subjected to the boundary conditions ae 
G is finite at p—0, satisfies the radiation condition as 


p> ®, 
and. 
9G 


aah 


= (at @=0- and 


Mc- 
“Waveguide Handbook,” Rad. Lab. Ser., 
Be a Bre Inc., New York, N. Y., ‘vol. 10, p. 218, eq. (2a); 


1951. 
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is obtained as follows: 


eo 


G(o, »’) = > — Jén COS 2n8 cos 2nO’T2n(kp<) Hon (xps), (6) 


n=0 
fs 
= 
DE 


and J and H®™ represent Bessel and the second kind of 
Hankel functions, respectively, and the notation pe is 
employed for either p or p’, depending on which is 
smaller, and conversely for ps. From (5) we have 


where 


n= 0, 
nO 


K2 io) 


Zo" y(x, a“) + Z9 = — DS, EnJ 2n(Kp<) Hon (kps). (7) 


WM n=0 
The right hand side in (7) can readily be led to the fol- 


lowing formula: 


eo 


Ss EnJ 2n(Kp<) Hon (kps) 


n=0 
= 1 Hy («| x — zc | y+ Hy («| x + av! | ye 
Thus, (4) becomes 


dx ee 
2wud 
-{ Ho («| « — x" |) + Ho («| «+ x’ |)}, 
where 
i d i 
esa ay 1a aha a 


Furthermore, an appropriate change of variable leads to 


d 
Vrext = dx 


1S) Ao («| nl + « — x’|). (8) 


n=0,1 


The first term, corresponding to m =0, in the above inte- 
gral is an external admittance for the single slit in the 
the half space (without coupling). The second term, cor- 
responding to m =1, is the additional term that accounts 
for the presence of coupling with the other slit. Eq. (8) 
may also be derived directly in the original structure 
(Fig. 1) from the basic procedure by means of the mag- 
netic field at the aperture which is given by putting the 
electric field at the aperture as constant. 

From (2) we have the normalized external admittance 
as 


Vay a y— 


iy. n=0,1 2d 


“ax [ duo? («| nl + « — x’ |). (9) 


The double integral in (9) is transformed into a single 
integral as follows: 


Vent! = =z ie du(xd — 2) 
-{H 


ee nl + u|) + Ho(| mal — u| )}. (10) 
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When we put 


Vere ay == Gy’ + jBext’, 


the circuit parameters, G’ and Bex¢’, to be substituted 
into the transverse network representation are ob- 
tained as follows by using an unperturbed real x: 


b xd 
G = -| Ik To(u)du — Jy(xd) 


l+d x(l+d) 
2 “4 ff To(u)du — Jy(x(l + a) 


cL 


e —} ip a Ag aE hae Te i)! 


ne - 14d) | (11) 
i; xd 2 
Ae =|- i No(u)du + Ny(ud) + — 
tas d x(l+d) 
aa, if No(u)du — Ny(x(E + a 
+t" No(u)d = mca 
2d x(I—d) aia 7 
-= wate) | (11) 


where NV represents Neumann function. If xd<«1 and the 
Taylor.expansion with respect to xd of the integrand in 
(10) converges uniformly, we then have 


a | f Senden 


Meare i 
eld) +e") t+ |, 
b ad 2 
Bay = -|-f No(u)du =| N (xd) —- =—— 
d 0 ka 
Ee (xd) Hg 
Natal) — Sword) = |, (020) 


where 


OT (x 
fet | al) | , etc. 
z=Kl 


Ox? 


Approximate values of the normalized external ad- 
mittance for practical computational purposes are 


Kb 
aes [1 + Jo(xd)], 


ae “|- ' we 
ext — i = Nola) | 


wT YK 


(13) 


which are valid under the condition that kd<1. As usual, 


é—2./18 and y=1.781. 
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Ill. THE Out-oFr-PHASE EXCITATION 


In this case, the electric and magnetic fields satisfy 
the condition of magnetic wall at x =0, which bisects the 
region between the two waveguides, as seen in Fig. 3. 


MAG. WALL 


Fig. 3—Equivalent bisected structure corresponding to out-ol- 
phase excitation of the two leaky waveguides of Fig. 1. 


For this reduced problem, the same procedure as in Sec- 
tion I] may be employed except for the dyadic admit- 
tance y(x, x’). 

The Green’s function defined as 

(V? + k)G(e, o) = — de —e), 

and subjected to the boundary conditions 

G is finite at p—0, satisfies the radiation condition as 

Tv 


dG 
, G=0 at 0=0 and —=0 at @=— » 
06 fs 


ps 


is given by 


G(p, o’) = D2 — j2 sin (2n + 198 


n=0 
-sin Qa-F DOS wealep Haro eee 
Thus, we have 
KZ a) 
Zo (x, x’) +z = — 2 2 on41(kp<)Hanya(kp>) 
WH n=0 
re 
= — { Hy®«| x— x! | _ Ho (x | a+ a’ | )}, (15) 
2wp 
and (4) is led to 
dx dx’ 
wud 
+ { Ho (x | x — x’ | ) — Ho(k| «+ x’ | )} 
a d 
= dx | dx’ >) (—1)"Hy)® 
2wud n=0,1 
(x | nl + x — x’ | ). (16) 


The normalized external admittance, therefore, is given 


by 


Fact —> C2) Bal: rf dx! Hy) 


n=0,1 


(«| nl+x2—x'|). (17) 
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The correction term corresponding to n=1 in the 
above integral differs only in sign from that in (8). 

The evaluation of (17) in the same manner as that for 
(9) results in 


oe =| ff ke en aer 


1 + d x(l+d) 
= sil J (u)du — Iy(K(l + a) 
2d «Ll 


ia oh i me ieCelduee Td a 
1 
a Hid) (18) 


b kd 2 
Bat = -|- No(u)du + Ni(xd) + — 
d 0 aKa 


ioe d x(1+d) 
ee 4 fi No(u)du — Ni(k(d + i) 


le “ff a 
2d R—w) 


rf 
+= mie) |, 


No(u)du + Ni(x(d a a) 


(18a) 
or, if Kd<1, 


A | if AS mea fr 


he (xl) (xd)* 
jada 24 


aria) «+ |, (19) 


b ad 2 
Bex! = =|-f No(u)du + Ni(xd) + — 
d 0 wkd 


(xd)? 
24 


ae - No(kl) + HOC C28 ie paca |. (19a) 


For practical computational purposes, we have 
Kb 
~~ [= Jul] 


bf 2 e 
Baal =| — ee oe vad} 


Tw YK 


(20) 


subject to the condition kd<1. 


IV. DETERMINATION OF PROPAGATION CONSTANTS 

Since the wave number, x, introduced in the preced- 
ing sections is considered as a perturbation of that in 
the closed guide, it can be written as 


k = ko + Ak, (21) 
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where ko is the wave number in the closed guide, equal 
to 7/a in the problem considered here, and Ak can be de- 
composed into its real and imaginary parts as follows: 


Ak = Ak, + jAk;. 
The perturbation term, Ak, is now given by! 


a Z 1’ (Ako) = i tan Koa 
es ee, 


a sec? Koa 


Ax (22) 


where Z7' is a normalized impedance to be terminated 
in the transverse network representation and is written 
as 


Zr’ = RE + 7X’, 
f G'’ : B 
G? + B” 


GiB 


From (22) we have 


Ak; ee Xie) | 
: (23) 
R’ 
DN eps 2 ’ | 
a ) 


by using the relation ky) =7/a. 
The wave number in the longitudinal direction, &., is 
given by 


k= VP — PLY, — we Ak, 
where 
Ros = VR? — Ko" 
or 
2 Ngo? 
ores (1 ass an) (24) 
ao 4ar 
Letting k,=6—Jja, we have 
(2) 
B r r a 
Batch Oo vere (ee 
k Neal azo 4a°n 
( “) (25) 
R’| — 
nN a 
a=? 
2a r 
Ngo 


where 
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V. NUMERICAL EXAMPLE 


Fig. 4 shows the propagation constants, that is, the 
guide wavelength and the attenuation constant of the 
leaky waves in a typical coupled leaky waveguide with 
a=0.9 inch, b=0.4 inch and d=0.01 inch, operating at 
a frequency corresponding to \/2a =0.7 (\=1.26 inches, 
frequency =9385 mc). In this figure, curves (a) repre- 
sent guide wavelength and attenuation constant in the 
z direction in the case of the in-phase excitation de- 
scribed in Section II, and curves (b) that in the case of 
the out-of-phase excitation described in Section II. 


(0) THE IN-PHASE EXCITATION 
(b) THE OUT-OF - PHASE EXCITA 
——— er 


ao NEPERS —— 


a 
i 2 3 4 5 6 7 8 9 lo b 


£_- 


OWT ‘ 2 3 


Fig. 4—Variation of propagation characteristics with separation be- 
tween leaky waveguides (a=0.9 inch, 6=0.4 inch, d=0.01 inch, 
/2a=0.7, )=1.26 inches.) 


In this example, the waveguides have narrow slits 
specified by kod = (17 /a)d =0.0349<1. The calculation of 
propagation constants can, therefore, be carried out toa 
good approximation from (13) or (20) rather than (11) 
or (18). It should be noted, however, that the relations 


kd 
f Jo(u)du ~ xd, 
0 


ae 2d 2e 

N(u)du~ — — ln — 

0 T y«d 
from which (13) and (20) have been derived can be 

used within the region kd <0.5. 

Fig. 4 shows that the variation of \/\, with 1/b (>1) 
is not significant and that the change is less than 15 
per cent. However, the variation of aa with 1/b is very 
significant, with a maximum change of 130 per cent. 
Such characteristics of the coupled leaky waves may 
physically be explained as follows: The phase constant 
in the z direction in the slitted waveguide is closely re- 
lated to the stored energy at the slit. The electromag- 
netic fields associated with the stored energy are con- 
centrated at the slit and couple only very slightly to the 
neighboring slit. This means that the phase constant is 
not significantly affected by the coupling. The attenua- 
tion constant in the slitted waveguide, on the other 
hand, is closely related to the radiated energy from the 
slit. The pattern of radiated energy may be quite dif- 
ferent from that in the case of the uncoupled (isolated) 
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slitted waveguide, and this difference also depends upon 
the distance between the two slits. This means that the 
attenuation constant is significantly influenced by the 
coupling associated with the radiated fields. 

The above statement (that the attenuation constant 
is closely related to the radiated field, which has the 
form of the Hankel function Ho®(xp)) may also be an 
explanation for the slow decay of the amplitude of the 
curves which oscillate along the //b axis in the figure. 
The curves (a) and (b) of the attenuation constant, aa, 
oscillate about the line aa~0.05, which corresponds to 
the attenuation constant in the uncoupled (isolated) 
waveguide. The intersections between the curves (a) 
and (b) also occur on this line and coincide approxi- 
mately with the roots of Jo(kol) = Jo(1.396 1/b) =0. The 
intervals between the intersections, which are repre- 
sentative of the radiation pattern changes and which de- 
pend on the dimension of the waveguide, are about 0.9 
inch (=0.714 \) in this example. With regard to the 
variations of wavelength, /A,, there are similar phe- 


-nomenon to the attenuation, except when the devia- 


tions of wavelength from the uncoupled case is at its 
lowest, the deviations of attenuation are approximately 
at their highest, and vice versa. This phenomenon may 
be interpreted that the mutual impedances between the 
two slits are almost linearly related to the distance be- 
tween the slits and curve helically on the impedance 
plane. 


VI. SINGLE GUIDE EXCITATION 


There exist two modes in this structure, the in-phase 
and the out-of-phase modes mentioned in Sections II 
and III, respectively, which do not couple with each 
other because of the symmetry of the structure. An arbi- 
trary excitation of the two guides, therefore, may be ex- 
pressed by appropriately superposing the two modes 
mentioned above. In general, both forward and back- 
ward waves may exist. In the single guide excitation 
considered here, only the forward waves associated with 
the two modes are assumed to be present. Upon repre- 
senting the in-phase and out-of-phase modes as 


oe 
and i: 
1 —1 
respectively, we have 
Auer 
Ny eee ») 
at the excitation point, s=0. If the in-phase and out-of- 
phase waves in the z direction are 


(26) 


e tkez 


anda evens 


respectively, then at a further point we have 
1 /erthe\ide 1 en ikelo)e 
>: ike + re ( =: reid 


1 e tkeWz + e tke) z 
2 en ikez Ae gee 


(27) 
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By putting 
kz =a; — jBi, *he = ay — 7Bo, 


the right hand side of (27) can be written as 


(GE, ei? 
( és al (28) 
where 
il 
Ci — ‘ { e-2ave + e202 + Der (aitag)z cos (B; =_ Bo)z} Lee 
? : (29) 
“5 Gs act x { e-2aiz + En 2%0z — Qe (aitao)z cos (B; — Bo)3} M2 
e-*? sin Biz + e-%% sin Boz 
Pr—stane (- : fe : ), 
é-**? cos 62 é %? cos Boz 
: (29a) 


2 , ( e-*? sin Biz — e~% sin =) 
2 = tan -{ — 
é * cos Biz — e -%*? cos Boz 


C; in (28) represents the amplitude along the guide orig- 

inally excited, and will be discussed below in connec- 

tion with the typical example described in Section V. 
From Section IV we can write 


Ago ! / 
Bs: — Bo= {X; (ko) — Xo (ko) }, 
2a" (30) 
se Ride) 
Oso = a? io \KO), 


where ky=7/d, Qj represents a; or a, as well as for 
_ R;,,’, Xi’ and X.’ are X’ and R’ defined in (23) for the 
in-phase and out-of-phase waves, respectively, and also 
for R;’ and R,’. Since the results in Section V show us 
that 


BiG 
and 
Bi/ =~ By = B’, but B/ — By ~ — KobNo(kol), 
(30) is led to 


B Ago Br? Sat Dae 
Bi — po=> 2 ’ 
Bp’ 
2a (31) 
eat Gis 
Qin = - 
2a? B” | 
a Substituting (13) and (20) into (31), we have 
6 oe Ago kob(— No(xl)) | 
ee Ope re ee a 
2a B (32) 
b 
rad {1 ae J o(kol) } 
Nae 
Qip = Da? B” ‘ 
and 
B, — Bo 2xob{ —No(«o)d} (33) 


{1 + To(«l)} 
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Since 


the numerical values in (33) can be found approximately 
from the curves in Fig. 4. 

In the vicinity of the roots of No(kol), which corre- 
spond to the intersections of the curves of Fig. 4, we 
have 


ai > | Bs — B,| ~ 0. (34) 


This means that the terms cos (8;—{ )z in 29 do not 
exert a significant effect on | C,| and | Cal . In other 
words, the amplitudes | C:| and | C,| may decay to in- 
significant values before the term cos (8;—{»)z needs to 
be taken into account. Then we can approximate these 
expressions by 


CG mi eT %i2 + e7%# : 
Coe Hee — em), 
and, from 32, 
Cal er * * cosha s'|. 
Ce ee hy 
| C2 | ~ | 2 sinh a”2| 
where 
KoD 
/ Noe 3 
OS ee (a; a Qo) Ia? B” 
Kob 
; ee J (Kol) (37) 
go / 
Gh > (a; = Qo) ~ a? B? =~ a’ J (Kol), 
7 
LS Saag 
a 


It can be seen from (25) and (37) that a’ is very nearly 
equal to the attenuation constant in the uncoupled 
waveguide (isolated waveguide). The phase difference 
between waves 1 and 2 is about 7 or 0 when a;>a, or 
a;<Q, respectively, as is clear from (35), since ®;~®p, 
in this case (8:0). 

Far along the slit, 7.e., when a’z>>1, we can obgain the 
following expression from (29): 


| C;,| as | 2 mead 8! + @~2(ai-ao)2 
ct De~(#F-*s) cos (8, — Bo)a}"?| 


~ de-%*, (a; — a,)2 > 1. 


In the same way, (38) 


| Ci, | 


1 ,—ajz 
BE oo 


(a, — a;)z > il 


Eq. (38) coincides with that which is derived from (36) 
asal’z> mn, 
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In the vicinity of the roots of Jo(kol), which corre- 
spond to the intersections in the aa curves in Fig. 4, we 
can write 


or my ee? 


Paleaitarrs arp ot 


sin 3(8; — Bo) |, 


because a;-~a, in that region. We recall that a’ is defined 
in (37), and 


KoD hee 
— | No«o!) | 
Noo 


a =a’ | No(«ol) | . (40) 


1 | = 
2 B; Bo = B? 
The above expression can be shown to be exact when 
a;=a, and when a’z>>1. 

The amplitude in each waveguide is given by (36) 
and (39). Curves of these amplitudes vs distance along 
. the slit are shown as an example in Fig. 5. The same di- 
mensions as in Section IV or Fig. 4 have been chosen. 
The value of the amplitudes is normalized so that the 
amplitude excited initially is unity, as seen in (36) and 
(39). The distance is also normalized by multiplying 
the actual distance by //a. In this figure, three cases 
are shown: the uncoupled waveguide case is indicated 
by the solid line, the case of coupled waveguides with 
1/b=1 by the dashed line, and that for coupled wave- 
guides with //b =2 by the dotted line. The last two cases 
are examples which we are able to calculate by means of 
(36) and (39), respectively. For large values of z, the 
amplitudes | C,| and | C2| may coincide with each other 
except when a;=a,, as understood from the derivation 
of (38). In the case a;=a,, the amplitudes |Ci| and 
| C2| cannot have the same value but must be related, 
as seen in (39). 

The curves with //b=1 and 2 have been shown as 
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Fig. 5—Wave amplitudes in each of the leaky waveguides vs dis- 
tance along the guide when only one guide is excited and the 
second acts as a parasite. (a=0.9 inch, }=0.4 inch, d=0.01 inch, 
4/2a=0.7, \=1.26 inches.) 


special cases which are expressed by (36) and (39), re- 
spectively, as mentioned above. In other cases, it can be 
seen by referring to Fig. 4 that all curves of | C,| or 
| Ce| with //b of between 1 and 2 lie in the region be- 
tween the dashed and the dotted lines (see Fig. 5) of 
| C:| or | C2| with J/b,=1 and 2, respectively. 

It is seen from Fig. 5 that the power coupled into the 
neighboring guide, which acts as a parasitic guide, can 
actually be greater than that in the guide initially ex- 
cited (case for which //b=2, for s/a>40, approxi- 
mately), or can be greater than that present in an iso- 
lated guide (case for which //b =1, for z/a>30). While 
these extreme situations occur only for very large dis- 
tances along the slit, considerable power is coupled into 
the parasitic guideeven for moderate distances (z/a > 10). 
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Experimental Study of a Diffraction Reflector* 


J. H. PROVENCHER} 


Summary—A microwave antenna has been designed and con- 
structed on the principles of parageometric optics formulated by 
Toraldo di Francia and on principles similar to those of Fresnel rings 
and the diffraction grating. Its surfaces are all zones of cones and 
are simple to construct. 

The chosen design parameters were incorporated in two K-band 
(A=1.24 cm, \=1.22 cm) models. Experimental results show good 
agreement with theory. Scanning characteristics are superior to those 
of the paraboloidal or spherical reflector, and spherical aberration 
and coma are minimized, and the effects of astigmatism are mini- 
mized by using a ‘‘compromise focus.” 


I. INTRODUCTION 


REFLECTOR recently devised by L. Ronchi and 
oo G. Toraldo di Francia! of the Centro Microonde, 

Florence, Italy, is based on the principles of 
diffraction as well as on the principles of reflection. Un- 
like conventional reflectors fed by a point source, which 
almost invariably require doubly curved surfaces, the 
diffraction reflector uses only conical surfaces and can 
therefore be constructed from flexible flat sheets. Scan- 
ning is accomplished by lateral motion of a point source 
feed in the focal region. 

Theoretical analysis of this reflector indicates that it 
should have wide-angle scanning capabilities. If im- 
bedded in the earth, it would have a firm support, a low 

silhouette, and low susceptibility to wind damage. To 
investigate the practicality and performance of the 
Ronchi-Toraldo di Francia type of diffraction reflector, 
a microwave model was designed, constructed, and ex- 
perimentally tested to verify the theoretical analyses 
and predictions. 


Il. THEORY OF THE DIFFRACTION REFLECTOR 


For proper design the diffraction (or zoned) reflector 
must meet two conditions: 1) each zone must individu- 
ally focus incoming parallel rays to a common focal 
point, and 2) the contributions from all zones must 
arrive at the focal point in phase. Because the zoned 
reflector is a surface of revolution its design can be en- 
tirely developed in just two dimensions by working in 
a single axial cross section plane. Once conditions 1) 
and 2) are satisfied in a singlé axial cross section plane, 
they will, except for polarization effects, be satisfied in 
all axial cross section planes. 

Let > be an arc of a circle of radius R with center at 
C, intersecting the negative « axis at P [see Fig. 1(a) ]. 
Let P, be a point on = other than P and let M,, be the 


* Manuscript received by the PGAP, September 8, 1959. 

+ U. S. Navy Electronics Laboratory, San Diego, Calif. 

1L, Ronchi and G. Toraldo Di Francia, “An application of para- 
geometrical optics to the design of a microwave mirror, IRE TRANS. 
ON ANTENNAS AND PROPAGATION, vol. AP-6, pp. 129-133; January, 
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Fig. 1—Coordinate system and determination of optical 
path difference between two rays. 


projection of P,, on the « axis. The line segment L,, passes 
through P, collinearly with the line segment PP,. 

Consider now an incoming ray A,P, reflected by L, 
at P,. The construction of Fig. 1(a) verifies that this 
ray will be reflected through the point C. Since 
A,P,=AM, and P,C=PC, it is clear that the path 
difference along the two ray paths A,P,C and—APC is 
precisely equal to PM,. Hence, if PM,=my, m=1, 2, 
3, ° +>, the rays will be in phase at C. 


In Fig. 1(b) the points M,, Ms, M3, - - - , are chosen 
so that Pl, =M,M.=M.M3= --- =d/2. The con- 
struction of the line segments Lo, Le, Ls, Le, - «+ , guar- 
antees that the rays AP, AsPs, A,Pu,---, are all re- 


flected through the point C and thus condition 1) will 
be approximately satisfied. Over the zone determined 
by the line segment Lo, condition 1) would be satisfied 
to a high degree of approximation if Lo were replaced by 
an appropriate arc of a circle of radius 2R with center on 
the x axis. Significant improvement can, however, be 
obtained by approximating the circular arc by a straight 
line, that is, by Lo’ as shown in Fig. 1(b). 
Since by construction, PM,=), PM,=2)d, PM.=3n, 
--+,the rays APC, A2P2C, AsP,C, - - - , will all be in 
phase at C. Condition 2) will therefore be satisfied to 
within a good approximation if the line segments Lo, 
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I», Ls, - > * , are not too long. It is evident that for this 
focusing system the focal point is C, and the focal length 
F is precisely equal to R, the radius of 2. 

Given a desired frequency and beamwidth (or aper- 
- ture dimension), the focal length (or radius of curvature 
of >) will be determined by the angle-of-scan require- 
ment. Once the frequency, aperture dimension, and focal 
length are fixed, the reflector design is fixed according 
to the construction of Fig. 2. The ordinates of the points 
P,, (Fig. 2) are given by the formula 


yn = F sin 26, 
where 
0 .= ome tee (1) 
2F 
and ) is the wavelength. 0, for n=0, 2, 4,---, is the 


complement of the slant angle of L,, n=0, 2, 4,---, 
(hig. 2): 
Eq. (1) may be written 


Vn 
= F = constant, 


sin 26, 


which is a form of the sine condition when the reflector 
is used with parallel incident or emergent rays.? The 


My My Mn es 


Fig. 2—Determination of zones and step depths. 


REFLECTOR 


LATHE COMPOUND 


TOP VIEW 


SIDE VIEW 


Fig. 3—Setup showing method of scanning. 


2F, A. Jenkins and H. E. White, “Fundamentals of Physical 
eres 2nd Ed., McGraw-Hill Book Co., Inc., New Vora. N. Ys 
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lengths of the line segments S, [Figs. 1(b) and 2] are the 
step depths of the reflector and are given by the formula 


| Sa = y,(tan On41 — tan 6-1) hn eA; 2) yee (2) 


The surface of the three-dimensional zoned reflector is 
obtained by rotating the broken line composed of the 
line segments Lo’, Si, Le, S3, Ls, - + - , about the x axis 
[Fig. 2(b) |. The line segments L,’, Le, Lu, - - - , generate 
portions of coaxial right circular cones with common 
vertex P, and the line segments Sj, S3, S;, - - - , generate 
portions of coaxial right circular cylinders: _ 


III. ABERRATIONS 


The zoned reflector is a form of stepped spherical sur- 
face that is well corrected for spherica] aberration and 
offense against the sine condition. 

It can be shown that both sagittal and tangential 
coma are independent of the first power of the sine of 
the semiscan angle. Third-order sagittal coma is given 
by the expression! 

R 
C= - 56 sin? Q(1 — cos a), (3) 
where R is the radius of curvature, Q is the semiscan 
angle, and a is the aperture angle (Fig. 3). The expres- 
sion vanishes when the sine condition is satisfied. 

This reflector design does not correct for chromatic 

aberration, whose value may be found by the relation 


dy 
df= R—, (4) 

r . 
where df is the elemental change in focal length due to an 
elemental change in wavelength dX, \ is the wavelength, 
and & is the radius of curvature. 

The loci of the sagittal and tangential foci can be 

found from expressions derived by Ronchi and Toraldo 
di Francia.! (A plot of these curves is given in Fig. 9 for 
a reflector with a 12-inch radius of curvature. The radius 
of curvature for these curves at F turns out to be R in 
both cases.) 


IV. CONSTRUCTION 


From computations carried out and graphed (Fig. 4) 


Fig. 4—Total excursion of the wave aberration plotted 
against a for different values of ©. 


es 
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by Ronchi and Toraldo di Francia, an aperture angle of 
30° and a scan angle of +10° were chosen. The radius of 
curvature and aberration tolerance were determined 
from these choices. K band (24.55 kmc) was selected as 
the design frequency. From the graph the ratio of wave 
excursion, AW,, to R was selected as 0.005, and with 
AW, as X/8, yielded 


& 


ee ee AG Sot 
0.005 a (5) 


From the sagittal formula and the derived formulas 
(1) and (2), a 16-inch reflector at K band was designed 
and constructed. The reflector was fed with a flared 
horn supported by a plexiglass rod mounted ona lathe 
compound. Scanning was accomplished by means of the 
lathe compound, which allowed lateral, longitudinal, 
and rotary movements of the feed in the focal planes 
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radiation patterns for various off-axis feed positions. 
With the feed on the compromise focus curve, the pat- 
tern was symmetric when scanned up to about +17.5° 
(approximately 10 beamwidths) off-axis, and had a half- 
power beamwidth of 1.8°. The sidelobes remained well 
under 15 db over this range, and no noticeable broaden- 
ing of the beam was observed (Fig. 5). The gain over 
this range remained within 2 db of its level on-axis. At 
K band the measured gain of the 16-inch reflector was 
35 db, that of the 18-inch reflector was 36 db. 

A comparison of radiation patterns of a 16-inch para- 
bolic reflector, a 15-inch Mangin mirror,? and the 16- 
inch diffraction reflector is shown in Fig. 6. The same 
feed horn was used in all cases. Table I (next page) com- 
pares these reflectors at various scan angles. With re- 
spect to both theoretical and experimental data, the 
beamwidths of the diffraction reflector are narrower 
than those of the other systems. 


SSS i=in a See 
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Fig. 5—Patterns along compromise focus of diffraction reflector system. 


(Fig. 3). Movements of 0.025-inch increments were pos- 
sible in either direction, the total possible lateral move- 
ment being 10 inches across one-half of the face of the 
reflector. 

Movements in 0.250-inch increments were made 
across the face of the reflector, followed by movements 
in 0.025-inch increments along a line at an angle ¢ to 
the reflector axis (Fig. 3). As the feed was moved off- 
axis the horn was rotated so that it was always aligned 
with the vertex of the reflector (Fig. 3). In this way the 
loci of the sagittal, tangential, and compromise foci 
were obtained. 

Although the first system was designed for 24.55 kmc, 
all of the tests were made at 24.05 kmc, which was more 
readily available at that time. To check the results ob- 
tained with the first model, a second reflector was de- 
signed, also at K band (24.05 kmc), with R=30.5 cm. 
This reflector had an 18-inch aperture and required two 
more zones than the 16-inch reflector. The same general 
pattern for testing was used. 


V. EXPERIMENTAL RESULTS 


The object of the experiment was twofold: 1) to in- 
vestigate the properties of the reflector for possible use 
in radioastronomy, and 2) to attempt to verify the 
Ronchi-Toraldo di Francia theory by experiment. 

The first phase of the experiment consisted in taking 


+ 


ANGLE 


Fig. 6—Comparison of gain and beamwidth: 16-inch paraboloidal 
reflector, 16-inch diffraction reflector, and 15-inch Mangin mirror 
system. 


’R. C. Gunter, F. S. Holt, and C. F. Winter, “The Mangin 
Mirror,” AFCRC Tech. Rept. No. TR-54-161, AF Cambridge Res. 
Center, Bedford, Mass.; April, 1955. 
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TABLE I 


COMPARISON OF BEAMWIDTH AND SIDELOBE LEVEL OF 
SCANNING SYSTEMS 


Diffraction Reflector—18 inches \=1.246 cm 


R=12 inches=F 


can Angle 0 5 12 14 IS) Bf) 
et Bouse Ae 1.8 1.8 1.8 1.8 1.8 1.9 

Beamwidth S* 1.8 1.8 tats! 1.8 1.8 1.9 
Sidelobe a 16 16 17 16 137,52 1035, 

Level (-db) S 18 18 18 17 7 15 


Diffraction Reflector—18 inches A=1.246 cm (Compromise Focus) 


R=12 inches 

Scan Angle 0 5 12 14 18.5 

Half-Power ap 1.8 1.8 1.8 1.9 1.9 
Beamwidth S 1.8 1.8 1.8 159) 1.9 

Sidelobe T 16 16 16 16 14 
Level (-db) S 18 18 16.5. 14 14 


Spherical Mirror—15 inches \=0.856 cm 
R=11.5 inches 


Scan Angle - 
Half-Power a 2.0 Deel 2.0 De 225 
Beamwidth S Pea Ded 233) 2.4 2.4 
Sidelobe Ti 1255 el Ome toe LOL 9.0 
Level (-db) S eS ee 618 -Onee dO. O5 19:25 
Mangin Mirror—15 inches X=0.856 cm (Compromise Focus) 
R=11.5 inches, Ri=7.75 inches 
Scan Angle 0 Ds USS es IDE 25R Sed 
Half-Power ale ay) Levit 1.8 1.9 2.0 
Beamwidth S 1.8 1.8 1.9 Del 3.0 
Sidelobe a Gls SES Or Sj” a5) 
Level (-db) S Dies AQ LUMO alypeGy 7 ill soy 


Diffraction Reflector—16 inches 
R=12 inches=F 


\=0.856 cm (Compromise Focus) 


Scan Angle 0 Dis) 5 7 

Half-Power a 1.4 1.4 LES 125. 
Beamwidth S 16 15 125 15 

Sidelobe 4g 16 15 145° 1425 
Level (-db) S 25 24 220) 20.0 


* S=Sagittal, T= Tangential. All angles in degrees, a!l beamwidths 
in degrees. 


The contributions of individual rings (zones) were in- 
vestigated by covering the entire reflector with absorb- 
ing material and successively exposing separate rings. 
The radiation pattern of any one ring was similar in 
shape and showed about the same gain (Fig. 7) as any 
other ring. 

In many respects, the second phase of the experiment 
confirmed the theoretical design of the reflector. The 
focal length at the design frequency turned out to be R 
empirically, as predicted by theory. Chromatic aberra- 
tion effects were observed in the region of the design 
frequency, as predicted by (4). In tests of the first re- 
flector at 24.05 kmc (A=1.247 cm), the distance to the 
horn aperture on-axis measured 12.25 inches. The de- 
sign radius (focal length) of this reflector was 12 inches, 
but this was at a design frequency of 24.55 kmc (A 
=1.222 cm). Applying (4) with R=12 inches, \=1.247 
cm, and d\ =0.025 cm, leads to a predicted shift in focal 
length of 0.24 inch, which agrees well with the measured 
value. Tests made on the second reflector showed a focal 
length equal to R at the design frequency. 

Incremental increases in the wavelength lengthen the 
focal length, and incremental decreases shorten the 
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Fig. 7—Contribution of individual rings, diffraction 
reflector no. 1. 


focal length. It was found, however, that (4) is not valid 
for large wavelength increments. A relatively large shift 
of focal point was observed when K, band (34.95 kmc) 
was used in the tests. By (4), a change of 0.363 cm in 
wavelength should produce a change of 3.57 inches in 
the focal length. At this wavelength (0.858 cm) the re- 
flector focused at about 0.77R and not at 0.7R as pre- 
dicted by theory. The ratio of the two wavelengths is 
0.7, and hence, not a full multiple of the design wave- 
length. The possibility of other foci at even wavelength 
multiples was not investigated, owing to the unavail- 
ability of the required transmitting tubes. The physical 
size of the reflector itself limited the use of the lower 
frequency bands available. The £ plane patterns at K, 
band at best focus (Fig. 8) were more desirable than 
those at K band (the design frequency) at the design 
focus. 

The well-focused patterns obtained on-axis in both 
planes verify the theoretical prediction of very low 
spherical aberration and on-axis astigmatism. The sym- 
metry of the patterns as the beam was scanned through 
+17.5° is in agreement with the predicted low comatic 
aberration. Exceptionally good agreement between the 
feed loci for best azimuth and elevation patterns as de- 
termined experimentally and the traces of the tangential 
and sagittal surfaces as predicted by theory! is seen in 
Fig. 9. It is clear from this figure that the astigmatism is 
zero on-axis but increases with lateral feed displace- 
ment. It is primarily this growth in astigmatism with off- 
axis feed displacement that limits the practical scanning 
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Fig. 8—Radiation patterns at best focus. 


Fig. 9—Theoretical and experimental plot of 
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9 is an experimental compromise best-focus curve where 
the effects of astigmatism are minimized. This curve fol- 


capability of the diffraction reflector. Also shown in Fig. 


lows the zero line (Gauss 
as predicted by theory 
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(b) Patterns along best tangential sagittal focal 


a) Patterns along best tangential focal locus of diffraction 
locus of diffraction reflector system. 
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reflector system. 
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10 and 11 show the radiation patterns at various scan 


angles for the sagittal and tangential foci. 
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Patterns taken along the best tangential focal locus 
’ and along the best sagittal focal locus at K, band were 
similar to corresponding patterns at K band. Figs. 
-12(a) and 12(b) show these patterns to +7° scan. 

The maximum useful field that can be covered with 
this particular reflector is +17.5°, which is in good 
agreement with the scan angle chosen for design. The 
best over-all use of this reflector is made when the feed 
is placed at the “compromise focus.” At this position 
the system maintains a symmetric beam while being 
scanned +17.5° in either plane. 


VI. CONCLUSIONS 


The zoned reflector based on diffraction principles 
and using conical surfaces has been shown to agree with 
the theoretical predictions of its properties and per- 
formance. The principal aberrations present in conven- 
tional paraboloidal and spherical reflectors have been 
greatly minimized in this design. Astigmatism is present 
but its effects can be reduced by a “compromise focus.” 
The shift of focal point which was noted as the fre- 
quency was changed is an effect of chromatic aberration, 
predicted by theory and verified by experiment. 

The system tested could scan a maximum of +17.5° 
with no appreciable broadening of the beam, with side- 
lobe level well under 15 db and gain remaining within 2 
db of its on-axis level. 

Larger diffraction reflectors of the type shown in Fig. 
13 are now being constructed at the Air Force Cam- 
bridge Research Center, and work on movable feed 
systems is anticipated. 


Fig. 13—Diffraction reflector with feed. . 
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A Note on the Relation Between the “Exact” and “Simplified” 
Theories for EM Wave Propagation in Ionized Gases* 


JOHN M. ANDERSON} 


accuracy of a simplified formulation of the con- 

ductivity of an ionized gas as compared with a 
more exact theory. They find a factor of error in the 
real components of the conductivities of ~0.82. It is 
the purpose of this note to point up that this error may 
be eliminated by a proper definition of the average elec- 
tron collision frequency. 

A simple, convenient expression for electrical conduc- 
tivity of a gaseous medium containing free electrons, 
developed from the differential equation of motion of 
an average electron, has been much used: 


al yi =] (1) 
m Lo +p)’ 

where n, is the electron number density, e and m are 
the electronic charge and mass, respectively, v is the 
electron collision frequency with heavier constituents 


of the gas, and w is the angular frequency of the applied 
sinusoidal wave. A more exact expression, developed 


Sheers. Sisco and Fiskin! have discussed the 


o = Creal ae Wimag = 


* Manuscript received by the PGAP, December 14, 1959. 

+ General Electric Res. Lab., Schenectady, N. Y. 

1 W. B. Sisco and J. M. Fiskin, “Effects of relatively strong fields 
on the propagation of EM waves through a hypersonically produced 
plasma,” IRE TRANs. ON ANTENNAS AND PROPAGATION, vol. AP-7, 

pp. 240-244; July, 1959. 


by Margenau? and Ginsburg,’ is (Maxwellian distribu- 
tion of electron velocities) 


= or “Tf v(u)ut exp (—u?)du 
3./n m 0 w? + y?(n) 


: ed u Se] (2) 
0 w? + v?(u) 


m Wiz 
Ge)" 
2kT, 


v is the electron velocity, k is the Boltzmann constant 
and 7, is the temperature of the gas of electrons. 

Assuming initially that v?<«<w?, the real terms of (1) 
and (2) may be equated and it is determined that a de- 
sired definition of average electron collision frequency 
v evolves as 


o 


where 


CH) 


8 co 
eel: (u)u4t exp (—u?)du @) 


2H. Margenau, “Conduction and dispersion of ionized gases at 
high frequencies,” Phys. Rev., vol. 69, pp. 508-513; May, 1946. 

3 V. L. Ginsburg, “On the absorption of radio waves and the 
number of collisions in the ionosphere,” J. Phys. (USSR), vol. 8, pp. 
253-256; April, 1944. 
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The collision frequency v(z) is related to the probability 
Pm of momentum transfer collisions between electrons 
and gas molecules, 


v(v) = PoP md, (4) 


where /» is the gas pressure normalized to 0°C and J mm 
Hg. It follows from the assumptions made by Sisco and 
Fiskin that P, is a constant, equal to the reciprocal of 
the electronic mean free path ) in the gas. If P» varies 
with electron energy, as it does in almost every real ex- 
perimental situation, a power series, 


a Sy anv”, (5) 


may approximate P,, and (3) may be readily integrated. 
However, for constant Pn, 


4 8 \1/2 
B= — poPm (—) OR ee (6) 
$i T™™m 


Frequently the density of gaseous ions may be suffi- 
ciently high that significant momentum transfer is ef- 
fected by electron-ion collisions. For this case it has 
been shown? that an approximate collision frequency 
follows from the equating of (1) and (2), 


nN; Te IM ee 
A In Ee (=) i an G) 
note ni?\T.+T; 


4J. M. Anderson and L. Goldstein, “Interaction of electromag- 
netic waves of radio frequency in isothermal plasmas: collision cross 
section of helium atoms and ions for electrons,” Phys. Rev., vol. 100, 
pp. 1037-1046; November, 1955. 


where 7, is the density of ions, and 7; is their tempera- 
ture. The constants A and B have been found experi- 


mentally! to be 3.6 and 3.7 X10, respectively. A total 


collision frequency for use in (1) must therefore be a 
sum, in the first approximation, of the two types of 
collisions expressed in (6) and (7). 

A consideration of the low frequency or dc situation 
v?>>w? would follow in analogy to the above. This gives a 
slightly different result than (6), namely, 


3 8 \1/2 z 
r= — pPa(—) GT), 8) 
8 Tm 


Caution must be exercised in the use of (8) since for 
those cases where the electric field strength forces a rise 
in mean electron energy appreciably above that of the 
gas, a Maxwellian distribution most probably no longer 
exists. 

In the above the electron temperature may be an ele- 
vated value in the presence of the electromagnetic wave. 
The extent of a variation of T, may be calculated by the 
method of Margenau, as outlined by Sisco and Fiskin, 
or may be calculated by the method employed in a de- 
scription of the phenomenon of ionospheric cross-modu- 
lation, as outlined by Anderson and Goldstein.*® 

Quite incidentally, it should be pointed out that the 
factor Bz should replace the factor B; in (20) of Sisco 
and Fiskin’s article, and also in their (26) the factor 2 
should replace the factor 7. 


5 J. M. Anderson and L. Goldstein, “Variation with electron 
energy of the collision cross section of helium for slow electrons,” 
Phys, Rev., vol. 102, pp. 933-938; May, 1956. 


A Note on “Effects of Relatively Strong Fields on the Propagation 
of EM Waves Through a Hypersonically 
Produced Plasma’ 


J. M. FISKIN+ anp W. B. SISCOt 


graphical errors of Bz and 7, and the definition of 

¥, an effective collision frequency, for insertion 
into the classical equations are correct. The deviation 
in our simplified conductivity based on a mean velocity 
fo is, however, essentially 0.18 and not 0.82. 


* Received by the PGAP, January 18, 1960. 
t Douglas Aircraft Co., Santa Monica, Calif. 
t National Engineering Science Co., Pasadena, Calif.; 
with Douglas Aircraft Co., Santa Monica, Calif. 
M. Anderson, “A’ note on the relation between ‘exact’ and 
‘simplified theories for Em wave propagation in ionized gases,” this 
issue, pp. 337-338. 


ae comments of Anderson! regarding the typo- 


formerly 


It is interesting to note that under the assumption 
w’>v’ (equivalent to our w*\? >v?) where w is the angular 
frequency, \ is the mean-free path, and v is the velocity, 
the dependence of fo, the velocity distribution on X is 
removed. This allows values of \ that are functionally 
dependent on wv to be conveniently handled in the ex- 
pression for the conductivity as noted in (5) by Ander- 
son. 

A case in which a variation of \ with v can be handled 
quite easily without assumptions is the one in which 
v/X or v is a constant. Beginning with the expression of 
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Margenav? for f; 
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* H. Margenau, “Conduction and dispersion of ionized gases,” 
Phys. Rev., vol. 69, pp. 508-513; May, 1946. 
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Here m is the mass of the electron, M is the mass of 
the positive ion, k is Boltzmann’s constant, 7 is the 
temperature of the plasma, e is the charge of the 
electron, and £ is the external applied field strength. 
The real part of the conductivity is then 


VA Arey (* ne y 
== f fivtdv = =( : (3) 
EO 3E Jo m \P + 


This is, of course, the classical expression for the con- 
ductivity of a gas which is identical with the exact ex- 
pression when v/) is a constant. Eqs. (1), (2), and (3) 
thus constitute a very simple proof of the conditions® 
under which the classical expression is valid. 

We wish to express our appreciation to Dr. Anderson 
for pointing out the typographical errors and the defini- 
tion of an effective 7 that may be used in the classical 
expression for the conductivity. 


*E. Everhart and S. C. Brown, “The admittance of high fre- 
isn gas discharges,” Phys. Rev., vol. 76, pp. 839-842; September 
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A Reciprocity Theorem for Nonperiodic Fields* 


G. GOUBAUt 


Lorentz in 1895, formulates a general relation be- 

tween two arbitrary electromagnetic fields of sta- 
tionary sources of the same frequency, within an arbi- 
trary space which does not include the sources of the 
fields. The space may contain dielectric and conductive 
bodies of isotropic or even anisotropic media, provided 
the tensors e, » and o are symmetrical. The reciprocity 
theorem is usually written in the form: 


Ses reciprocity theorem, first derived by H. A. 


f {ex Ha — Ea X Hs} -nas = 0 (1) 
s 


where /,, H, and Es, Hz are the complex amplitude 
vectors of the two fields, having both the same time 
factor et, The integration is performed over the entire 
surface S bounding the considered space. S may be com- 
posed of several closed surfaces; for instance, surfaces to 
exclude the sources from the space of integration. In 


* Manuscript received by the PGAP, August 17, 1959. Presented 
at the 1958 URSI-IRE Fall Meeting, Pennsylvania State University, 
University Park, Pa.; October 21-22. 

Talc g Army Signal Research and Development Laboratory, 
Fort Monmouth, N. J. 


cases where the space is unbounded, one part of Sis a 
sphere whose radius approaches infinity. 

The integrand in (1) represents a complex vector R 
which is a function of w: 


R(w) = Ei(w) X How) — Ex(w) X Ai(w). (2) 
Since (1) is satisfied for any frequency, it is satisfied 
also for the Fourier transform of R(w) that is 


+00 
R(w) eda, (3) 


oO 


R(t) = 


Thus, the reciprocity theorem of (1), when transformed 
into the time domain, reads: 


f R(i)ndS = 0. (4) 


In order to perform the Fourier transformation of 
R(w), we consider Fi(w), Hi(w), and E.(w), Ho(w) as 
Fourier components of the fields F,(#), Ai(t) and 
E,(t), H2(t) having arbitrary time dependence: 


1 rt 
oe eee i Ei(pe-brdr ete (5) 
De) aes 
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This is permissible since every Fourier component of 
a field satisfies Maxwell’s equations with the boundary 
conditions. Replacing E:(w), Hi(w) by their Fourier 
transforms, we can write R(t) in the form 


oe) co 
OVS —f_ les { Ex(r) X H2(w) 
— Ex(w) X H,(r)} e-#*drdw. (6) 


If we integrate first over w and consider that 
-+oo 
Howe dw = Halt — 7); 


oO 


+00 
ib Hae Oa = EG (7) 


where F(t) and H(t) are the Fourier transforms of 
F,(w), H2(w), we obtain: 


1 et 
RO => (BiG) x Ha) 


— E(t — 7) X H,(r)} dr. (8) 


The integration at the right side of this equation is 
identical with the formation of the cross-correlation 
function between two time functions fi(é) and f2(—?). 
Therefore, R(t) can be interpreted as a cross-correlation 
vector between the field vectors F(t), Hi(t) and E.(—?), 
H{—?). 

The reciprocity theorem in the time domain can thus 
be written in the form 


[=o X H2(—7) — Ex(—1) X Ai(r)}ndS =0 (9) 


where the bars indicate the formation of the cross-cor- 
relation functions. 

This theorem yields all the results which can be de- 
rived with the classical reciprocity theorem. However, 
it is more general in that it can be also extended to cases 
where one or both of the sources are moving. The classi- 
cal theorem fails in this case because the field of a mov- 
ing source is not periodic in the entire space, even if the 
source itself is periodic. 


Before applying (9) to the case of moving sources, we | 


consider a simple example, namely the case of the two 
resting dipoles. 

We apply (9) to the entire space with the exclusion 
of small spheres around the dipoles P,(¢) and P.(t). The 
infinitely remote boundary of the space does not con- 
tribute to the surface integral of (9), since the integrand 
is identically zero at infinity for any ¢ and r. Thus, the 
surface integral in (9) can be split into two parts: 


R(t)ndS = 0 
Sy 


f_ R@nas + (10) 
81 


where S; and S, are the surfaces of the spheres around 
the dipoles. 
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In order to evaluate the integrals of (10), we inter- 
change the integrations over 7 and S. The integration 
of S, and S: yield 


[ (9@ x ma = 9) = B= 0) x HaGO)\nas 
Sy 


0 il 6) 
= — E(t — 7) Be ae a Pp aenibe —7)) 
f \ndS =— E,(r) Ne P.(t—7) 
So OT 


=F Es is (P(t — 7) Ex(r)). (11) 
3 OT 
The term containing the factor 4 disappears when the 
integration over 7 is performed, since Pi(t) and P2(é) 
are zero fort=+. 
Thus, (10) becomes 


+00 0 
— i! E(t — rt) — Pi(r)dr 
Ss OT 


= [-2@ = Pu —r)dr. (12) 


If we introduce on the left side the variable t—7, in- 
stead of the variable 7, the equation can also be written 
in the form: 


-f00 (a) 
f Ex(r) — Py(t — 2dr 
a OT ie 9 
= if Ex(r) = Pt —)dra 13) 


This equation shows at once that if P; and P: have the 
same time dependence, the same is true for the com- 
ponents of E; and £, measured in the direction of P, and 
P, respectively. We can formulate the result in the fol- 
lowing manner: 

Choose two arbitrary points 4 and B in space (Fig. 
1) and assign them unit vectors t; and te, respectively, 


Ne 
Pee 


Figs 


which indicate arbitrary directions in space. Place a 
time-variable dipole P(t) at A in the direction of t; and 
record at B the component of the electric field E(¢) in 
the direction of te. Now place the same dipole at B in 
direction of t2 and record at A the component of the 
electric field in the direction of ¢;. Eq. (13) then states 
that the observed electric field components have in both 
cases identical amplitude and time dependence, no 
matter whether there is free space transmission between 
the two points or the transmission is affected by diffrac- 
tion, refraction or reflection phenomena, provided e, pu 
and o of the matters involved are scalars or are char- 
acterized by symmetrical tensors. 
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This result is not at all new, although it has been 
derived in a different manner, However, the example 
will be helpful in the interpretation of the result which 
is obtained when the reciprocity theorem of the time 
domain, as formulated by (9) is applied to the case of 
movable sources. It must be remembered that (1) is 
based on the condition div R(w) =0 within the entire 
space bounded by the surface of integration. Similarly 
(9) is based on the condition div R(#)=0 within this 
space. This condition implies that the sources at no time 
enter into this space. 

The space which is occupied by a moving source at 
one time or another is a cylinder, the cross-sectional 
dimensions of which are given by the size of the source 
and by the path length during the period of emission. 
_ Fortunately, the integration of EXH over the surface 
of such a volume can be transformed into an integra- 
tion which is easily performed. 

In the following, we assume for simplicity reasons 
that £,, My, is the field of a source (Source I) fixed in 
space and EF», H2 that of a moving source (Fig. 2). The 


S2 
Source Il 
— — —=——_ — — — — Diffraction Layer 


SQ) Source | 


Ground 


Fig. 2. 


stationary source may be a transmitter located near the 
surface of the earth and the moving source (Source II) 
a transmitting satellite. The two sources may be sep- 
arated by a refracting layer like the ionosphere, but we 
assume that there is no gyromagnetic effect involved 
which would invalidate (1). 

As in the previous example, we apply (9) to the entire 
space, with the exception of a sphere around Source I 
and the cylindrical space occupied by the moving source. 
Eq. (9) can then be written in the form of (10), where 
’ S; is the surface of the sphere around Source I and S: 
the surface of the cylindrical space. In order to evaluate 
(10), we again perform first the integration over the 
two.surfaces and then the integration over T. 

It is well known that for any distributed source (such 
as a radiating antenna structure) there is a multipole 
point source which yields the identical field at distances 
greater than the geometrical extension of the distributed 
source. If we replace Source II by such an equivalent 
source, the integral over S; in (10) obviously remains 
unchanged, because S; is beyond the geometrical ex- 
tension of Source II. Therefore, with (10), the integral 
over S) must remain unchanged too. In the case of a 
moving point source, the space occupied by the source 
reduces to a filament-like space. If the integration 1s 
performed over the surface of this filament for any val- 
ues of ¢ and 7, only the near-field components of the 
source will contribute to the integral, because, at larger 
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distances from the source, Ei, H; and Fe, Hz can be 
considered constant along the circumference of a cross 
section of the filament. Therefore, the surface integral 
may be taken over a small sphere surrounding the 
equivalent point source. 

Assume both sources radiate dipole fields. Then the 
evaluation of the surface integrals leads to the same 
expressions as if both dipoles were standing still; in 
other words, (13) is also applicable to the case of the 
moving source. However, /;(7) is now the field at the 
location of the dipole P; at the time t—r. E,(r) differs 
from the field which would be recorded by a receiver 
moving along with the source P2(r), because P2(t—7r) 
corresponds to a movement of P2 in the opposite direc- 
tion. Thus, reciprocity in the usual sense does not exist 
any more if one of the sources is moving. Nevertheless, 
(13) formulates a relation for the mutual transmission 
between a moving and a resting source, which may be 
useful in certain instances. 

Assume, for example, the hypothetical case that P, 
varies in time in such a manner that 


0P2(r) 


OT 


ei A (14) 


where 6 represents a Dirac-pulse occurring at the time 
ty. Then the right side of (13) becomes: 


+00 fa) 
ib E,(r) a Pot = t)dr = —A-E,\(t ear ti). 
= ine 


The correlation integral performed at the resting source 
[left side of (13)] is then proportional to the field of this 
source at the location where the pulse emission took 
place. 

It shall be mentioned that (13) is restricted to veloc- 
ities which are very small compared to the velocity of 
light. Otherwise, Lorentz transformation must be ap- 
plied to the dipole field before (11) is evaluated. 

The problem of a moving source can also be treated 
from the viewpoint of relativity theory. In this case, the 
total space is divided into two halves (Fig. 3), one half 


0) Source Il (moving) ——> 


Space ll 


Interface 


Space I 
o) Source | (resting) 
= a a ana Ground 
Fig. 3. 


(Space I) containing the resting source (Source I) and 
the other half (Space II) containing the moving source 
(Source II). We assume a straight path for the moving 
source and a plane interface between the two half spaces 
parallel to this path. We furthermore assume that Space 
I contains no resting matter so that this space may be 
thought to be moving with the source. 
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The field of the source in the one space, when ob- 
served in the other space, is subjected to Lorentz trans- 
formation. The reciprocity relation (10) can be applied 
to each space. Each source is in rest with respect to its 
surrounding space. One surface of integration is the 
sphere around the source. The other surface is the inter- 
face between the two spaces. The problem is to find a 
relation between the two reciprocity integrals extended 
over the two sides of the interface. This problem is 
complicated for two reasons: 

1) The integrals contain not only the field compo- 
nents which are parallel but also those which are per- 
pendicular to the interfaces. The latter components are 
introduced by the Lorentz transformation. 
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2) r being constant in one system means a progres- 
sive time in the other system. ate: 

If the velocity of the source is small compared to the 
velocity of light the relation simplifies and it is not very 
difficult to show that this kind of treatment yields the 
same result, 7.e., (13). ) 

Concluding, it is apparent that the signal transmis-_ 
sion between a satellite and a ground station is quite 
complicated, if studied in detail. The ordinary reciproc- 
ity in transmission is invalid, not only because of the 
gyromagnetic effects in the ionosphere but also be- 
cause of the fact that a moving source is involved. The 
question as to the practical consequences requires 
further study. 


Checking Design of Stepped Luneberg Lens* 


H. F. MATHISt+ 


may be used to check the design of a stepped 
Luneberg lens. This procedure is based on geo- 
metrical optics, using Snell’s law and ignoring reflec- 
tions. 
In order to introduce the notation which will be used, 
a stepped Luneberg lens is shown in Fig. 1. It is assumed 
that all radii are normalized with respect to the radius 
of the lens. The steps are numbered from the outside 
toward the center. The 7th step is bounded by r=7; and 
r=r,—1. The index of the 7th step is denoted by n;. A ray 
is designated by its value of 6). Although only three 
steps are shown in Fig. 1, the procedure may be used 
for any finite number of steps. 
It is well known and easy to derive from Snell’s law 
that at any point P(r, 8) on the path of aray, 


\ PROCEDURE is presented in this note which 


mr sin d = sin 09 () 


where 7 is the index of refraction at the point and ¢ is 
the angle between the path and the line OP. If follows 
from the law of sines and (1) that 


ag sin 0 sin 6 
6. — 0, = sin ‘) — sin“! ( ‘). (2) 
N22 Novy 


Due to symmetry, 


04 — 03 = O02 — 64. (3) 


In Fig. 1, it may be observed that there is a minimum 
value of r for a specific ray. This minimum value of r 
is denoted by r* and it must satisfy the equation 

nr = sin 4. (4) 


* Received by the PGAP, December 28, 1959. 
} Goodyear Aircraft Corp., Akron, Ohio. 


Fig. 1—A stepped Luneberg lens. 


There may be more than one value of r which satisfies 
(4). If this is the case, the largest of these is the proper 
value of r to use for r*. Let N denote the number of the | 
step in which ?* is located. It follows from (1) and simple 
geometry that 


in 6 
9, — by = 180° en sin (= ‘), (5) 


N3fo 


A stepped lens with an assumed external focus at 
(;, 180°) is considered first. An arbitrary ray, identified 
by 4, will go through the point (Ry, 6,), where 


ne 
6, = 180% 26) = ci ( ae ‘) 
R; 


N-1 + 
+2 > sin (= *) 


k=1 NK 


sin 0 
—2>> sin ( ‘), (6) 
k=1 
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with ro>=1. For an ideal lens, 0, =180°. If the assumed 
focus is located at (R;=1, 180°), an arbitrary ray goes 
through the point (R;=1, 6,), where 


N-1 s 
62 = 180° + 0 +2 >> sin- (= =) 


k=1 NK 
au sin 6 

—2 > sin! ( ‘) (7) 
k=1 NV e—-1 


A stepped lens with an assumed internal focus at 
(R;, 180°) is considered next. Let M denote the step in 
which the assumed focus is located. It may be found 


for some values of 6) that R;<r*, which indicates that 


the corresponding rays cannot go through the assumed 
focus. Other rays go through the points (Ry, 0,), where 


in 0 
6, = 180° + 6) — sin! ( a ‘) 
mu Ry 
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ae Ase sin-! ( aD “) 
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rar sin 09 
= DS. sin“! 


k=1 NE R—1 


N-1 ‘ 
+25) sin (<2) 


k=M NK ke 


a sin 0 
Bee 2S sin ( ). 


k=M+1 Nkrk-1 


(8) 


If the point (R;, 180°) lies on a boundary between steps, 
it is convenient to assume that the point is in the inner 
step. 

Since the angle @) has all values for —90° to +90° and 
the lens has only a finite number of steps, it is impossi- 
ble to design an ideal stepped Luneberg lens. Therefore, 
one must decide upon some allowable range for 6,. If the 
range must be small, a large number of steps must be 
used. 


A Note Concerning the Precise Measurements of 
Dipole Antenna Impedance* 


SEYMOUR KREVSKY Tt 


8 A RECENT discussion of an apparent anomaly in 


cent in a statistical as well as absolute sense. 

One of the inescapable difficulties of this measurement 
problem is that arising from the apparent discontinuity 
that must exist between the external antenna and the 
driving transmission line.* It is noted that the physical 
measurements depend on the separation of the shunt 
driving point admittance into two parts, as it is treated 
theoretically,® that is, an antenna admittance and a 
shunt driving point terminal admittance. Fig. 1 shows 
a measured and a calculated curve for a particular whip 
antenna having an L/D ratio of 183 and a total length 
of 84 inches as used from 38 to 54 mc in a vehicular 
communications system.’ It was found that an addi- 
tional constant shunt network was required to provide 
a “best fit” of curves. The network elements consisted 
of a fixed resistance of 2850 ohms and a fixed capacitance 
of 12.15 uf. Since “Q” meter measurements of the mast 
base showed a negligible shunt resistance and a capaci- 
tance of approximately 8 yuf, one must postulate the 
sources for the manifest values of these elements. First, 


the measured values of reactance and other 
| parameters of importance in the utilization of 
dipole type antennas at or near resonance’ emphasizes 
the importance of refined techniques for precise meas- 
‘urement of dipole antennas. A perusal of the litera- 
_ture,?~‘ and some results of similar measurements made 
by others,’ indicate the difficulty involved in obtain- 
ing data with a reliability grade of better than one per 


* Manuscript received by the PGAP, December 28, 1959. 
+ Surface Communications Systems Lab., RCA, New York, N. WY, 
— 1L, Lewin, “A contribution to the theory of cylindrical antennas 
“—radiation between parallel plates,” IRE TRANS. ON ANTENNAS 
AND PROPAGATION, vol. AP-7, pp. 162-168; April, 1959. 
2G, H. Brown and O. M. Woodward, “Experimentally deter- 
mined impedance characteristics of cylindrical antennas,” PRoc. 
IRE, vol. 33, pp. 257-262; April, 1945. : : ° 
8D. D. King, “The measured impedance of cylindrical dipoles, ’ 
J. Appl. Phys., vol. 17, pp. 844-852; October, 1946. 
4S, Silver, “Microwave Antenna Theory and Design,” M.I.T. 
Rad. Lab: Series No. 12, McGraw-Hill Book Co., Inc., New York, 
N. Y., ch. 15; 1949. : ; 
_ 5S. Krevsky, “VHF Whip Antenna System Design,” M.S. thesis 
in electrical engrg., Newark College of Engrg., Newark, N. J.; June, 
1950. 
6B, F. Barton, “The Design of an Efficient Wideband Antenna 
System,” Engrg. Res. Inst., University of Michigan, Ann Arbor, 
Tech. Rept. No. 45; August, 1955. 
7S, A, Schelkunoff, “Antenna theory and measurement, "J. Appl. 
Phys., vol. 15, pp. 54-60; January, 1944. 


8R. W. P. King, “The Theory of Linear Antennas,” Harvard 
University Press, Cambridge, Mass., ch. VIII, section 12; 1956. 

9S, A. Schelkunoff, “Advanced Antenna Theory,” John Wiley & 
Sons, Inc., New York, N. Y., ch. II, section 2.6; 1952. 
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Fig. 1—Whip antenna impedance curves. 


the finite shunt resistance is indicative of a small but 
real loss in the actual ground plane involved, e.g., the 
soil at Coles Signal Laboratory, Fort Monmouth, N. J. 
Secondly, the additional shunt capacitance is indicative 
not only of the terminal effects discussed?:7* but is also 
due to the effect of the imperfect ground with a finite 
dielectric constant, reflecting an imperfect image whose 
effective length must be less than that which a perfect 
ground reflects to the driving point. 

Nevertheless the point made here is to the nature of 
the additional shunt elements affecting the correlation 
between measured and computed cylindrical dipole in- 
put impedance. 

The second objective of this note relates to a tech- 
nique used for improving the precision of measurements 
of this type. There is one principal precaution that can 
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be taken to eliminate many otherwise cumulative 
sources of error that is apparently not covered in the 
literature. This precaution is the calibration of the driv- 
ing transmission line by open and short circuit meas- _ 
urement.!° It has been found that presumably constant — 
characteristic impedance cable such as RG9B/U shows | 
periodicity of as much as 5 per cent in amplitude in 5 mc 
periods at VHF in characteristic impedance, phase ve- 
locity and net attenuation. If these deviations from the 
mean accepted values are not accounted for, they reflect 
large errors into the indicated antenna driving point — 
impedance measurement. The calibration of the driving — 
cable wipes out all anomalies behind it, eliminating the © 
source of a whole set of cumulative errors. 

Three conclusions are drawn from the information 
given above. First, it is an extremely difficult problem ~ 
to correlate a computed dipole input impedance to — 
measurements made even in a controlled environment. 
Secondly, assuming complete control of all parameters, 
including the anomalies of the reflected image across 
the driving point as well as the precise data on the be- 
havior of the driving transmission line at the driving © 
point, it may well be possible to describe, to a statisti- 
cally satisfactory degree, the correlation between meas- 
ured and computed dipole input impedances. 

Finally it is concluded that it is of importance to pur- — 
sue the details of this correlation in light of the possi- — 
bility of the existence of the anomaly referenced by 
L. Lewin.! 


to W. L. Everett, “Communications Engineering,” second edition 
McGraw-Hill Book Co., Inc., New York, N. Y., pp. 168-175; 1937. 


Fresnel Region Field Distributions of Circular Aperture Antennas* 


MING-KUEI HUt 


N the study of field distributions of linearly-polar- 
ized uniform phase plane aperture antennas,! the 
following formula? or a slightly different form given 


by Silver! may be used: 
en % 
(: " =a, (1) 


To To 


k 
E(z, y, 2) = - if F(t, 0) 
A 


* Manuscript received by the PGAP, December 3, 1959. This 
work is a part of a project sponsored by Rome Air Development 
Center under Contract No. AF 30(602)-928. 

T Elec. Engrg. Dept., Syracuse University, Syracuse, N. Y. 

* S. Silver, “Microwave Antenna Theory and Design,” Mass. Inst. 
Tech. Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New York, 
N. Y., vol. 12, pp. 170-173; 1949. 

= M. K. Hu, “Study of Near-Zone Fields of Large Aperture An- 
tennas,” Syracuse University Res, Inst., Syracuse, N. Y., Final 
Rept., pt. 2; April, 1957, 


where 


E(x, y, 3)=the complex magnitude (amplitude and 
phase) of the electric field intensity at the 
field point (x, y, 2) 

F(&, n) =the illumination at the point (&, 7, 0) in 
the aperture A. For uniform phase illumi- 
nation, F(£, 7) can be taken as a real func- 
tion of € and », 


tei At aed dha el bier teat 
yee 
k= a with \ = the wavelength. 


In this communication, it is assumed that the aperture 
is circular and the illumination is of circular symmetry. - 
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FRESNEL REGION APPROXIMATION 


For a circular aperture of radius a, (1) can be rewrit- 
ten as 


E(r, 6, ¢) 


qk 24 a 
=f f Fo,0 
Ar J 0 


where (7, 6, ) and (p, 7/2, $’) are the spherical coordin- 
ates of the field point and source point respectively, and 


e_ikro 
ro 


(: + ee cos ) pdpdd’, (2) 
Yo 


‘ro = {(r sin 0 cos d — pcos ¢’)? 
+ (r sin 0 sin ¢ — p sin ¢’)? + (r cos g)?}3. 


_ The evaluation of the integral in (2) is very difficult 
without further approximation. In order to facilitate its 
evaluation, different approximations are generally used. 
Depending upon the approximation used, the result 
may be classified as the far field approximation, the 
Fresnel region approximation, etc. The most widely 
used approach to such approximations is to expand the 
distance 79, appearing in the exponential, into a power 
series involving r and @. The truncated series, obtained 
by neglecting all terms of order higher than one or two, 
is generally considered as the far field approximation or 
the Fresnel region approximation. As far as the remain- 
ing 79's under the integral sign are concerned, much less 
accurate approximations are satisfactory. If the field 
point in consideration is not too close to the aperture 
and @ is not too large, then the factor 1/ro(1+7/ro cos @) 
can be approximated to good accuracy by using the rela- 


tion 
1 (: 4 r a) 2 
— — €os 0) S27-: 
To Yo r (3) 


A rather different approach to the Fresnel region ap- 
proximation is used in this communication. Instead of 
using the truncated power series expansion, the well- 
known Newton’s iteration formula for finding square 
root of a given number is employed. This formula has 
the following special property. If an approximation By, 
of \/A is known to be correct to n significant figures, 
then the approximation B, of /A, obtained by using 
the iteration formula 


b= —(a+=), (4) 


will be correct to 2m significant figures. If this formula is 
applied to the approximation of 7) in Fresnel region, 
with ¢ as the first approximation, we have simply 


2 


ry Zr — psind cos (6 — 6) + (5) 


This approximation of 7 gives a simpler form than that 
given by Silver,! but it is by no means less accurate. 
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This particular form makes possible the analytical 
evaluation of such integrals. The use of Newton’s 
formula is not limited to circular apertures; it applies 
just as well for antennas of any other shape. 


FRESNEL REGION FIELD DIstTRIBUTIONS 


With circular symmetric aperture illumination, 
F(p, $’) may be written as F(p), and E(r, 0, $) as E(r, 0). 
Using the approximations given by (3) and (5), (2) gives: 


ez 


E(r, 0) = jk 


jkr a 
{ F(p)Jo(kp sin #)e*?"/2")pdp, (6) 
7 0 


If a normalized variable ¢ is defined as 
f=—) (7) 
then (6) becomes 


— her 


E(r, 0) = jka? ( 
r 


)S F(g)Jo(usjeMrlPEde, (8) 
0 


where 
; ka? 
u=kasin@é and y =—- (9) 
r 
For aperture illumination of the following general form, 


DG ee Ne 


The author found that E(r, 0) can be expressed in terms 
of a new class of function Wo"(y, “), as 


1 OT eyes (10) 


E(r, 0) = e*r(yei@—!?) -Wor(y, u), 


(11) 


with 
1 
Worly, u) = {t (1 — @2)"Fo(ugeiO-Nede, (12) 
0 


Some properties of Wo"(y, u) will be given in the next 
section. 

Eq. (11) gives the Fresnel region field of a circular 
aperture with illumination of the special form (1—£?)”. 
It is clear that this includes the uniformly illuminated 
aperture as a special case. For nonuniform illumination 
of the more general type, it is possible to express the 
field as a sum of the fields of the above special forms.” 
Field distribution curves (both amplitude and phase) 
due to illumination of these special forms are given in 
reference 2 for n=0, 1, 2, 3, 4 and 


ee es on) 
AN) r/o 
D? 
2(—) ana oO, 


Only the case of uniform illumination, 2.e. 1 =0, is given 
in Figs. 1 and 2 of this communication. 


Normalized Fhase in Rootans 


Normalized amplitude 


v=kasin@ 


Fig. 1—Normalized Fresnel region amplitude distribution curves 


from a uniformly illuminated circular aperture. 
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Fig. 2—Normalized F resnel region phase distribution curves 
from a uniformly illuminated circular aperture. 
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SoME PROPERTIES OF Wo"(7,u) 


The new function W (vy, u) can be expressed in terms 
of the following two Lommel’s functions of two variables 
as . 
Uiy, u) = j ae u) * 


Woy, u) er G3) 


These two Lommel’s functions,? U;(y, u) and U2(y, u), 
are usually given either in integral forms as _ 


1 
Urey f Fo(ut) cos > (1 ~ ¢%)-¢dt, 
0 


keane) if Jo(us) sin (1 — 4) -¢dk, (0) 


or in series forms, in terms of Bessel functions, as 


Sees ee (=) Or (2) saa 


+ (2) 49 =, 


Us(y, u) = (=) se = (=) 209 


+ (2) reo eee (15) 


For n>0, it is found that the following recurrence rela- 
tion holds: 


ay) 
Worry, 4) = = — Wortyae (16) 
7 07 


By repeated applications of this relation, we have 


Wo"(y, u) 


-(=) {= Eee ee (17) 
Pi oy” y. oy" ¥ 


Highly convergent series expansions for Wo"(y, u) can 
be derived from (15) and (17). These series can then be 
used for numerical evaluation. 

Justifications of the results and statements appearing 
in this communication and some other results were given 
by this author.? In that report, near-zone and Fresnel 
region fields of large aperture antennas other than cir- 
cular ones were also treated. 


* G. N. Watson, “A ‘Treatise on the Theory of Bessel Functions,” 
Cambridge University, Press, Cambridge, Mass., second ed., pp. 
537, 540; 1952. 
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On the Beam Deviation Factor of a Parabolic Reflector* 


Veoasrakot 


achieved for a range by displacing the feed in the 

focal plane without resorting to a costly steerable 
mechanism for the whole antenna system. It is well- 
known that the range of scan by this method is limited 
by the increasing coma and astigmatism. However, it is 
still widely used in some specific applications. It is not 
the intention of this paper to investigate the aberrations 
of such a system, which may be referred to elsewhere, 
_ but rather to derive a formula for another character- 
istic of interest, namely the beam deviation factor. Such 
a formula does not seem to appear in literature, although 
_ there are available some experimental results for specific 
cases. 

The beam deviation factor has been defined as the 
ratio of the beam deflection angle ©, to the angular dis- 
placement of the feed 9;, both measured from the axis 
of the reflector with the vertex as origin. Let the feed 
be at F’ at a distance d from the focus F and let d be 
much smaller than the focal length f; then with a certain 
plausible approximation, the field at P(R, O®), in Fig. 1 
is given by 


0 
r=K ff ie, ae [Bp sin © sin @ sin ¢] 
A 


je a parabolic reflector antenna, the scanning can be 


r 
X cos [Bp(sin © cos ® — d/r) cos ¢]pdddp, (1) 


where (p, ¢, 2) or (7, 0, @) are the coordinates of a typical 
point g of integration. 

K is a proportional constant, including the inverse R 
factor and the phase delay function due to 7 and RK; 
A is the aperture of the reflector, 7.e., for p=0 to D/2 
(D=diameter), and ¢=0 to 27, 


r =f sec? 6/2, and 
f(#, 9) is the primary pattern of the feed. 


If the plane containing F’ is defined as one for which 
@=0 and a, the maximum of J must appear in the same 
plane, since in practice f(0, $) is real and positive for q 
in A. Thus if the maximum of J, Im, occurs at On, 


In = Kf I$) cos [8p(sin @, — d/r) cos ¢|pdddp, (2) 
JdJa 


if 


* Manuscript received by the PGAP, February 8, 1960. This work 
was supported in part by Westinghouse Electric Corp., Baltimore, 


Md., during 1957. = cae 
+ University of Illinois, Urbana, Illinois. 


Fig. 1—Geometry of the reflector. 


and @,, satisfies the following equation: 


f F(¢; 9) sin [@p(sin On — d/r) cos ¢|6p? 
eS 


-cos dd¢dp = 0. (3) 
Since for (p, ¢) in A, f(¢, 0) >0, and 
sin [Bp (sin 0, — d/r) cos ¢] cos 


is a continuous function of p and @¢. This equation will 
be satisfied 


sin [Bp (sin @,, — d/r) cos 6]=0 


for some (p, @) in A, by invoking mean value theorem 
for integrals. As d=0, the first condition can be met 
with 0,,=0, as expected. Were 7 a constant the condi- 
tion could still be satisfied with 0, =sin—! d/r. Now 
r is a variable with a range from f to f+Z where 
Z,=the depth of the dish. Therefore, it will be expected 
that in general there are many solutions of 0,, to satisfy 
this second condition. For the maximum of the main 
beam, as shown in Fig. 2, the following inequality must 
be satisfied: 


(1 + Zo/f)-1d/f < sin @, < d/f. 


It is easily seen that for a shallow dish ©, can be de- 
termined accurately without going to the complicated 
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Fig. 2—The range of sin © which is a portion of the hyperbola d/r. 


integration in (3). Now we can write 


sin ©, 


Zo/f ) 
1 Zo/j, 


ditkZ/f ad 1+kD/4f)? 
Pola Zip fo 4 (DARe 


d 1 

( + 
f \ist 2/f 
(4) 


where k <1. Or 


sin 0, — 1+ k(D/4/)? 
tan®, 1+ (D/4f)? 


(9) 


If the usual definition of the beam deviation factor 
(BDF) is used, 


, E 1 + k(D/4f)? 
sin7! | 


Pe Q, a toe Lae (Dyape 
tan—! d/f Gane hy 
= (BDF)o{1 + 3(d/f)?[3(BDF).? + 1] + O(d/f)4}, 
where 
1+ k(D/4f)? 
BDF Ve oe a ee ee 
Goeeo isan © 
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It is seen that by the usual definition the BDF, up to 
the approximations assumed so far, depends also upon 
(d/f).* 

Although & is a function of f, D, f (6, @), its value is 
not critical, especially for large f/D as seen from (5) and 
(6). From one experimental point (or computation) it 
should be possible to predict the rest as a function of 
f/D with good accuracy. In Fig. 3, there shows the 


FACTOR 


DEVIATION 


BEAM 


9° 0.2% OF 


/o 
Fig. 3—Beam deviation factor as a function of f/D. Experimental 


data: Silver and Pao: @; Keller and Coleman: x20-db taper, 
A 10-db taper; computed curve: . 


computed curves and the experimental results by 
Silver and Pao,?? and by Kelleher and Coleman.! For 
the former, there is no information available for f (6, ¢) 
function, and k=0.59 is established by its point where 
f/D=0.5. For the latter, one case has a 10-db tapering, 
the other 20 db with k=4 and 0.48 respectively. The 
extraction of the experimental data from Kelleher and 
Coleman’s report is rather difficult because they meas- 
ured for various values of ©,, those indicated here being 
for 0,=2 X beamwidth. It seems that one can conclude 
that the values of k are from about 0.3 to 0.7, and that 
k becomes larger with higher tapering, as expected. 

A second method to determine @; is by assuming that 
the system is circularly symmetrical and f(6, @) =cos" 0. 


1K. S. Kelleher and H. P. Coleman, “Off-Axis Characteristics 
of the Paraboloidal Reflector,” NRL Rept. No. 4088, Washington, 
D. C.; December, 1952. 

2S. Silver and C. S. Pao, “Paraboloid Antenna Characteristics 
as a Function of Feed Tilt,” Rad. Lab. Rept. No. 479, Cambridge, 
Mass. ; 1944. 

8S. Silver, “Microwave Antenna Theory and Design,” Rad. Lab. 
ren McGraw-Hill Book Co., Inc., New York, N. Y., vol. 12, p. 487; 
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In this case (3) becomes 


Dia "ean 


-p'dp = 0. (7) 
Since 


p = p/2f = tan 6/2, 
cos" 6 = (1 — p’?)"(1 + p’2)-. 


It does not seem that (7) can be evaluated in a closed 
form. However, by using the series-expansion for the 
Bessel Function it can be integrated term by term since 
the integrand involves algebraic functions only. Sup- 

pose that D is so small that only the first term is sig- 
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nificant; then 


ora sit Be) 
= sin-!—]| 1 — — — Ne 
ANSE ey ona 


— aen—l d E : D d Re D J 


where k’=1/2, 13/18, 15/18 for n=0, 2, 3, respectively. 
For small d/f, the first term corresponds to the reflec- 
tion by a flat sheet, and the remaining terms appear as 
a result of the curvature of the reflector. If the result 
in (4) is expanded in Z)/f and compared with (8), it will 
be found that k=3, a value we obtained before. It may 
also be mentioned that the same method can be carried 
out if the illumination function f(@) be any polynomial 
in p, such as (1—p?)” type. 


spheric propagation up through 1958. . 


include all fields of radio propagation. 


Since this is an undertaking of considerable proportion, it would be greatly 
appreciated if any interested reader would forward a list of pertinent references 
in radio propagation, radio astronomy, radio properties of the ionosphere, etc., 
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Announcement 


NATIONAL BUREAU OF STANDARDS PREPARING A 
BIBLIOGRAPHY ON RADIO PROPAGATION 


In the past few years the Central Radio Propagation Laboratory has been 
engaged in preparing several bibliographies on tropospheric propagation of 
UHF, VHF, and SHF radio waves. It is believed that these bibliographies have 
presented a comprehensive listing of the pertinent literature concerning tropo- 


Due to the favorable reception of the previous bibliographies, and to fill a 
long-felt need, it has been decided to extend the scope of this bibliography to 


Malcolm Rigby, Editor 
Meteorological Abstracts and Bilbiography 


Washington 13, D. C. 
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Massachusetts Insti- 
tute of Technology 
Radiation Labora- 
tory, Cambridge, 
Mass., where he was engaged in research in 
radiometeorological problems. In 1946 he 
joined the Naval Research Laboratory, 
Washington, D. C., where he did research 
on microwave propagation and atmospheric 
physics. Since 1952 he has been with the Ap- 
plied Physics Laboratory of Johns Hopkins 
University, Silver Spring, Md., where he is 
studying various phases of radar propaga- 
tion and atmospheric turbulence. 

Mr. Katz is a member of the American 
Physical Society and a professional member 
of the American Meteorological Society. 
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Erik J. Kirkscether (A’53—M’56-SM’59) 
was born January 5, 1924 in Oslo, Norway. 
He received the B.S. degree in 1942 in Oslo 
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and from 1943 to 1945 studied at the Tech- 
nical University of Norway (communication 
engineering). He worked until 1948 at A/S 
Elektrisk Bureau of 
Oslo as a draftsman. 
From 1949 to 1951 he 
was with Compania 
Cotelma, Buenos 
Aires, Argentina, en- 
gaged in design of 
pneumatic tube con- 
veyer systems. From 
1951 to 1954 he was 
employed at Trans- 
radio Internacional, 
Buenos Aires, on re- 
search and develop- 
ment, especially concerning rhombic an- 
tennas. In 1954 he joined the Argentine 
Armed Forces Research Laboratory (Labo- 
ratorio de Electrénica y de Comunicaciones, 
Instituto de Investigaciones Cientificas y 
Técnicas de las Fuerzas Armadas), where he 
is now the head of the Antenna Section. His 
principal work has been in the field of VHF 
and microwave antennas, and related fields. 
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Michael Leichter was born in Bucharest, 
Rumania, on March, 20, 1922. He received 
the B.S. degree in 1948 from the City Col- 
lege of New York, 
and the Ph.D. de- 
gree from Ohio State 
University, Colum- 
bus, in 1952, both in 
physics. 

From 1952 to 1953, 
he taught at Ala- 
bama __ Polytechnic 
Institute, Auburn, 
and from 1953 to 
1954 he was Ful- 
bright Lecturer at the 
University of Ceylon. 

Since 1954 he has worked in the fields 
of electromagnetic scattering, random proc- 
esses and antenna theory. He is presently 
employed at the System Development 
Corporation, Santa Monica, Calif. 

Dr. Leichter is a member of the American 
Physical Society. 
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Mark T. Ma (S’58) was born in Kiangsu, 
China, on March 21, 1933. He received the 
B.S.E.E. degree from the National Taiwan 
University, Taiwan, 
China, in 1955, and 
afterwards taught 
there until 1956 when 
he came to the U. S. 
He received the 
M.S.E.E. degree 
from the University 
of Illinois, Urbana, in 


- 1957. 
if From 1957 to 1958, 
3 he was employed by 
M. T. Ma the IBM Laboratory, 


Poughkeepsie, N. Y. 
He is now employed as a research engineer 
in the Department of Electrical Engineering 
of Syracuse University, Syracuse, N. Y. 
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Richard C. Mackey (S’50—A’53—M’57) 
was born in Los Angeles, Calif. on July 27, 
1926. He received the B.S.E.E. degree in 
1950 and the M.S. 
degree in 1952, both 
from the University 
of California, Los 
Angeles. 

Mr. Mackey was 
employed at the Uni- 
versity of California 
as a research engineer 
and associate in engi- 
neering from 1950 
through 1956. His 
work concerned the 
properties of mate- 
rials at microwave frequencies including gas 


R. C. Mackey 


spectroscopy, paramagnetic resonance, fre-. 


quency stabilization and instrumentation. 
From January, 1957 to February, 1958 he was 
a member of the technical staff of the Ramo- 
Wooldridge Corp., Los Angeles, working in 
the area of electronic countermeasures. 
Since February, 1958 he has been with the 
University of California, Los Angeles, as 
assistant professor of engineering, and has 
been advising in the fields of microwave in- 
strumentation, electronic countermeasures 
and counter-countermeasures at Space 
Technology Laboratories, Los Angeles, 
Calif. ‘ 

Mr. Mackey holds two patents. He is a 
member of Tau Beta Pi and Sigma Xi. 
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Richard K. Moore (S’43=—A’46—M’50- 
SM’54) was born on November 13, 1923 
in St. Louis, Mo. He received the B.S. 
degree in electrical 
engineering at Wash- 
ington University, 
St. Louis, Mo. in 
1943 and the Ph.D. 
degree from Cornell 
University, Ithaca, 
N. Y., in 1951 after 
doing graduate work 
both at Cornell and 
at Washington. He 
also attended the 
Bowdoin College- 
M.I.T. Navy Radar 
School, Brunswick, Me., during the war. 

During 1943 and 1944 he was a test 
equipment engineer with the RCA Victor 
Division in Camden, N. J. He then entered 
the Navy and served as Communication and 
Electronics Officer of the U.S.S. Rehoboth 
(AVP-50). He was an instructor and re- 
search engineer at Washington University 
from 1947 to 1949 and research associate at 
Cornell from 1949 to 1951. He served as re- 
search engineer and section supervisor in the 
field of radar terrain return and radio prop- 
agation at Sandia Corporation in Albu- 
querque, New Mexico from 1951 to 1955. 
He taught evening graduate courses at the 
University of New Mexico, Albuquerque, 
from 1953 to 1955, at which time he became 
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Associate Professor and Acting Chairman of 
the Department of Electrical Engineering. 
He is currently professor and Chairman of 
the Department of Electrical Engineering 
at the University of New Mexico. 

Dr. Moore is a member of the AIEE, the 
ASEE, Sigma Xi, Tau Beta Pi, and Sigma 
Tau. He is a member of Commission II 
(radio and troposphere) of the U.S.A. Na- 
tional Committee of URSI. 


S2 
~ 


Shigeo Nishida was born in Nagoya, 
Japan, on March 7, 1924. He graduated 
from Tohoku University, Sendai, Japan, 
in 1949, and re- 
ceived the Doc- 
tor of Engineering 
degree in 1959. 

From 1949 to 1955, 
he was a research as- 
sistant at the Re- 
search Institute of 
Electrical Communi- 
cation at Tohoku 
University, and since 
1955 he has been an 
assistant professor 
at the latter. Two 
years, 1957 to 1959, were spent as a research 
associate at the Microwave Research Insti- 
tute of the Polytechnic Institute of Brooklyn. 
New York, N. Y., where his major interests 
were in microwave waveguide and antenna 
problems. 

Mr. Nishida is a member of Sigma Xi 
and the Institute of Electrical Communica- 
tion of Japan. 


S. NISHIDA 


Arthur A. Oliner (M’47-SM’52), for a 
photograph and biography please see page 
443 of the October, 1959, issue of these 
TRANSACTIONS. 
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Joseph H. Provencher was born in Law- 
rence, Mass., on January 19, 1923. He at- 
tended Merrimack College, Andover, Mass., 
and received the A.B. 
degree in physics 
from Boston Univer- 
sity, Boston, Mass., 
in 1953. From 1952 to 
1959, he was a mem- 
ber of the Ground 
Antenna Section of 
the Antenna Labora- 
tory of Air Force 
Cambridge Research 
Center, where he 
worked on the devel- 
opment of microwave 
antennas at the Ipswich, Mass., test site. 

He joined the U. S. Navy Electronics 
Laboratory, San Diego, Calif., in 1959 and 
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is presently a member of the microwave 
components section working on the design of 
fixed scanning arrays for the radar branch. 
Mr. Provencher is also working towards the 
M.A. degree in physics at San Diego State 
College. 
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L. M. Spetner (SM’57) was born in 
St. Louis, Mo., on January 17, 1927. He re- 
ceived the B.S.M.E. degree from Washing- 
ton University, St. 
Louis, Mo., in 1945, 
and the Ph.D. degree 
from Massachusetts 
Institute of Tech- 
nology, Cambridge, 
Mass., in 1950. 

He was a lecturer 
in the Department of 
Applied Mechanics 
at Washington Uni- 


versity from 1946 to . 


L. M. SPETNER 


1947, and during that 
time also worked as a 
research engineer on missile guidance and 
control problems with the Washington Uni- 
versity Research Foundation. During the 
summer of 1948 he worked in the servo- 
mechanism group at Emerson Electric Co., 
St. Louis, Mo. From 1949 to 1950 he was a 
research assistant at Massachusetts Insti- 
tute of Technology and, later, a research 
associate. From 1951 to the present he has 
been a physicist with the Applied Physics 
Laboratory of Johns Hopkins University, 
Silver Spring, Md., where he has been en- 
gaged in research in electromagnetic propa- 
gation and noise theory. 

Dr. Spetner is a member of the American 
Physical Society and Tau Beta Pi, and an 
associate member of Sigma Xi. 
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Billie D. Warner (S’56—M’58) was born 
in El Dorado, Kan. on April 11, 1930. He 
attended Wichita University, Wichita, Kan., 
from 1953 to 1955, 
and in 1957 received 
the B.S. degree in 
electrical engineering 
from the University 
of Oklahoma, Nor- 
man. 

From 1957 to 1958 
he was a component 
engineer at the 
Sperry Utah Engi- 
neering Laboratory, 
Salt Lake City. Since 
1958, he has been a 
research assistant in radar terrain return 
studies at the University of New Mexico, 
Albuquerque. 

Mr. Warner is a member of Eta Kappa 
Nu, Tau Beta Pi, Sigma Tau, and an 
associate member of Sigma Xi. 
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PROCEEDINGS OF THE 
URSI INTERNATIONAL 
SYMPOSIUM ON ELEC- 
TROMAGNETIC THEORY, 


Toronto, JUNE 


Canada, 
15-20, 1959 


RCA MOORESTOWN OFFERS 
ADVANCED ASSIGNMENTS 
TO ANTENNA SPECIALISTS 


A limited number of unusual career positions are available 


on several research and development programs in the fields 
of electronic scanning, parametric devices, tunnel diodes, 
ferrite devices, maser applications, and novel antennas. 
Comprehensive assignments call for the performance of 
every engineering function—from basic study to evaluation 
of performance of prototype models. 


PGAP members and subscribers are 
urged to order their copies now, ac- 
companied by remittance made pay- 
able to The Institute of Radio En- 
gineers, | East 79th Street, New York 
21, N.Y., at the following rates: 


We are seeking men with 3 to 8 years’ experience in low- 
noise RF amplifiers, duplexing systems, and microwave 
solid-state devices, as well as in tracking and electronic 
scanning antennas. Advanced degrees are desirable. 


You are invited to arrange a confidential interview with 


Price per management by sending a résumé to: 
Copy Mr. W. J. Henry, Box V-34-E 
PGAP Members $ 8.00 RCA, Moorestown, New Jersey. 
OtrerIRE Members $12.00 (20 minutes from Philadelphia) 
Libraries $12.00 
Noniiembers $16.00 RADIO CORPORATION of AMERICA 


Moorestown Missile and Surface Radar Division 


AVAILABLE BACK ISSUES OF IRE TRANSACTIONS ON 
ANTENNAS AND PROPAGATION 


PUBLICATION PRICES 

Group IRE ~ Non-* 

Members Members Members 
Vol. AP-2, No. 2, April, 1954 $2.00 $3.00 $6.00 
Vol AP4,- No, 14, Oct., © 1956 $2.10 $3.15, $6.30 
Vol. AP-5, No. 1, Jan., 1957 $3.20 $4.80 $9.60 
Vol. AP-5, No. 2, April, 1957 $1.75 $2.60 $5.25 
Vol. AP-5, No. 3, July, 1957 $2.00 $3.00 $6.00 
Vol. AP-5, No. 4, Oct., 1957 $1.70 $2.55 $5.10 
Vol. AP-6, No. 1, Jan., 1958 $3.85, $5.80 $155 
Vol. AP-6, No. 2, April, 1958 ieee $1.75 $3.45 
Vol. AP-6, No. 3, July, 1958 $2.40 $3.60 $7.20 
Vol. AP-6, No. 4, Oct., 1958 $1.50 $2.25, $4.50 
Vol. AP-7, No. 1, Jan., 1959 $2.50 $3.75 $7.50 
Vol. AP-7, No. 2, April, 1959 $1.75 $2.60 $5.25 
Vol. AP-7, No. 3, July, 1959 $1.75, $2.60 $5.25 
Vol. AP-7, No. 4, Oct., 1959 $2.55 $3.85 $7.65, 
Vol. AP-4, SST,  Dec., 1959 $8.00 $12.00 $16.00 


* All Libraries and Subscription Agencies may purchase at the IRE Member rate. 
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FOR INFORMATION CONCERNING ADVERTISING RATES 
Contact 


MR. DELMER C. PORTS 


Jansky and Bailey, Inc. 
1339 Wisconsin Avenue N.W. 
Washington 7, D.C. 


Telephone: Federal 3-4800 


i INSTITUTIONAL LISTINGS 
FILED IN STACKS 


The IRE Professional Group on Antennas and Propagation is grateful for ; 
the assistance given by the firms listed below, and invites application for 5 
Institutional Listing from other firms interested in the field of Antennas and | 

i 


Propagation. 


* 


AERO GEO ASTRO CORP., 1200 Duke St., Alexandria, Va. 
Research and Development; Antennas; Transponders; Command Receivers; Augmenters; Telemetry-Radar 


ANDREW CORPORATION, 363 E. 75th St., Chicago 19, Ill. 
Antennas, Antenna Systems, Transmission Lines, Development and Production. 


ANTLAB, INC., 6330 Proprietors Rd., Worthington, Ohio 
Antenna Pattern Range Systems—Recorders & Mounts. 


BLAINE ELECTRONETICS, INC., 14757 Keswick St., Van Nuys, Calif. 
Antennas, Paraboloids, Scale Models, Antenna Radiation Pattern Measurement Towers. 


DEVELOPMENTAL ENGINEERING CORP., 1001 Conn. Ave. N.W., Washington, D. C. and Leesburg, Va. 
Research, Development, Installation of Antennas and Antenna Equipment for Super Power Stations. 


GABRIEL ELECTRONICS, Division of The Gabriel Company, Main & Pleasant Sts., Millis, Mass. 
Research, Engineering and Manufacture of Antenna Equipment for Government and Industry. 


I-T-E CIRCUIT BREAKER CO., Special Products Div., 601 E. Erie Ave., Philadelphia 34, Pa. 
Design, Development and Manufacture of Antennas, and Related Equipment. 


JANSKY & BAILEY, INC., An Affiliate of Atlantic Research Corp., 
1339 Wisconsin Ave., N.W., Washington, D. C. 
Complete Engineering Services for Antennas and Propagation Programs. 


MARK PRODUCTS CoO., 6412 W. Lincoln Ave., Morton Grove, III. 
Multi Element Grid Parabolas, Antennas for Two-Way Communications, R & D. 


THE W.L. MAXSON CORP., 475 Tenth Ave., New York 18, N.Y. 
Research, Development, & Manufacture of Airborne, Missile & Ordnance Systems & Equipment. 


TRANSCO PRODUCTS, INC., 12210 Nebraska Ave., Los Angeles 25, Calif. 
Res., Design, Dev., & Mfr. of Antenna Systems & Components for Missile, Aircraft 8& Ground Installations. 


WEINSCHEL ENGINEERING COMPANY, INC., Kensington, Md. 
Antenna Pattern Receivers; Bolometer Amplifiers; Modulated Microwave Sources; 
Insertion Loss Measuring Systems; Calibrated Attenuators. 


WHEELER LABORATORIES, INC., Great Neck, N. Y.; Antenna Lab., Smithtown, N. Y. 
Consulting Services, Research and Development, Microwave Antennas and Waveguide Components, 


The charge for Institutional Listing is $25 for one issue or $100 for six consecu- 
tive issues (one year). Application may be made to the Technical Secretary, 
The Institute of Radio Engineers, 1 East 79th Street, New York 21, N. Y. : 


